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The directional correlation of the 722 


556 kev gamma-gamma cascade in Cd'* following K-capture in 


In"* has been observed as a function of physical and chemical state of the source. Dry InCl, and frozen 


solutions thereof are consistent in giving an attenuation factor 0.77+-0.08 in the anisotropy 


The lifetime 


of the intermediate state is found to be ¢€2.3X10~™ sec. Assuming that the perturbing interaction is electric 
and making a crude estimate of an upper limit in the electric field gradient at the nucleus, one obtains a 


quadrupole moment |Q 


HE perturbation of gamma-gamma directional 

correlations by extranuclear fields acting during 
the lifetime of the intermediate state of the cascade has 
been used in several instances to obtain information 
about nuclear. moments in the intermediate state; 
excellent summaries with references are available.' 
We report here measurements of the perturbing effect, 
on the Cd!* 722-556 kev cascade which follows K-cap- 
ture in In', of change of physical state of the medium 
involved. Such an effect has been reported by Steffen 
and Zobel’ but not subsequently reproduced in the 
same laboratory. 

The apparatus used was conventional in most re- 
spects, with the functions of energy discrimination and 
time selection separated. From each of two detecting 
units consisting of a sodium iodide crystal and DuMont 
6292 photomultiplier, one channel leads via a differ- 
ential discriminator to a slow (10~* sec) triple coin- 
cidence circuit, and a second channel leads via a fast 
amplifier to a fast (210 
circuit; the output of the fast double also goes to 


8 


sec) double coincidence 


the slow triple circuit. The differential discriminator 
“window’’ in each channel was set to accept pulse 

t This work was supported by the U. S. Atomic Energy Com 
mission and The Higgins Scientific Trust Fund 

* Lieutenant, U. S. Navy, on leave from U. S. Navy Post 
graduate School, Monterey, California; now with Office of Naval 
Research, Washington, D. C 

‘R. M. Steffen, Am. J. Phys. (to be published 

?H. Frauenfelder, Chapter “Angular Correlation” in K. Sieg 
bahn, Beta and Gamma S pectroscopy (to be published) and in Ann 
Rev. Nuc. Sci. 2, 129 (1953 

7R. M. Steffen and W. Zobel, Phys. Rev. 88, 170 (1952) 


> 0.4K 10 cm? for the intermediate state of the cascade 


heights corresponding to a gamma energy range 430 kev 
to 1 Mev, care being taken in the final analysis, as 
noted below, to compensate for the anisotropy intro- 
duced by the decay of In'* positrons. 

In the taking of data, particular attention was given 
to checking the constancy of resolving time and dis 
criminator channel limits, and the accuracy of geo- 
metrical line-up, and to interleaving runs with the 
source in various physical conditions. The entire appa 
ratus was enclosed in a large dry box to minimize the 
formation of frost on the source during runs at low 
source temperature; in any case, the scattering effect 
of such frost was observed by using a Na®™ point source 
in both the frosted and unfrosted states and was found 
to be negligible. 

For a dilute aqueous solution in InCl, in HCI (and 
for this case only), the relative probability W(6) of 
cascade coincidences at an angle 6 was measured at 
five values of cos@, thus giving the coefficients A, and A, 
in the expected relation: 


W (0) = 14+-AoP2(c0s8)+ AgP,(cosd). 


It is consistent with the perturbations found with other 
Cd" sources to call the dilute aqueous source unper- 
turbed. After making corrections for detector size 
(based upon a modification of the annihilation-quanta 
method‘), for source size (based upon geometrical calcu- 
lations) and for the presence of the positron component 
(based upon coincidence rates at 90° and 180° with the 
positron emitter Na™ in point and extended sources), 


‘E. L. Church and J. J. Kraushaar, Phys. Rev. 88, 419 (1952) 
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Fic. 1. Attenuation factor G(wery) for electric quadrupole inter 
action, / = 2, ry<resolving time, and observed A, and A,; G=G; 
since in case under 1x<A,. Dotted line indicates 
“hard core” asymptote for axial symmetry 


discussion 


the unperturbed correlation was found to be given by 


1,=0.090+0.011, A,=0.022+0.016, 


the results of 


From the gamma-gamma correlation and 


which is consistent with previous 
workers.® 
the details of the K-capture which feeds the second 
excited state, the Cd' levels have been thought’? to 
be 0-2-2-0; our data fit this well with the 2-2 transition 
an E2-M1 mixture, (4.2+0.6) percent of the intensity 
being in the quadrupole. We have not carried out more 
detailed measurements of other quantities to verify this 
assignment 

Further measurements, on the perturbation of the 


correlation, were confined to the anisotropy 


A=W (180°) /W (90°) ]—1 


effect of positron 


annihilation gammas in increasing W (180 


Correction of observed A for the 
consists of 
subtracting from the observed anisotropy a constant 
0.015+0,.004) measured, as already noted, by auxiliary 
experiments. In principle the correction of A for finite- 
source and finite-detector effects requires a measure- 
ment of Az and A, separately, since these coefficients 
have separate correction factors and separate perturba- 
but the that A,>A, 


makes it possible to apply to all observed A the same 


tions; fortunate circumstance 
correction factor 1.25 as applies to the unperturbed 
case. The results of the anisotropy measurements, thus 
corrected, are summarized in Table I 

In the liquid sources there is no decrease in A at 
least for the range 1-4000 centipoises in viscosity. At 
high viscosities at which there appears to be a fall-off, 
the theory of correlation attenuation in liquids* in any 
case does not apply since the conventionally estimated 
liquid correlation time is orders of magnitudes longer 
than the nuclear lifetime; the fall-off here may well 
represent an onset of microcrystal formation 

*R. M. Steffen, Phys. Rev. 83, 166 (1951 

* E. D. Klema and F. K. McGowan, Phys. Rev. 87, 524 (1952 

? Johns, McMullen, Donnely, and Nablo, Can. J. Phys. 32, 


35 (1954 


*A. Abragam and R. V. Pound, Phys. Rev. 92, 943 (1953 
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In the several solid environments of InCl; there 
appears to be a small but real attenuation of A; the 
three cases are not significantly different and, if com- 
bined, yield an average anisotropy attenuation factor, 
denoted by G, with the value 


G=0.77+0.08 ; (1) 


the indicated variation is the statistical standard 


deviation. 


After completing the experimental work here re- 


ported, we received a preprint of reference 1, in which 
are reported, among other results, measurements on 
Cd" in an ionic crystal, in dilute aqueous solution, and 
in room temperature glycerin solution; calculating a 
value of G for the ionic crystal as compared to dilute 
aqueous solution, we obtain from Steffen’s data G=0.95 
+0.08. More generally, Steffen’s data are consistent 
and ours inconsistent with absence of perturbation. 
Our variations in A, obtained with interleaved runs 
with sources in different physical states, include varia- 
tions (liquid versus frozen solutions) associated with a 
change of state produced without mechanical motion of 
or near the source. In general, absence of anisotropies 
in the single-channel rates indicated that the observed 
changes in anisotropy of the coincidence rates did not 
result from inadvertent mechanical eccentricity at the 
source. We therefore consider the variations to be real 
ones, to the extent indicated by statistics, and proceed 
to discuss the result stated in Eq. (1). 

To make use of this result, one also needs knowledge 
of the lifetime ry of the intermediate state of the 
cascade. Measurements of ry, made by the method of 
delayed coincidences and with the aid of Dr. W. F. 
Hornyak, gave the result 


ty £2.3XK10-" sec. (2) 


Since this gives a limit on ry, the ultimate deductions 
from Eq. (1) take the form of limits. 

Theoretical calculations* have been made for time- 
dependent attenuation factors G,(/), and for G,, the 
average of G(/) over the nuclear lifetime ry; sincé in 
our case AyAs, G~G». The calculations refer to an 
axially symmetric and classically describable electric 
field such as that in a crystal and may be easily applied 
to classical and similarly symmetric magnetic fields. 
However, the quenching of orbital electron moments in 
solids suggests* that the interaction is electric in nature. 
Thus, although the magnetic analog to Eq. (5) below 
is consistent with the interaction of a nuclear magneton 
with a classical field of 10° gauss, a magnitude associated 
in many cases with the nonclassical fields in free atoms, 
we shall assume an electric interaction for purposes of 
further discussion. 

Figure 1 shows the resulting dependence of G on the 
parameter ary for ]=2; wo, as defined by Abragam 
and Pound* has for /=2 the value 


we=e!O' V"/8h. (3) 
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y-y DIRECTIONAL 


From Fig. 1 and Eq. (1), 
wory =0.25+0.08; (4) 
hence, from Eq. (2), 
e|Q|V"/h> (0.87+0.30) X10" sec, (5) 


which has been so written as to make apparent the 
effect of the separate uncertainties in G and ry. 

The theory upon which Fig. 1 and hence Eqs. (4) 
and (5) are based may well be inappropriate for detailed 
application to the case under consideration; neverthe- 
less, Eqs. (4) and (5) should represent useful estimates. 

Various methods may be used to estimate V”’ or to 
set limits upon it. Thus, applying Eqs. (2) and (3) to 
a compilation’ of data for cases in which Q and wo are 
independently known, we find values of V”’ in solids 
ranging from 8X10" to 4X10'® statvolts/cm*. These 
are, however, static fields whereas the fields acting on 
Cd" after K-capture in In'* (or on Cd" after K-cap- 
ture in In'") depend on time during the rearrangement 
of the atomic electrons after the beta process. As noted 
by Frauenfelder,? these rearrangements take place 
very rapidly in the inner shells (times of the order of 
10-'* sec); in a metal the process goes quickly to com- 
pletion in the outer shells (10~" sec) ; but in an insulator 
the active atom acts as an impurity center and the final 
de-excitation may go as slowly or more siowly than 
would an optical transition in a free atom (e.g., 10~° 
10~-$ second! *). Thus it seems likely that in InCl, or 
In.O; or in frozen solutions thereof, the V” effective 
during the lifetime of Cd'* (< 2 10~-" sec) and part or 
all of the lifetime of Cd'" (10~’ second) would be the 
field of an excited Cd atom, that is, the field of the 
origina] indium p-electron. For a p-electron in iodine 
(one p-electron hole in the same shell as is the indium 
p-electron), Townes and Dailey" give V’=4.5x10'* 
statvolts/cm*. 

Since we are forced by our uncertainty about the 
Cd" lifetime to deal only with lower limits to Qiy4, we 
adopt as the upper limit for V” the largest of the above 
value, 

V"< 4.5 10" statvolts/cm?, 


which in turn gives, with Eq. (5), the limit 
Oia) 2 (441) X10" cm’. 


The above upper limit on V”’, if combined with the 
Zurich determination” of 5X10~* cm? for Qi, yields 
for Cd" the value wo= 1.5 10% sec which then may 
be compared with the measurement of G(t) for Cd'"' as 
made by Fraser and Milton."* The measured G(/) does 


* Gordy, Smith, and Trambarulo, Microwave S pectroscopy (John 
Wiley and Sons, Inc., New York, 1953), Appendix A6 

” H. Frauenfelder, Phys. Rev. 82, 549 (1951) 

"'C, H. Townes and B. P. Dailey, J. Chem. Phys. 17, 782 
(1949 

2 Albers-Schénberg, Alder, Braun, Heer, and Novey, Phys. 
Rev. 91, 1287 (1953) 

“J. S. Fraser and J. C. D. Milton, Phys. Rev. 94, 795 (1954), 
and private communication 


CORRELATION 


IN Cd!!¢ 685 


Taste I. Anisotropy observed for various states of the source. 


Viscosity 
Liquid sources Temp (°C) (centipoises) A 
Dilute aqueous InCl; 
in HC] 20 1 
20 (8.0+2.6)X 1 


InCl, in 0.4N HC! in [ 4 (40+08)X10 


0.155+0.009 
0.148+0.014 
0.148+0.014 


>99% glycerin —14 (3.3+1.0)X10' 0.0924-0.009 
— 28 (6.0+2.0)X10 0.106+0.011 
Solid sources Temp (°C A 

InCl, dry 20 0.121+0.016 
Dilute aqueous [nC], 

frozen —104 0.128+0.014 
InCl, in glycerin, as 

above — 104 0.109+0.013 


not have a detailed time-dependence which corresponds 
to the theory of Abragam and Pound and hence does 
not yield a specific value of wo; but the observed 
exponential decay has a time constant of the order of 
10-* sec, which is an order of magnitude larger than 
one would expect from an wo of the order of 10° sec. 
This implies that, at least in Cd", V” is an order of 
magnitude smaller than 4.5 10'* statvolts/cm? within 
a time somewhat less than 10~* second. Conceivably V”’ 
could be high for times comparable to the <2 10~-" 
second lifetime of Cd' and then, by a rapid electronic 
de-excitation, reduce to a lower value within 10° 
second; or it could be that the same V”’ is effective for 
Cd" and Cd", in which case the above lower limit on 
Qis4 would be an order of magnitude too small. The 
present data are insufficient to decide between these 
possibilities. 

From Ford’s analysis of the relation of nuclear 
distortion and energy of the first excited state including 
the empirical correction factor 1.7 (see his Fig. 4), we 
deduce an expected Q of 5X10~™ cm? for Cd'*. It is 
thus apparent that more exact knowledge of the life- 
time of the excited state of Cd! and of the fields acting 
upon the nucleus during the lifetime would allow an 
interesting comparison of the collective nuclear model 
with experiment. (Note added in proof.—At the April, 
1955 meeting of the American Physical Society, paper 
CA9 reported, on the basis of Coulomb excitation 
measurement, values for Cd’. ry=1.1K10"" sec, 
Q= 2.710 cm’. This is consistent with our measure- 
ments; it gives additional evidence that the quadrupole 
interaction is responsible for the correlation perturba- 
tion and indicates that the value of V’’ upon which 
we based our estimate of ( is high by a factor of 3.) 

More generally, it would appear that small partial 
perturbations of angular correlations with a very short- 
lived intermediate state provide a method of investi- 
gating moments of excited states which is comple- 
mentary to the method of Fraser and Milton and other 
methods. 


“4K. W. Ford, Phys. Rev. 90, 29 (1953). 
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Proton Bremsstrahlung* 
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The cross section for proton bremsstrahlung is calculated from Sommerfeld’s work and expressed as the 
classical orbit result plus a first quantum correction. This correction is due to the energy Joss of the proton 
to radiation. For 150-kev x-rays emitted at 90° to a beam of 2-Mev protons incident on a tin (Z=50) 
target, this correction Cecreases the classical prediction by 25 percent and serves to establish theoretical 
agreement with experimental results of Mark, McClelland, and Goodman. 


I. INTRODUCTION 


HE bremsstrahlung emitted when low-energy 

protons are scattered by nuclei has been studied 
in recent experiments by Zupanéi¢ and Huus! and by 
Mark, McClelland, and Goodman.” The latter observe 
x-rays in a 3-kev energy interval about 150 kev which 
are emitted at 90° to a beam of 2-Mev protons incident 
on a tin (Z=50) target.2 As reported by Mark, the 
differential cross section for this process is 


a (90°) = (1.34+0.5)K 10" cm?/sterad. (1) 


We present here a theoretical analysis of the above 
result. Since the proton radiates only 7.5 percent of its 
energy and has a deBroglie wavelength, Ap=3.3X10-" 
cm, which is quite small on an atomic scale, we turn to 
a classical orbit picture of the process as a convenient 
starting point. We expect that the effects of retardation, 
electronic shielding, and finite nuclear size can be 
neglected, since the x-ray wavelength, A= 1.3K 10~-" cm, 
is 36 times greater than the distance of closest approach 
(r,) of the proton to the tin nucleus (r,,=3.6X10~-" 
cm); and ¢,, is 28 times smaller than the K-shell Bohr 
orbit for tin, a,=a9/Z=10~-" cm, and six times larger 
than the nuclear radius Ry =6X10~" cm. 

We consider then first of all the dipole radiation 
emitted classically by a beam of particles scattered in 
a Coulomb field as discussed, for example, by Landau 
and Lifschitz. The cross section derived on this basis 
in the following section (II) is found to be 


CO classical (90°) = 2.1K 10-" cm?/sterad, (2) 


in disagreement with the experimental result, Eq. (1). 
We are thus led to perform a more complete quantum- 
mechanical calculation, taking into account the not 
inconsiderable energy loss of the proton to radiation. 
Sommerfeld and his co-workers have investigated at 
length the quantum-mechanical problem ef brems- 
strahlung from charged particles moving in Coulomb 


* This work was supported in part by the Office of Naval Re 
search and the U.S. Atomic Energy Commission 

'C. Zupandit and T. Huus, Phys. Rev. 94, 205 (1954 

* Mark, McClelland, and Goodman (private communication 
to be published) 

7L. Landau and E. Lifshitz, The Classical Theory of Fields 
(Addison-Wesley Publishing Company, Cambridge, 1951), 
Chap 9 


fields. In particular, Sommerfeld has derived the dif- 
ferential cross section for dipole bremsstrahlung emis- 
sion in a given direction, with the particle recoiling at 
fixed angle (Fig. 1). Integration of this result over all 
proton recoil angles was possible only in special limiting 
cases which do not apply here (e.g., hard x-rays, which 
slow down the particle considerably). Sommerfeld also 
achieved the integration over both x-rays and recoil 
angles for the total cross section. 

The contribution of the present paper is a deduction 
from Sommerfeld’s work of the cross section for dipole 
x-ray emission as a function of x-ray direction and 
energy and of incident particle energy only. Our work 
is valid for parameter choices such as discussed above 
which permit an expansion in powers of (hw/E)«1 
about the classical result (Aw is the x-ray energy, and 
E the proton energy). Essentially then we reduce the 
bremsstrahlung cross section to the classical result plus 
the first-order quantum correction. The quantum cor- 
rection arises from the decrease in proton energy after 
it radiates. This damping effect of the bremsstrahlung 
on the motion of the proton is not included in the classi- 
cal orbit calculation. We expect it to decrease the 
cross section from the classical value of Eq. (2) since 
the proton is slowed down and repelled further away 
from the Coulomb field source as it loses energy. The 
effective dipole moment is thereby reduced. Quantum 
mechanically, there is a decrease in wave function 


overiap. We calculate this decrease in Sec. III Aq 


show that it suffices to establish agreement with ex. 
periment. It is also of interest in this calculation to 
exhibit explicitly a parameter in terms of which to 
expand the cross section about its classical value. The 
Coulomb field (in the absence of any shielding length) 
has the ‘well-known property of giving rise to elastic 
scattering cross sections which do not involve # and 
which are essentially classical in nature. This point has 
been analyzed in great detail by Williams* and is a 
consequence of the large effective impact parameters in 
Coulomb scattering. However, the quantum corrections 
to the classical orbit treatment of bremsstrahlung 
arise from the damping of the orbit and can be ex- 


*A. Sommerfeld, Wellenmechanik (Frederick Ungar, New 
York, 1950), Chap F 
* E. J. Williams, Revs. Modern Phys. 17, 217 (1945). 
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pressed in the form (fm/E), the measure of the 
inelasticity. 
II. CLASSICAL CALCULATION 


We outline in this section the classical calculation of 
the dipole radiation from a beam of protons scattered 
by nuclei of charge Z and mass number A. In particular, 
we investigate the intensity and angular distribution of 
the radiation emitted by the scattered protons. 

First, we briefly consider the scattering of a single 
proton by such a nucleus. At a large distance Rp from 
the radiating system, in the wave zone of the radiation, 
the wth Fourier component of the vector potential of 
the radiation field is given (through /=2 multipoles) by 


A = git Rot+ik-Ro 
(2Q,/d#)-n 
+ 
6c°R» 


dd. di 
x|- + 


(dm,/di)Xn 
| (3) 
cRy 


cRo 


where n is the radial unit vector at the observation 
point, and k= nw/c. The quantities d,, Q,, m, are re- 
spectively the wth Fourier components of the electric 
dipole moment, the electric quadrupole moment, and 
the magnetic dipole moment of the radiating systems. 
These moments are given by 


(9/0) 
(Ded pen | 
(2) Aes) en 


where r is the vector pointing from the nucleus to the 
proton. The intensity of radiation emitted into the 
solid angle dQ, with frequency between w and w+ Aw is, 
to the multipole orders considered, given by 


a 
Il 
BS 


= 


) 


© 
: 


5 
i 
a) 





d&,= (w*/c)|mX A, |*RetdQAw 
= (w*/c*){ dX n\*— (w/3c) Im(d,-Q,*-n) 
+2 Re{d.:(m.*Xn}}dQAw, (5) 


where an asterisk indicates complex conjugate, and 

d,|*= (d,*-d.). If we now consider the actual problem 
of the scattering of a uniform monoenergetic proton 
beam, we must average d&, over the different orienta- 
tions of the moments in the beam; i.e., we must average 
over the different azimuths of the planes of the proton 
orbit. We are mainly interested in the electric dipole 
term, because eventually we compare with experiments 
in which the radiation is emitted at 90° to the direction 
of the incident beam, and it can be easily shown that 
at 90°, the cross terms between it and the quadrupole 
and the magnetic dipole terms vanish, upon averaging 
over the incident proton beam. The higher moments 
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Fic. 1. Definition of angles. The proton is scattered through 
polar angle a and azimuthal angle 8, emitting bremsstrahlung at 
polar angle @ and azimuthal angle ». 


will contribute at angles other than 90°, but their 
contribution is expected to be small compared to the 
dipole term ((r,/A)<0.1). After averaging over the 
incident protons in the beam, we have for the intensity 
of dipole radiation : 


d= (w'/A)[4| d..|2+4(3 cos¥®—1) 
x (4) d.|?—|d..|*) WdQAw, (6) 


where 6 denotes the angle between n and the incident 
direction, and d,, is the component of d, along the 
incident direction. Integrating over proton impact 
parameters’ and dividing by fw, we obtain for the 
differential cross section for bremsstrahlung in fre- 
quency interval (w,w+Aw) emitted into the solid 
angle dQ: 
0 
og AQ= (wt/c*) (Aw naa f 2xpdp 


[F! d.|?+4(3 cos*#—1)(4! d.|*—|d..!")), (7) 


where p is the impact parameter of an incident proton. 

We present several steps here in the evaluation of 
Eq. (7) in order to exhibit the impact parameters and 
eccentricities of the orbits which contribute most of the 
radiation. To express d, as a function of the impact 
parameter, p, we parametrize the hyperbolic orbit of the 
proton as follows’: 


x= —a(cosht+e), 
y=a(e—1)! sinhé, (8) 
t= (£+€ sinh£) /wo, 


where 
wo= (Ze?/ma*)', m= proton mass, (9) 
a=Ze/2E (E=incident proton energy), 
and 
e=[1+(p/a)*}! (10) 


is the eccentricity of the orbit. The geometric signifi- 
cance of these quantities are illustrated in Fig. 2. The 
angle @ between one asymptote and the x-axis is given by 


cos@ = 1/€. (11) 
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Fic. 2 
fixed positively 


Classical orbit for a proton in the Coulomb field of a 
charged scattering center, showing impact pa 


rameter p, distance of closest approac h a(1+e), and asy mptote 
angle @ 


From Eq. (4) we see that d,=e’r,, where we introduce 


the reduced charge: 


en(i-5)/(144), 


lo conform to the coordinate system used in Eq. (7 
the orbit as given by Eq. (8) must be rotated through 
an angle @ so that the proton is incident along the 


r-direction. We therefore get 


, d.,’ sing d.,' Cos, 
14) 
| ae cos@+d., sing, 
where sing € 1)'/«, cos@= 1/, and 
1 c/a) f re'*'di 
x 
15 
: , ¢ 2») f ve'*‘d 
” 


and x, y,/ are given by Eq. (8). These integrals can be 


evaluated to give 


(16) 





AND K. 


HUANG 


where K,,(x) is related to the Hankel function of the 
first kind,® of imaginary argument, and K,’(x), its 
derivative with respect to x. We thus obtain, by sub- 
stituting Eq. (16) into Eq. (14): 


ea (é@—1)! i 
dy2=—e 17?— |-K.'(p0+ Kul} 


TW € € 
e'a 1 i(e’—1) 
d.,=—e "| —K,,'(pe)— K;,(pe)}, (17) 
tw € € 
ea? 


e—! 
e ACK! pe) P+ x [Kus(Pe) PF, 


e 


where p=w/w». To obtain the cross section, Eq. (17) 
must be substituted into Eq. (7). The integration in 
Eq. (7) over the impact parameter p can be converted 
into an integral over the eccentricity « by the relation 


e=[1+(p/a)* }!. Thus we obtain 


3 cos*@— 1] Aw 
o AQ [404 Bw) dQ, (18) 
2 Nw 
where 
4 e%w*a* ae 
1 (w € of |x p (pe) P 
Mx c 1 
ée—1 ; 
+ (K r(pe) Pi ede, 
Pe 





2 e*w*a! 
> © ad 12 
B(w) bA w)— ¢ f LA p (pe) f 
rT A 1 


At 6=90°, we obtain 
" de| 
7,(90 A ef €+1)K;,” 
1 € 
(@—1)(2e—1) ‘ 
‘ Ku} (1) 
é 
where 


MODI 
WEY 


Substituting the values 
Ahw=3 kev, (21) 


Z=50, E=2 Mev, tw=150 kev, 


we find 


=0),.206. a= 1.8010 2 cm, 


pre w 
wo= 1.10 10"' sec 


(22) 


Ao=1.09X 10 cm’. 


*G. N. Watson. Theory of Bessel Functions (Cambridge Uni- 


versity Press, 1948), Sec. 3.7 
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Numerically integrating Eq. (19), we obtain the cross 
section result quoted in Eq. (2). For smaller values 
of p&0.1 it is possible to simplify Eq. (19) to the 
approximate form 


o,(90°)=A of log (2 yp)+1], 


with y=1.781---, the Euler constant. 

In concluding this discussion of the classical problem, 
we note that in the integration of Eq. (19), most of the 
contributions to the cross section results from orbits 
of eccentricities 1<¢S2. Protons moving in such 
parabolic or nearly parabolic orbits approach to within 
(3.6-6.2) X 10~- cm of the nucleus. This is well within 
the K-shell radius, (10~' cm) of the tin atom. For this 
reason, we turn to quantum-mechanical rather than 
shielding corrections as the source of the discrepancy 
between Eqs. (2) and (1).’ 


Ill. QUANTUM-MECHANICAL CALCULATION 


The quantum-mechanical calculation of the differen- 
tial cross section for the dipole emission of a quantum 
of frequency w into the solid angle dQ has been carried 
out by Sommerfeld.* The matrix element which induces 
dipole transition between the continuum Coulomb 
states of the proton with emission of bremsstrahlung 
has the familiar form M= /y.* nid. 

The cross section for the emission of a quantum of 
polarization e in the frequency interval (w, w+Aw) 
into a solid angle element dQ, with the proton recoiling 
into solid angle element dQ,, is directly: 


a(k;,kow,ex) 


é Z 1\ 7 1 ske\ ma* 
(NO) eG) 
he A A lor'\ ky 7 he 
X | ex-M|*Awd2.dQ, (23) 
where k; and &- are the incident and final proton wave 
numbers, and the continuum wave functions in M are 
taken to be normalized in a unit volume. Integrating 
over the recoil proton solid angle and summing over 
photon polarizations, we obtain the differential cross 
section in dipole bremsstrahlung in the frequency 
interval (w, w+ Aw): 


é Z 1\7 
sn (2){ (2) /(4)] 
he A A 
1 /ko\ mot /Ahw . 
x ( ) ( )ao f da sina 
Rx k i h 22 hus 0 


«* (3) M|?+4(3 cos’#—1)[4|M/*—|M,/*)}. (24) 


7A classical calculation of the screening correction which 
treats the difference between a shielded and an unshielded Coulomb 
potential as a small perturbation has been carried through. For 
a shielding length as given by the Fermi-Thomas model, the cor- 
rection is quite negligible (<0.1 percent). 
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We have taken the incident direction of the proton to 

be the x-axis. The angle @ is that between the photon 

and the x-axis, and a is the angle between the final pro- 

ton and the x-axis, (Fig. 1). Angle a is related to the 

eccentricity of the corresponding classical orbit by 
sina = 2(e&—1)!/e, (25) 

The dipole matrix elements have been evaluated by 

Sommerfeld : 

M,=C{(n:—m, cosa)F 

+(1—cosa)(1—x)F’](1—x)-""r, 
= 1 


= sina{ mF + (1—x)F") 
M, 


X (1—x)-amne, 


sing} 
(26) 


where F is the hypergeometric function and F’ is the 
derivative of F with respect to its argument: 


F=F(—1, —2, 1; x) 


(27) 
F’ =dF/dx=nynoF (1—,, 1—me, 2; x), 
with 
n= Ze*m*/ik,h’, 
no= Ze'm*/iksh’, 
x= — (4kyke sin*’a/ 2)/ (ki — ky)’, (28) 
and 
hike kitka\ "t" 
C=—16re""™ ( ) . a 
(Rit he)?(Ri— he) \ Ri — he 


The integration of Eq. (24) cannot be effected in 
closed form. Sommerfeld,‘ Scherzer,* Weinstock® (and 
others) have given approximate expressions, valid for 
conditions that do not prevail in the experiments under 
consideration here. 

The problem here reduces to one of finding a suitable 
representation for the hypergeometric function, F, that 
permits a series expansion in powers of h. We achieve 
this by transforming the independent variable from x 
to 1/x with the formula for the analytic continuation 
of the hypergeometric function : 

r'(c) (b—a) 
(—x)~* 
(bl (c—a) 


F (a,b,c; x)= 
I'(c)l (a—b) 
XF (a, 1—c+a, 1—b+a; x ")+ (—x)° 
I'(a)(c—b) 
xX F(b, 1—c+b, 1—a+6; x"). 


Noting that both m,; and n»— « ash— 0, 


xy ited 
F (a,b,c; x)— (of ) {7 1(2(ab/x)*) 
r+ iis ab 


+2 


1/1 1\ fad 1 1 
+ ( + )( )tont2(ab ))+0( : )}. (31) 
2\a 5b x a’ # 


*(O. Scherzer, Ann. Physik 13, 137 (1932) 
*R. Weinstock, Phys. Rev. 61, 584 (1946) 
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Note that independent variable 
classical limit: 


aby} Nyne\! 
( ) ( ) -n( )+00 
x s-0 


Here « is the eccentricity of the classical orbit as defined 
in Eq. (10), and p=w/w 
earlier in Eq. (22 


the new has a 


hws 


4} 


is the same as that defined 
Carrying out this expansion in powers of # we obtain, 
for example, 


F(1+1n, in, 2—ip; 


where n 
rhe expansion parameter is seen to be 
p/in=hw 


Making use of the identity® 


[T_,(x 


2E 


~1,(x) |= (2/9) (sinwry) K v(x 


we now obtain 
F(i+in, tAn, 2; 2 
4—O T(idkn)C(1—in) 


t pe 
i 


f [ bpeK > i(pe)+Ki,p (p0)] 
? 


AND K. HUANG 


Finally, we have 
M, | thee n 
M,\?) 


|S *? (2x)*(e@—1) 
P 


( 


sin’s ? n? 


The differentia! cross section is thereby 


Shw 
a (8) 4o(1- ) (:- \r 
2E 2E 
+ § cost 1)( Jet 


| 4 h uw 


13 


where 


We see that Eqs. (39) and (40) reduce to the classi- 
cal formulas of the preceding section in the limit 
(iw /E) + 0. Numerical integration of these formulas 
for the parameter values given in Eqs. (21) and (22) 
gives a differential cross section at 90° of 


o( 9 


p= 


1.65 10-" cm?/sterad, 


in satisfactory agreement with the experimental result 
in Eq. (1). We have also computed an angular distribu- 











tion curve for the emission of x-rays in a 3-kev energy 
interval about 150 kev for 2 Mev protons incident on a 
tin target. The result given in Fig. 3 is nearly isotropic 
in agreement with preliminary’ results. For angles 
other than 90° there will be corrections to this curve 
due to the dipole-quadrupole cross terms in Eq. (5), 
but these are expected to alter the results by less than 
10 percent. The total cross section is, from Eqs. (39) 
and (40), 


Cror(R1,k2,0) = (167, 3)Ao(1—3hw E)J; 
= 18-9 10-" cm’. 


IV. CONCLUSION 


The quantum correction to the classical orbit treat- 
ment of dipole radiation emitted by a beam of protons 
scattered in a coulomb field has been calculated and 
found to agree with experiments of Mark ef al.? This 
correction has been expressed in terms of the inelasticity 
of the scattered proton, (Aw/E). It serves to decrease 
the classical prediction by ~25 percent for the experi- 
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ments under discussion here. This reduction seems at 
first to be surprisingly large in view of the fact that the 
proton radiates only fw/E=7.5 percent of its energy. 
However, we can make it reasonable by recalling that 
the important orbits in the classical picture are para- 
bolic or nearly parabolic. The damping effect of the 
bremsstrahlung on the motion of the proton, which is 
neglected in the classical treatment, causes it to be 
slowed down and repelled further away from the Cou- 
lomb field source, thereby reducing the effective dipole 
moment by an appreciable amount. 

Other corrections due to retardation effects, elec- 
tronic shielding, and finite nuclear size can be neglected 
for the energies studied in this work. 

We wish to thank Dr. Hans Mark for informing us of 
his experimental results prior to publication and thereby 
arousing our interest in this problem. 

Note added in proof —We have learned (private communica- 
tion) that Professor L. C. Biedenharn of The Rice Institute has 
made the reduction to the classical orbit calculation expressed in 
Eq. (35) in connection with his studies on the electric excitation 
problem. 





PHYSICAL REVIEW VOLUMI 


NUMBER 3 AUGUST 1, 19585 


Angular Correlation of the Gamma Rays of Ba'** 
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The angular correlations have been measured between the following pairs of gamma rays from Ba™ 
605 kev-797 kev, 1368 kev-605 kev, and 570 kev-605 kev. These measurements indicate that the spins of 
the states associated with these gamma rays are 4, 4, 2,0. The 605, 797, and 1368-kev gamma rays are pure 
quadrupole while the 570-kev gamma ray is a mixture of 94 percent quadrupole and 6 percent dipole 





I. INTRODUCTION 


HE angular correlation of the gamma rays follow- 
ing the beta decay of the 2.3-year isomer of Cs™ 
has been investigated by a number of authors.’ 
While the complete decay scheme is very complex,’* 
the main features are shown in Fig. 1. The gamma-ray 
spectrum as observed is shown in Fig. 2. It should be 
noted that the remaining lines are too weak to be 
observed. The first investigators noted the similarity 
between the shape of the curve obtained from their 
measurements of the overall angular correlation and 
the shape of the angular correlation function obtained 
from the gamma rays following the beta decay of Co®. 
The cases differed in that the asymmetry for the Ba™ 
\E.L Brady and M. Deutsch, Phys. Rev. 78, 558 (1950) 
?J. R. Beyster and M. L. Wiedenbeck, Phys. Rev. 79, 411 
RL Robinson and L. Madansky, Phys. Rev. $4, 604 (1951). 
* Kloepper, Lennox, and Wiedenbeck, Phys. Rev. 88, 695 (1952). 
* Cork, LeBlanc, Nester, Martin, and Brice, Phys. Rev. 90 


444 (1953) 
® Keister, Lee, and Schmidt, Phys. Rev. 97, 451 (1955). 


was approximately 12 percent while that of Co™ was 
17 percent. Since the majority of the coincidence counts 
were due to the 797-kev and 605-kev gamma rays, it 
was proposed that these two gamma rays gave rise to a 
basic quadrupole-quadrupole correlation. Since Ba™ 
is an even-even nucleus (56 protons-78 neutrons) the 
ground state is assumed to have a spin of 0 with even 
parity. Thus, as is in the case of Co™, spins of 2 and 4 
were assigned to the first and second excited states 
respectively with both radiations quadrupole. Robinson 
and Madansky* measured the correlation of the lower 
two gamma rays by demanding that they also be in 
coincidence with the high-energy beta ray. From this 
measurement and from a measurement of the over-all] 
correlation, spins of 5, 4, 2, 0 were assigned to the im- 
portant states with the radiation being dipole, quad- 
rupole, quadrupole respectively. However because of 
the discrepancies between the over-all correlation and 
the above assignment, it was decided to reinvestigate 
the angular correlations in greater detail. 
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Fic. 1. Simplified decay scheme of Cs™. The numbers in 
parenthesis are the spins of the nuclear levels 


Il. APPARATUS 


Scintillation counters were used as the gamma-ray 
detectors. They consisted of Nal(T1) crystals mounted 
on RCA type 5819 photomultiplier tubes. The crystals 
were 1.5 in. in diameter and 1 in. thick. The source was 
mounted at the intersection of the axes of the cylindrical 
crystals and was about 5 in. above the table. The 
crystals were covered with yy in. aluminum to stop the 
beta rays 

Figure 3 is a block diagram of the coincidence 
spectrometer. It consists of two fast channels which have 
a resolving time of about 8 millimicroseconds in parallel 
with slower energy selection channels. The fast coin- 
cidence output is placed in slow triple coincidence with 
the two energy selection outputs. The resolving time of 
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Fic. 2. Gamma-ray spectrum of Ba™ 
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the slow triple coincidence circuit is about 200 milli- 
microseconds. 

From the phototube the pulse was fed into a fast and 
slow channel. The fast channel consisted of Hewlett- 
Packard distributed amplifiers (types 460A and 460B) 
and a 6AU6 limiter. The resulting fast rising pulse was 
used to trigger a fast blocking oscillator which gave a 
positive output pulse of about 40 volts amplitude, 0.06 
microsecond duration, and with a 0.01 microsecond rise. 
This was inverted and then clipped with a shorted 
delay line to give a fast negative pulse suitable for 
triggering a Garwin-type coincidence circuit.’* The 
slow channel consisted of a Bell-Jordan A-1 type 
amplifier? and a single-channel discriminator. The 
output pulses from the fast coincidence circuit and the 
two differential discriminators were used to trigger 


ouTPuT 


Fic. 3. Block diagram of the coincidence spectrometer 


slow blocking oscillators which in turn activated the 
slow coincidence circuit. 


Ill. RESULTS 


The over-all angular correlation was measured using 
both a solid and a liquid source. The solid source was 
Cs,CO, and the liquid source was Cs,CO; dissolved in 
water. The identical results of these two measurements 
indicate there are no perturbations of the nucleus while 
it is in the intermediate states. The results of the over-all 
correlation are shown in Fig. 4 and are in agreement with 
those of the previous investigators. The measured 
correlation will depend somewhat on the discrimination 
level since this will change the relative intensities of 
the three cascade gamma rays. A least-squares fit of 

7 R. L. Garwin, Rev. Sci. Instr. 21, 569 (1950 


*R. L. Garwin, Rev. Sci. Instr. 24, 618 (1953 
*W. H. Jordan and P. R. Bell, Rev. Sci. Instr. 18, 703 (1947). 














the data to the curve 


W (6) = 1+ A2P2(cosé)+ A 4Ps(cos6) 


was made where P;(cos#) are the Legendre poly- 
nomials of degree k. Table I shows the experimental 
values for Az and A, along with the theoretical values 
for the basic quadrupole-quadrupole correlation and 
the basic dipole-quadrupole correlation. For the pro- 
posed assignment’ 5(D)4(Q)2(Q)0, the over-all correla- 
tion would be compounded from a combination of the 
2?— 2? and 2'—2? correlations. It is seen that an arbi- 
trary combination of these correlations cannot give the 
observed results. Hence, it must be concluded that the 
assignment 5(D)4(Q)2(Q)0 is in disagreement with the 
observed results. 

The 797 kev—605 kev correlation was measured by 
setting both counters integrally on the high side of the 
600-kev line. For an energy resolution of 13 percent, 
the 570-kev line would extend to a maximum of about 
645 kev. Thus if the counters were set above 645 kev 
the only coincidences recorded would be between the 
797 kev and the 605 kev and between the 1368-kev 
and the 605-kev lines. However since the 1368-kev 
line is very weak, this latter coincidence can be 

TaBLe I. Coefficients for the theoretical curves for the basic 
2?— 2? correlation, the basic 2'—2* correlation, and the experi 
mental over-all correlation of Ba™. The experimental coefficients 
have been corrected for the finite geometry 


Correlation Ae As 
Experimental 0.0764-0.002 0.017+0.003 
2— 7 0.102 0.009 
2'— 2 —0.071 0 


neglected. Figure 5 shows the results of this measure- 
ment. The solid curve is the theoretical curve for the 
basic 2?—2? correlation and the dashed curve is the 
least squares fit to the experimental points, corrected 
for the finite geometry. The experimental coefficients 
are A»=0.101+0.008 and A,y= —0.002+0.012. Since 
Ba"™ is an even-even nucleus the ground state is assumed 
to have spin 0. Thus spins of 2 and 4 are assigned to 
the 605-kev and the 1402-kev states, respectively. Both 
transitions are quadrupole radiation. 

The spin of the ground state of Cs™ has been meas- 
ured as 4°" and the AJ for the 80-kev beta transition 
has been measured as 0, +1.'* Thus the 1973-kev level 
in Ba’ must have a spin of either 3, 4, or 5. 

The correlation between the 1368-kev-605-kev 
gamma rays was measured by setting one counter 
integrally at 1200 kev and the other counter integrally 
at about 500 kev. The results of this measurement are 
shown in Fig. 6. Curves 1, 2, and 3 are the theoretical 
curves for the basic 2'—2?, 2*—2*, and 2*—2? correla- 
tions, respectively. The dashed curve is the least-squares 


~ ® M. Goldhaber and R. D. Hill, Revs. Modern Phys. 24, 179 
(1952) 
4“ Jaccarino, Bederson, and Stroke, Phys. Rev. 87, 676 (1952) 
® Alonzo E. Stoddard, thesis, University of Michigan, 1953 
(unpublished ). 
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Fic. 4. Over-all angular correlation of Ba™. This is composed 
mainly of three separate correlations; the 797-605, 570-797, and 
570-605 kev correlations 


fit to the experimental points corrected for the finite 
geometry. The experimental coefficients are A2.=0.094 
+0.007 and Ay= —0.024+0.009. It is seen that the 
observed correlation is in best agreement with a 2?— 2? 
correlation. If mixtures are considered, the experimental 
curve can be fitted with an assignment 3(D,Q)2(Q)0. 
However with this assignment the 570 kev-797 kev 
and the 570 kev-605 kev correlations have an A, coeffi- 
cient which is zero or negative. This is again in disagree- 
ment with the large A, coefficient observed in the 
over-all correlation. An assignment of 5 for the upper 
state with a mixture of 2*-2' pole radiation can be ruled 
out on lifetime considerations. Thus the experimental 
data are compatible with a spin assignment of 4 for 
the 1973-kev level, but are not compatible with either 
a 3 or a 5. The 1368-kev transition is quadrupole 
radiation. 

A measurement of the one-three angular correlation 
between the 570 kev and the 605-kev gamma-rays 
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Fic. 5. Angular correlation of the 605-797 kev gamma rays 
The dashed curve is the least-squares fit to the experimental 
points and has been corrected for finite geometry. The solid 
curve is the theoretical curve for a basic 2*— 2* correlation. 
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The dashed curve is the least-squares fit to the experimental! 
points and has been corrected for finite geometry. Curves 1, 2 


and 3 are the theoretical curves for the basic 2'—2*, 2?—2?, and 


2!— 2? correlations, respectively. The experimental curve contains 


a small admixture of a triple correlation due to the summing of 
the 570-kev and 797-kev gamma rays 


with the 797-kev transition unobserved allows a deter- 
mination of the multipole order of the 570-kev gamma 
ray.""4 For this work, each counter was set at 570-kev 
(i.e., on the lower edge of the 605-kev line) with a 60-kev 
window width. In addition to the 570-kev-605-kev 
coincidences there will be 570-kev—797-kev and 605- 
kev-797-kev coincidences due to the Compton back- 
ground from the 797-kev line. Hence the measured 
correlation will be a composite of three separate correla- 
tions. However for a spin of 4 for the uppermost state, 
the 570-kev-797-kev and the 570-kev-605-kev 
relations will be the same for dipole, quadrupole, or a 
mixture of dipole and quadrupole radiation in the 570- 
kev transition. Thus the measured correlation will 
really be a composite of only two different correlations 
Figure 7 shows the results of this measurement. The 


cor- 


dashed curve is the least-squares fit to the data, cor- 
rected for the finite geometry. The coefficients are 
A-=0.0194+0.019 and A,y=0.092+0.029. Curve 1 is 
the theoretical curve for the one-three correlation for a 
4(D)4(Q)2(Q)0 cascade. Curve 2 is the basic quadru- 
pole-quadrupole correlation. It is readily seen that the 
observed correlation cannot be compounded out of 
curves 1 and 2. However the observed correlation can 
be fitted by requiring the 570-kev transition to be a 
mixture of dipole and quadrupole radiation. Equating 
" Arfken, Biedenharn, and Rose, Phys. Rev. 86, 761 (1952 


“L. C. Biedenharn and M. E. Rose, Revs. Modern Phys. 25, 
729 (1953) 


curve 3 


the observed coefficients A, and A, to the theoretical 
ones gives two equations with two parameters to be 
determined ; the ratio 6 of the quadrupole to the dipole 
nuclear matrix elements'® and the fraction f of the 
basic 2*—2* correlation that must be present. & gives 
the ratio of the intensities of the quadrupole to the 
dipole radiation. The required mixture is 94 percent 
quadrupole to 6 percent dipole with 0° phase difference. 
The fraction f is 0.38. Curve 3 is the correlation func- 
tion for the 570-kev-605-kev cascade with the 2?—2? 
correlation subtracted out. 


IV. SUMMARY 


The angular correlations of the gamma rays of Ba™ 
following the beta decay of the 2.3 year isomer of Cs™ 
were reinvestigated. The 797-kev—605-kev cascade is 
in agreement with a 4(Q)2(Q)0 assignment and the 
1368-kev-605-kev cascade is also best fitted by a 
4(Q)2(Q)0 assignment. The one-three correlation for 
the 570-kev-(797-kev)-605-kev cascade requires a 
mixture of 94 percent quadrupole and 6 percent dipole 
radiation for the 570-kev transition. For a reasonable 
branching ratio between the 650-kev and 80-kev beta 
rays, the theoretical over-all correlation is in agreement 
with the observed results. The large percentage of 
quadrupole radiation in the 4 to 4 transition may be 
compared to the similar cases of 2 to 2 transitions in 
which there are also large admixtures of quadrupole 
radiation.'* 


% The notation of reference 14 is used 
J. J. Kraushaar and M. Goldhaber, Phys 
(1953 
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Bi*’ has been found to decay by electron capture accompanied 
by gamma rays of energies 0.569+0.0015, 0.894+0.007, 1.0639, 
1.43+0.01, and 1.771+0.005 Mev having transition intensities 
of 100:0.16:87:0.16:8 percent per disintegration, respectively. 
K-conversion electron intensities are 1.7, 0.0039, 8.2, 0.0009, and 
0.022 electrons per 100 disintegrations respectively. The 0.894, 
1.43 and 1.771-Mev transitions have K-conversion coefficients of 
(2.441)X10°*, (542)K10"* and (2.540.5)X10"*. The first of 
these is in agreement with M1 radiation and the latter two with E2 
or E2+ M1 radiations. Electron capture branches are 87 percent to 
the t:s/2 state at 1.633 Mev, 5+2 percent to the 0.57-Mev first 
excited state and 8+2 percent toa level at 2.35 Mev. Branching to 
the 2.35-Mev level proceeds only by L-capture as shown from the 
X-ray spectrum in coincidence with 1.78+-0.57 Mev photopeak 


INTRODUCTION 


HE energy levels of Pb”’, a nucleus having one 

neutron less than a closed shell, should be de- 
scribable' according to the shell model in the same 
way as for a system with one nucleon outside of a closed 
shell. On the basis of a Pb” level arrangement similar 
to the one proposed in this paper except for the con- 
figuration assignment of the state at 2.35 Mev (formerly 
assumed to be /y,/2), theoretical calculations were made 
by Pryce! on the levels expected in the “two-hole” 
nucleus Pb®*. These calculations were correlated suc- 
cessfully with the experimentally observed states. We 
shall describe a number of recent results according to 
which the probable assignment to the 2.35-Mev level 
in Pb*? is fz. and which reveal other interesting 
features of the Bi’ decay. The effect of the 7/2 assign- 
ment on the predicted levels in Pb™* will be discussed 
later. 

Bi®’ was discovered* by Neumann and Perlman who 
found that it decays by electron capture to Pb”? with 
a half-life of approximately 50 years. They reported 
that the decay is accompanied by eight gamma rays, 
four of which lie above 2 Mev, as observed from the 
internal conversion electron spectrum. A much shorter 
Bi®”’ half-life, 8.0+0.6 years, has been published‘ 
recently by Cheng ef al. Wapstra’ and McGowan and 
Campbell* confirmed the presence of only two transi- 
tions of energies 0.56 and 1.06 Mev. Wapstra also 
proposed that the electron capture of Bi®’ branches 
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Pryce, Phys. Rev. 95, 1482 


* Under contract with the U 

1D. E. Alburger and M. H. L 
(1954) 

*M. H. L. Pryce, Proc. Phys. Soc. (London) A65, 773 (1952) 

7H. M. Neumann and I. Perlman, Phys. Rev. 81, 958 (1951) 

*Cheng, Ridolfo, Pool, and Kundu, Phys. Rev. 98, 231(A) 
(1955). 

$A. H. Wapstra, Arkiv Fysik 7, 279 (1954). 

*F. K. McGowan and E. C. Campbell, Phys. Rev. 92, 523 
(1953); F. K. McGowan, Phys. Rev. 92, 524 (1953) 


sum pulses. The decay energy to the 2.35-Mev level thus lies 
between 15 and 90 kev and the total Bi®’ decay energy is 2.40 
+0.04 Mev. Gamma-gamma and electron-gamma correlation 
experiments confirm the 1.06-0.57 Mev cascade as 13/2-+5/2-+1/2 
while the 1.78-0.57 Mev gamma-gamma correlation is isotropic 
to within 5 percent. A spin >7/2 for the 2.35 Mev state is sup- 
ported by a crossover intensity of <6X 10~* per disintegration as 
determined with a photoneutron detector. An assignment of fy. 
to the 2.35 Mev level is compatible with all of the data including 
the 1.78-0.57 Mev angular correlation, if the 1.78-Mev transition 
is assumed to consist of a mixture of ~94 percent F2 and ~6 
percent M1. Fast-coincidence techniques have been used to show 
that the 0.57-Mev level has a lifetime of <4X 10° sec 


80 percent to a level at 1.625 Mev in Pb”? and 20 per- 
cent to a level at 0.565 Mev. 

Earlier it had been found’ that a 0.8-sec isomeric 
state is excited in Bi®’ decay. This was identified as 


resulting from the 1.06-Mev transition by Goldhaber 


and Sunyar,® who gave it an M4 assignment on the 
basis of lifetime and energy. The high energy and large 
conversion coefficient has made this transition useful’ 
as an energy standard in beta spectroscopy. 

That the 1.06-0.57 Mev main cascade is probably an 
M4—E2 cascade was confirmed by the conversion 
coefficients measured by Wapstra® and by McGowan 
and Campbell.* The angular correlation experiments of 
McGowan and Campbell‘ established the spin sequence 
as 13/2-45/2-—>1/2, the shell-model assignments being 
i132 fsx P12. The latter workers also observed a 1.76- 
Mev gamma ray in their scintillation spectrum, but did 
not assign this to Bi®’, and placed a very low limit on 
the intensity of any higher-energy gamma rays. 

Prescott has reported’ Bi’ gamma rays of 0.57, 1.07, 
1.76, and 2.47 Mev with evidence for a prompt gamma 
ray of 1.46 Mev. From coincidence data he suggests 
that the 1.07-Mev line may actually be double, 6 per- 
cent of it being in prompt coincidence with electron 
capture. 

Other evidence on the Pb*’ levels comes from the 
beta decay’ of Tl”’ which excites a level at 0.87 Mev 
and from the alpha decay" of Po*' to levels at 0.56, 
0.87, and 1.63 Mev. (d,p) and (d,t) nuclear reaction 
experiments by Harvey” are also consistent with Pb’ 
levels at 0.56, 0.89, 1.63, and 2.33 Mev as well as others 
at higher energies. 


7 J. R. Prescott [Proc. Phys. Soc. (London) A67, 540 (1954)] 
gives a more complete review of previous evidence on Bi®’ decay 

*M. Goldhaber and A. W. Sunyar, Phys. Rev. 83, 906 (1951) 

*D. E. Alburger, Phys. Rev. 92, 1257 (1953) 

” J. Surugue, J. phys. radium 7, 145 (1946) 

" Jentschke, Juveland, and Kinsey, Phys. Rev. 96, 231 (1954) 

J. Harvey, Can. J. Phys. 31, 278 (1953) 
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Fic. 1. Internal conversion spectrum of Bi” 
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CONVERSION ELECTRON AND GAMMA RAY 
SPECTRA}? 

Most of the experiments to be described were made 
on sources taken from 2.5 mC of Bi®”’ activity which 
had been prepared by a 9000 wa-hour 22-Mev deuteron 
bombardment of ordinary lead in the Oak Ridge cyclo- 
tron, carried out in July, 1953. Subsequent chemical 
separations” were made at Brookhaven. Since all of the 
experiments were performed at least 8 months after 
bombardment, 6-day Bi® and 14-day Bi*®* had decayed 
to negligible proportions 

The conversion electron 36-uC 
source of Bi’ electroplated on a 10-mg/cm* Cu backing 
was examined in the Brookhaven lens spectrometer 


spectrum from a 


with the results shown in Fig. 1. Auger lines and con- 
version electrons corresponding to transitions of 0.57, 
1.06, and 1.78 Mev are indicated. Of the conversion 
lines above 1.8 Mev reported’ by Neumann and Perl- 
man, the weakest would have been 6 times the probable 
errors of the points in the corresponding region of 
Fig. 1 and their K-1.46 line would have been 10 times 
as large as the A-1.78 line. Relative conversion in- 
tensities were checked 9 months after the data of Fig. 1 
with the same results 

A more thorough search for weak conversion elec- 

t See note added in proof on page 702 

“DPD. E. Alburger and G. Friedlander, Phys. Rev. 81, 523 
(1951 
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using a 36-uC source at 3.7 percent resolution 


trons between L-0.57 and K-1.06 and between L-1.06 
and K-1.78 was carried out with a 150-uC source at a 
resolution of 4 percent. In the lower of these two energy 
regions the scattered tail of the K-1.06 line hindered 
the measurements. However, there seemed to be slight 
evidence of a line corresponding to a transition of about 
0.9 Mev. If such a line is present its intensity is <0.1 
percent of K-1.06. Figure 2 shows the higher-energy 
region obtained for one of two different source geom- 
etries, both of which gave comparable results. A line 
is observed which, if it is real, corresponds to a transi- 
tion of 1.44 Mev and has a K-conversion intensity 
4+1 percent as strong as K-1.78. Since its intensity is 
a factor of 10° weaker than K-1.06 there is a possibility 
that the line is a ghost arising from scattering effects. 
In any case, the quoted intensity can be considered as 
an upper limit. 

If the A-conversion intensities are normalized on the 
assumption that the 0.57-Mev transition is pure E2 and 
occurs once per disintegration, then the 0.57, 1.0639, 
1.44, and 1.78-Mev transitions have A-line intensities 
of 1.7, 8.2, 0.0009, and 0.022 electrons per 100 dis- 
integrations. A correction of 10 percent in the K-1.78 
peak height has been made because of the unresolved 
L-electron contribution. 

Energy values for the 1.44+0.015 and 1.78+0.01 
Mev gamma rays were obtained from the data of 
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Fig. 2. The 569+1.5 kev gamma-ray energy“ was 
determined at 1.2 percent resolution with a 13-micro- 
curie source 3 mm in diameter by comparing its K-con- 
version peak and extrapolated edge positions with those 
of the 1.0639-Mev gamma ray. 

A K/L ratio measurement on the 0.57-Mev gamma 
ray was carried out at 1.4 percent resolution. The M 
line is then sufficiently well resolved to make a negligible 
contribution to the L peak height. A ratio 3.4+0.4 
is obtained which agrees well with the theoretical 
K/Lisusm ratio of 3.2 calculated for a 0.57-Mev E2 
transition at Z=85 from L-shell conversion tables 
privately distributed by Rose, Goertzel, and Swift. In a 
previous report’ the K/L ratio of the 1.06-Mev transi- 
tion was given as 3.95+0.25. Since the Lj); conversion 
coefficient at 2.0 mc is not yet available it is only pos- 
sible to estimate by extrapolation that the K/Li,naim 
ratio at Z=85 and 2.0 mc (1.022 Mev) for an M4 
transition is between 3.5 and 4. Hence both K/L ratios 
are consistent with the £2 and M4 assignments to the 
0.57- and 1.06-Mev gamma rays, respectively. 

The unconverted gamma-ray spectrum, measured 
with 1 in.X1} in. and 2 in.X2 in. Nal crystals, showed 
prominent Compton and photo distributions for the 
0.57-, 1.06-, and 1.78-Mev gamma rays. With a 36-uC 
source 10 in. from the 1 in. 1} in. crystal the yield at 
high energies dropped off by a factor of 500 below the 
1.78-Mev peak intensity. From the full-energy peak 
efficiency as a function of gamma-ray energy, calcu- 
lated with the total efficiency tables'® of McGowan and 
the peak-to-total curve'® of Heath, Bell, and Davis, 
the maximum possible intensity of any gamma ray 
between 2 and 2.5 Mev is 1 per 2000 disintegrations. 
Correcting for efficiency and internal conversion it is 
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Fic. 2. Conversion electrons above 1.1 Mev measured at 4 percent 
resolution, showing the presence of a weak K-1.44 line 


‘P. Marmier and F. Boehm of the California Institute of 
Technology have determined the energy of this transition to be 
569.7+0.2 kev (private communication ) 

‘* F. K. McGowan (privately circulated tables); see Phys. Rev. 
93, 163 (1954). 

'* Heath, Bell, and Davis, Oak Ridge National Laboratory 
Report ORNL 1415 (unpublished 
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Fic. 3. Singles scintillation spectrum above 1 Mev of 
Bi”? (solid curve) and Y™ (dashed curve) 


found that the 1.06- and 1.78-Mev transitions have 
intensities of 88 percent and 9 percent of the 0.57-Mev 
line, respectively. 

A more detailed study of the scintillation spectrum 
above 1 Mev was carried out with an Atomic Instru- 
ments Company 20-channel pulse-height analyzer. In 
order toestablish the pulse-height distribution for a gam- 
ma ray of about 1.8 Mev, a source of Y** was prepared 
by deuteron bombardment of Sr followed by chemical 
separation. This activity has been reported'’ as emitting 
gamma rays of 0.908 and 1.853 Mev of equal intensity 
and a 2.76-Mev gamma ray of 1 percent intensity. 
Comparisons of the energies of the Y** and Bi’ lines 
were made both with a gray-wedge analyzer, using 
microscope reading of Polaroid photographs, and with 
the 20-channel analyzer. The same total counting rates 
were maintained in the Dumont 6292 phototube output. 
These precautions were taken because of studies of peak 
shifts with counting rate made recently'* by Bernstein. 
It was found that the Y* gamma is 2.8 percent higher 
in energy than the 1.78-Mev Bi” line. This places it at 
1.83 Mev based on the Bi®’ energy. The region above 
1.8 Mev did not show a well-defined line of 2.76 Mev 
which could be distinguished from pulse pile-up, Our 
work suggests that the 2.76-Mev Y gamma ray, if 
present, is <0.5 percent as intense as the 1.83-Mev 
gamma ray. Hence the effect of its pulse-height distri- 
bution on chat of the 1.83-Mev gamma ray is negligible. 

Comparisons of the Bi” and Y™ scintillation spec- 
trum shapes were made using liquid sources of equal 
volume in identical weighing bottles. Approximately 

‘7 Hollander, Perlman, and Seaborg, Revs. Modern Phys. 25, 


409 (1953) 
*W. Bernstein (unpublished). 
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equal strengths of 1.8-Mev radiation were present in 
both samples. Gains were adjusted so that the photo 
peaks of the 1.78- and 1.83-Mev gammas occurred in 
the same channel and runs were made with and without 
lead collimation, using both size crystals. In all cases, 
the Bi” curve exhibited an excess “hump” at the peak 
of the 1.78-Mev Compton distribution. A typical set of 
curves taken with a }-inch diameter Pb collimator 8 cm 
long is shown in Fig. 3. The dashed curve for Y* has 
been matched so that the full-energy-loss peak occurs 
at the same pulse height as that for Bi’, and such that 
the amplitudes of the curves are the same in the vicinity 
of the one-annihilation-quantum escape peak. The fact 
that the one-escape peaks do not occur at exactly the 
same pulse height is explained by the 2.8 percent energy 
difference of the gamma rays. This energy difference 
also accounts for the slightly lower relative height of the 
Y” full-energy-loss peak. However, it is not expected 
that the shape of the Compton distribution would 
change appreciably for such a small change of energy. 
Based on the normalization shown, the extra hump in 
the Bi®’ curve corresponds to the full-energy-loss peak 
of a 1.44-Mev gamma ray whose intensity is 2.5 per- 
cent of the 1.78-Mev gamma-ray intensity. 

Pile-up of the relatively stronger 0.57- and 1.06-Mev 
gamma-ray distributions of Bi®’ were considered for 
their effect on the 1-1.8 Mev region. The sum energy 
of 1.63 Mev occurs at the trough of the 1.78-Mev 
pulse-height distribution and this point would be ex- 
pected to be most sensitive to pile-up. For a variation 
of a factor of 6 in counting rate as used in the various 
runs, there was no essential change in the peak-to- 
trough ratio for the 1.78-Mev gamma ray. It is con- 
cluded that pile-up could not account for the difference 
between the Bi®’ and Y™ curves in the neighborhood 
of the 1.44-Mev photoline. Pulse addition can also be 
neglected since the peak-to-trough ratio of the 1.78-Mev 
gamma ray remained constant for source-to-crystal 
distances as great as 25 inches. The trough of the 1.63- 
Mev pulse addition distribution occurs near 1.4 Mev 
and cannot appreciably influence the 1.44-Mev photo- 
peak intensity. 

The lens spectrometer and 1 in.X 1% in. Nal crystal 
data, together with the known conversion coefficients 
of the 0.57- and 1.06-Mev transitions, can be used to 
derive the K-conversion coefficients of the 1.44- and 
1.78-Mev gamma rays. These are found to be (542) 
X10 and (2.5+0.5)X 10, respectively. If the adopted 
branching of 8 percent to the 2.35-Mev level (see 
Fig. 7) is used rather than the gamma ray data alone 
both of these coefficients are 10 percent higher. As a 
check on the 0.57- and 1.06-Mev K conversion and 
gamma-ray intensity data, the ratio of K-conversion 
coefficients of 1.06/0.57 can be calculated from the 
ratio K-1.06/ K-0.57=4.8 derived from Fig. 1 and the 
gamma-ray intensity ratio from the Nal crystal data. 
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The result is 5.98 compared with a theoretical"* con- 
version coefficient ratio of 6.03 if the transitions are 
assumed to be pure M4 and £2 respectively. Inde- 
pendently of the Nal gamma-ray measurements, the 
relative transition intensities of 1.06/0.57 can be calcu- 
lated from the ratio 4.8 of the K-conversion line in- 
tensities, again based on the assumed multipolarities 
M4 and £2. The result is that the 1.06/0.57 transition 
ratio is 0.89+0.04. 


COINCIDENCE MEASUREMENTS 


Gamma-gamma coincidence experiments were carried 
out using two 2 in. X2 in. Nal crystal detectors and Bi” 
sources of 0.18, 0.44, and 1.0 microcurie. In the first 
tests one counter was channeled on either the 0.57- or 
1.06-Mev line and the coincidence spectrum was scanned 
in the other detector by using a single-channel pulse- 
height analyzer. It was found that the 0.57-Mev transi- 
tion is in coincidence with both the 1.06- and 1.78-Mev 
gamma rays but that the latter two are not in coinci- 
dence with each other. 

A search was then made with a coincidence gray- 
wedge analyzer” for possible gamma rays of 1.44 and 
0.9 Mev. The same detectors as above were used except 
that a Pb absorber sandwiched with brass was included 
between the crystals in order to reduce spurious effects 
arising from addition of back-scattered Compton gamma 
rays in the display crystal. With the channel in the 
900-kev region the photo peak of a gamma ray of 
1.44 Mev was observed to be in coincidence. When the 
channel was set for pulses greater than 1.3 Mev a photo- 
peak of about 0.9 Mev was found. From the calibration 
of the gray wedge the 1.44-0.9 Mev coincidence in- 
tensity was estimated to be 2+1 percent as strong as 
the 1.78-0.57 Mev coincidence intensity. 

The above experiments were repeated using a geom- 
etry improved so as to further reduce back-scattering 
addition effects. Also in order to obtain more quantita- 
tive results the coincidence spectra were recorded with 
a 20-channel pulse-height analyzer. These data are 
illustrated in Figs. 4 and 5. Gamma rays of 1.44 and 
0.9040.02 Mev were observed, and their coincidence 
intensities after corrections for efficiencies were found 
to be slightly greater than 2 percent of the 1.78-0.57 
Mev coincidence intensity. In some of the experiments 
a Bi*’ source was used which had been prepared in 
December, 1952 at the Nobel Institute of Physics. 
Inasmuch as this source displayed the 1.44-0.90 Mev 
cascade with the same relative intensity as in sources 
from the Oak Ridge bombardment, it is plausible to 
assume that the results do not arise from impurities 
and that the 1.44-0.90 Mev cascade actually belongs 
to Bi®’. On the basis of the singles and coincidence 


” Rose, Goertzel, Spinrad, Harr, and Strong, Phys. Rev. 83, 
79 (1951) 

* Bernstein, Chase, and Schardt, Rev. Sci. Instr. 24, 437 (1953); 
R. L. Chase, Brookhaven National Laboratory Report 263 (1954) 
(unpublished); A. W. Schardt, Brookhaven National Laboratory 
Report 237 (1954) (unpublished). 














DECAY OF 


data, we adopt for the 1.44-Mev gamma ray an in- 
tensity 2.0+0.6 percent of the 1.78-Mev transition 
intensity, or 0.16 percent per disintegration. 

The capture process to the 2.35-Mev level was studied 
by observing the x-ray spectrum in coincidence with 
the (1.78+-0.57)-Mev photo sum peak, thereby avoiding 
all x-rays associated with internal conversion. For de- 
tection of the x-rays a Nal crystal 2 mm thick and 
1 inch square was used. It was necessary to channel the 
gamma-ray counter on the 2.35-Mev full-energy peak 
and not to include any of the sum Compton distri- 
bution since the latter has associated with it back 
scattered gamma rays which can be detected in coinci- 
dence by the x-ray crystal. This experiment showed 
that only Z x-rays are in coincidence with the sum 
peak and that there is at most a 2 percent K x-ray 
coincidence intensity. If one assumes an L fluorescent 
yield of 0.40, the maximum number of K-shell vacancies 
is 1 percent of the total capture to the 2.35-Mev state. 

Possible electron capture to the 0.57-Mev level of 
Pb”? was investigated by measuring the 0.57- and 
1.06-Mev gamma-ray spectra in coincidence with K 
x-rays. Since the 1.06-Mev gamma ray follows an 
().8-sec isomeric state, the only possible K x-ray coinci- 
dences arise from internal conversion of the 0.57-Mev 
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Fic. 4. Pulse-height spectrum in coincidence with a channel set 
for >1.3 Mev. The 0.57-Mev peak arises from coincidences with 
1.78-Mev gamma rays and the 0.90-Mev peak is associated with 
1.44-Mev gamma rays 
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gamma ray. On the other hand, the 0.57-Mev state 
can be fed in three ways, i.e., by the 1.78- and 1.06-Mev 
transitions and by possible electron capture. It has 
already been shown that the 2.35-Mev level is formed 
only by Z capture and furthermore that the conversion 
of the 1.78-Mev gamma ray is very small. Hence the 
feeding of the 0.57-Mev level by the 1.78-Mev transition 
will result in a negligible number of coincidences be- 
tween K x-rays and 0.57-Mev gamma rays. 

The magnitude of the net K_ x-ray—0.57-Mev 
gamma-ray coincidence yield can be deduced from the 
coincidence measurements listed in Table I. In deducing 
the net K x-ray—0.57-Mev gamma-ray coincidence 
yield, a small correction has to be made for the differ- 
ence between the Compton distribution under the 
photopeak from that measured just above the photo- 
peak. A similar set of experiments involving K x-rays 
and the 1.06-Mev photopeak gives the net K x-ray 
1.06-Mev gamma-ray coincidence yield. The ratio of 
570-kev to 1.06-Mev photopeak vields within the 
channels is measured in the same experiment and must 
be corrected for the Bi®”’ decays branching to the 2,35- 
Mev state. From the above measurements the K-branch 
to the 0.57-Mev state may be derived. We find the 
K-branch to be 542 percent per disintegration. This 
Taste I. Channel settings for deriving the net K x-ray 0.57-Mev 

gamma-ray coincidence intensity 


Channel 1 Channel 2 
K x-ray 0.57-Mev photopeak 
K x-ray just above 0.57-Mev photopeak 


0.57-Mev photopeak 


just above K x-ray 
just above 0.57-Mev photopeak 


just above K x-ray 
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result is in reasonable agreement with the 2.8 percent 
branch measured by Lazar and Klema.”' 

An attempt has been made to determine the life- 
time of the 0.57-Mev first excited state of Pb’ by fast 
coincidence techniques. Both detectors consisted of 
trans-stilbene phosphors on RCA 5819 photomultipliers. 
The fast coincidence system (273 X 10~ sec) has been 
described previously.” Coincidences were taken between 
conversion electrons of the 1.06-Mev transition and a 
portion of the Compton distribution of the 0.57-Mev 
transition. An analysis of the time distribution of 
coincidences from the Bi*®’ source compared to that 
obtained from a “prompt” source taken under identical 
pulse-height selection conditions shows that the half-life 
of the 0.57-Mev state is <4X10~-"° sec. Recently, the 
half-life of this state has been deduced™ from Coulomb 
excitation as 1.010 

L x-ray—1.78-Mev gamma-ray coincidences were 
measured in an attempt to find an observable lifetime 
for the 2.35-Mev state. Because of the low energy and 


1 sec. 


low abundance of the L x-rays, it was only possible to 
place an upper limit of 310~-* sec on the half-life of 
the 2.35-Mev state 


PHOTONEUTRON EXPERIMENTS 


In order to place a limit on the intensity of energetic 
gamma rays in the Bi*”’ decay lower than that obtained 
from the scintillation spectrum, photoneutron measure- 
ments have been made. The detector” consisted of four 
BF, counters immersed in a large box of paraffin 
(approximately 15 cu ft) having a central cavity into 
which a source could be inserted and surrounded with 
either Be blocks or heavy water. 

With 1 mC of Bi®’ surrounded by 9.7 kg of Be, the 
yield resulting from the 1.78-Mev gamma ray was 4000 
counts per minute. The Be photoneutron cross section 
at this energy is 9X 10~** cm? according™® to Guth and 
Mullin and at 2.35 Mev, the energy of the possible 
crossover transition, the deuterium photoneutron cross 
section has nearly the same value.** Thus the absolute 
detection efficiency need not be known if it is assumed 
that the geometries and absorption effects are the same 
using Be or D,O and that the efficiency for detecting 
100-kev neutrons from Be+1.78 Mev is the same as 
that for detecting 60-kev neutrons from D+ 2.35 Mev. 
The yields then depend only on the relative numbers of 
Be or D atoms present and on the relative gamma-ray 
intensities. 

With 4 liters of D,O surrounding the source, there 
was no net photoneutron yield greater than the statisti- 


cal error of the background (+0.5 counts per min). 

* NH. Lazar and E. D. Klema, Bull 30, No. 1, 
47 (1955) and private communication 

2 A.W. Sunyar, Phys. Rev. 93, 1122 (1954) 

™ P. H. Stelson and F. K. McGowan, Phys. Rev. 99, 112 (1955 

™E. der Mateosian and M. Goldhaber, Phys. Rev. 78, 326 
(1950) 

* E. Guth and C. J. Mullin, Phys. Rev. 76, 234 (1949 

* A. Wattenburg, National Research Council Preliminary Re- 
port No. 6 July, 1949 (unpublished) 
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If the maximum possible yield is taken to be twice the 
background statistical error and if the Be+1.78-Mev 
yield is used as a reference, then the intensity of a 
possible 2.35-Mev gamma ray is <7X10~ of the 1.78- 
Mev gamma-ray intensity or <6 10~* per disintegra- 
tion. This figure is about 10 times lower than the limit 
obtained from the scintillation spectrometer meas- 
urements. 


ANGULAR CORRELATION MEASUREMENTS 


The gamma-gamma directional correlations of the 
1.06-0.57 Mev and 1.78-0.57 Mev cascades were in- 
vestigated, with the results shown in Fig. 6. For these 
measurements the channel windows were set to include 
the full-energy peaks detected by 2 in.X2 in. Nal 
phosphors. Similar distributions were obtained for two 
sources. The first source contained 50 uC of Bi® and 
consisted of BiSO, in dilute H,SO, held in a Lucite cup 
of 2.5-mm inside diameter and 5-mm height. The 
second source was 36 uC in strength and was an electro- 
plated deposit 1 cm in diameter on a 10 mg/cm* Cu 
backing. The 1.06-0.57 Mev correlation shows a positive 
anisotropy of about 36 percent in agreement with the 
results® of McGowan and Campbell. The 1.78-0.57 Mev 
correlation is isotropic to within 5 percent. 

A rough check was made on the correlation between 
the 1.06-Mev conversion electrons and the 0.57-Mev 
gamma ray by replacing one of the NaI counters with 
an anthracene beta detector and making runs with the 
electroplated source. Data taken at 180 degrees and 
90 degrees indicated a positive anisotropy in excess of 
30 percent, in agreement with the results® of McGowan. 
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Fic. 6. B®’ gamma-gamma angular correlation results. 
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DISCUSSION 


All of the results presented in the foregoing are con- 
sistent with the level diagram given in Fig. 7. While 
many features of the Pb*’ levels up to and including 
the i;3/2 state at 1.63 Mev had already been established 
by previous research, these experiments have shown 
that the 0.90- and 2.35-Mev levels are excited in 
Bi*”’ decay. 

The state at 2.35 Mev is not likely to have a spin of 
<5/2 as can be seen from the following observations: 


(1) The small upper limit on the intensity of a 2.35- 
Mev transition to the p12 ground state as found in the 
photoneutron experiments. 

(2) The low intensity of the 1.44-Mev transition to 
the ps2 level at 0.90 Mev. 

(3) The comparable intensities of electron capture 
branching to the states at 2.35 Mev and 0.57 Mev 
(spin 5/2—) in spite of the very great difference in 
available energy. 


The measured conversion coefficient for the 1.78-Mev 
transition limits the spin change involved in the transi- 
tion to <2. Hence the spin of the 2.35-Mev state 
cannot be greater than 9/2. 

Agreement of the 1.06-0.57 Mev electron-gamma 
angular correlation with the theoretical correlation 
shows that there are no disturbing effects in our sources 
as suggested earlier’’ resulting from the filling of elec- 
tron shells following either electron capture or internal 
conversion. Hence the isotropy of the 1.78-0.57-Mev 
gamma-gamma correlation can be considered as real. 
If the 2.35-Mev state were /y;. the 1.78-Mev transition 
must necessarily be an £2+-M3 transition, since a pure 
quadrupole transition would lead to a correlation show- 
ing a positive anisotropy of 16.7 percent. From the 
theoretical correlation functions** of Biedenharn and 
Rose it can be shown that for the jy). assignment one 
can achieve approximate isotropy and at the same time 
satisfy the 1.78-Mev gamma-ray conversion coefficient 
with a mixture of ~97 percent E2+~3 percent M3. 

In the case of a 7/2 spin for the 2.35-Mev state, 
a mixture of ~94 percent £2 and ~6 percent M1 is a 
compatible with both the conversion and angular corre- 
lation measurements. A decision between the possible 
shell model assignments fz). and /y,, to the 2.35-Mev 
state cannot be made from our angular correlation 
measurements. On the basis of more accurate corre- 
lation measurements, Lazar and Klema have assigned™ 
a spin of hy/2 to the 2.35-Mev state, with the E2+M3 
mixture stated above for the 1.78-Mev transition. 

An hg. assignment would mean that the 1.44-Mev 
transition to the second excited state at 0.90 Mev 
must be at least M3, if the latter state is assumed to 
be ps2. In this case, the 1.44-Mev K-conversion coeffi- 


2771). E. Alburger and A. W. Sunyar, Phys. Rev. 98, 276(A) 
(1955) 

bi) L bad 
729 (1953) 


Biedenharn and M. E. Rose, Revs. Modern Phys. 25, 
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tion intensities are adopted as being the most probable from 
several sets of data. 


cient would be 2.7X10~* for pure M3 radiation. Our 
value of (5+2)X10~' for the K-conversion coefficient 
of this transition is lower than that of a pure M3 by a 
factor of 5. No £4 admixture can lower the K-con- 
version coefficient below ~1 percent. We feel that this 
argues most strongly against an //2 assignment. In the 
event that the A-1.44 line of Fig. 2 were actually a 
ghost, the real conversion coefficient would be even 
lower and the discrepancy with M3 or M3+-E4 would 
be still greater. An assignment of /y,. to the 2.35-Mev 
state implies a lower limit for the lifetime of M3 radia- 
tion from this state, if one considers the transition 
within the framework of the single-particle model. Our 
value of 3X10~-* sec as the upper limit of the lifetime 
of the 2.35-Mev state is not by itself short enough to 
rule out the //» assignment. 

On the other hand, an assignment of f;,. to the 2.35- 
Mev state fits all of our observations. The measured 
1.44-Mev K-conversion coefficient is consistent with £2 
radiation to the ps2 state. When the £* energy de- 
pendence is removed from the transition intensity ratio, 
the ratio of 1.44-Mev to 1.78-Mev £2 matrix elements 
is about 1/20 which may not be unreasonable. Prescott’s 
observation’ of a weak gamma ray of 1.46 Mev in 
coincidence with K x-rays is not compatible with the 
scheme proposed here since it has been found that the 
2.35-Mev state is formed by L capture only. The only 
coincident K x-rays in this case would then arise from 
internal conversion of the 0.90-Mev transition and this 
coincidence effect would be 100 times smaller than the 
1.78 K x-ray coincidence intensity. 

If the 0.90-Mev gamma ray is an M1 transition, its K 
line would have an intensity 1/1500 of K-1.06 or just 
below the limit placed by the data. This line might 
become observable with a strong source and greater 
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precautions against scattering in the spectrometer and 
from the source backing. If the 0.90-Mev transition 
goes by £2 radiation rather than by M1, the K line 
would be less intense by another factor of 4. One could 
not reasonably expect to observe the 0.72-Mev transi- 
tion between the f7)2 and i;3/2 states. 

In analogy with Bi® it has been suggested’ that the 
ground state of Bi®” is Ay/». The electron capture transi- 
tion to the 2.35-Mev f7,2 level of Pb”? is then allowed 
and this could be consistent w:th the proposed scheme 
in view of the absence of K capture. Using the 8.0-year 
half-life for Bi®’, one can calculate the limiting log /t 
values for L capture to the 2.35-Mev level, this transi- 
tion having a partial half-life of about 90 years. Corre- 
sponding to the range of transition energies between 
the K and L binding energies, the logft value” lies 
between 5.6 and 7.8 and hence could be consistent with 
an allowed transition 

rhe presence of only L electron capture to the 2.35- 
Mev level leads to a value of 2.40+0.04 Mev for the 
total decay energy of Bi®’. The error implies allowable 
limits and the value 2.40 Mev is not necessarily the 
most probable decay energy. If the decay energy had 
been as much as 10 kev above the K-capture threshold, 
then the K x-ray yield in coincidence with the 2.35- 
Mev sum photo line would be 1/10 of the L x-ray yield 
according to the formula of Marshak” and this would 
have been easily observable 

Logft values may also be calculated for the main 
capture branch to the 1.633-Mev level and for capture 
to the 0.57-Mev level based on the level scheme of 
Fig. 7. If one uses the graphs® of Moszkowski, the main 
branch has a log/t of 9.6 while the branch to the 0.57- 
Mev level has a log/ft of 11.5. These values are con- 
sistent with first forbidden transitions 
respectively as would be expected from the level 


and second 
assignments 

The reasonably firm assignment of f7,2. to the 2.35- 
Mev level in Pb’ requires a reconsideration of the 
predicted levels in Pb™*. fy. was assumed for the 
2.35-Mev level in making these calculations. According 
to a private communication from M. H. L. Pryce, the 
only serious effect of this change is to remove the pre- 
dicted 5+ level at 3124.7 kev (see Figs. 7 and 8 in 
reference 1), a level which was already considered as 
doubtful. In place of this, a 3+ level at approximately 
this energy is expected but it is not likely that the 
739.9-kev transition or the doubtful 107.2-kev transi- 
tion could be associated with it. Hence the positions of 
these two transitions in the Pb” scheme are now 
uncertain. Other Pb*®* configurations affected are num- 


® The authors are indebted to Dr. M. E. Rose for making these 
calculations 
* R. E. Marshak, Phys. Rev. 61, 431 (1942 


= S. A. Moszkowski, Phys. Rev. 82, 35 (1951 
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bers 11 and 12 in Table IX of reference 1 but the 
energies of these are so high that they are not relevant 
to the interpretation of the gamma-ray spectrum. 

The lifetime* of 1.0 10~- sec for the 0.57-Mev E2 
transition is much shorter than could be expected on 
the single particle model for an E2 transition involving 
a neutron jump and is close to that expected for a 
single proton transition with unit matrix element. The 
transition follows the general trend® exhibited by E2’s 
in this region of the periodic table, most of which show 
a speed-up which can be interpreted in terms of col- 
lective effects. 

We are indebted to J. Hudis and E. Baker for 
chemical preparation of the Bi*”’ electroplating solution 
and to J. Hudis for separation of the Y* sample. We 
also wish to thank M. Goldhaber for helpful discussions 
and suggestions. 


Note added in proof —The internal conversion spectrum of Bi®? 
has been reinvestigated at 2.0 percent resolution using an inter- 
mediate-image beta spectrometer recently constructed at Brook- 
haven and a 15-wC source deposited on 0.5 mg/cm* Nylon. A line, 
which we believe is real, has been observed corresponding to K 
conversion of a 0.894+0.007 Mev transition. Its intensity is 
0.0039 K electrons per 100 disintegrations (1/2100 as strong as 
K-1.06). The K-conversion coefficient based on this observation 
and on the gamma-ray measurements is (2.4+1) X 10™* suggesting 
W1 radiation (theoretical ax = 2.8X10~*) with possible admixture 
of E2 radiation (ag =6.9X 10" 

The 1.44-Mev K-conversion line has been observed again and 
its intensity has been found to be 4.841 percent as strong as 
K-1.78 in agreement with previous measurements. The K/(L+M) 
ratio of the 1.78-Mev transition is 4.4+0.4. Improved values for 
the two highest energy gamma rays are 1.43+0.01 Mev and 
1.771+0.005 Mev corresponding to a most probable energy of 
2.338+0.005 Mev for the Pb®” level 

An upper limit of 0.0015 electron per 100 disintegrations has 
been placed on the K-conversion line of a possible 0.324-Mev M1 
transition between the 0.894- and 0.570-Mev states. If this tran- 
sition were not / forbidden its K line might have been expected 
to have approximately the same intensity as K-0.894 

Upper limits of 0.002 electron per 100 disintegrations have been 
placed on the K-conversion lines of either a possible 0.704-Mev 
transition between the 2.338- and 1.634-Mev levels or a possible 
0.740-Mev transition between the 1.634- and 0.894-Mev levels. 
If the 2.338-Mev state were /, one can calculate on the basis 
of single-particle estimates that a 0.704-Mev M2 would win out 
over a 1.43-Mev M3 by a factor of ~500. Their relative K-con- 
version intensities would then be in the ratio of ~2000 in favor 
of the 0.704-Mev line whereas our upper limit is a factor of 2. 
We could not rule out the /y,. assignment to the 2.338-Mev level 
from conversion intensities if the 1.43-Mev transition were pre- 
dominantly £4. However, in that case the lifetime of the 2.338 
Mev level would probably be >10~* sec as compared with our 
upper limit of 3X 10~* sec. These new results further confirm the 
fs» assignment to the 2.338-Mev level 

A measurement of the half-life of Bi®’ is now in progress by 
G. Harbottle of this Laboratory. Using a balanced double ion 
chamber standardized with radium he has obtained a preliminary 
value of 2743 vears for Bi®’ based on data taken over a three 


month period 


# A.W. Sunyar, Phys. Rev. 98, 653 (1955 
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Using magnetic and scintillation spectrometers the energies of the radiations from Co*’ and Co™ have 
been evaluated. Several gamma rays not previously reported have been observed. Co’ decays mainly hy 
K capture but also to a slight extent by positron emission with an upper energy limit of about 300 kev, 
followed by gamma rays with energies 14.6, 29, 99.8, 122.8, 137.4, and 700 kev. Co decays by K capture 
and with positron emission of upper energy 485410 kev. Gamma rays with energies of 814 and 500 and 


possibly 1300 kev accompany the decay 


S early as 1937 it was found! that iron bombarded 
with deuterons in the cyclotron yielded several 
long-lived cobalt radioactivities. Subsequent investiga- 
tions? resulted in the assignment of activities with half- 
lives of 270 and 72 days to Co’ and Co**, respectively. 
The reports on the energies of the radiations show con- 
siderable disagreement indicating a need for further 
study. 

In the present investigation magnetic photographic, 
and scintillation spectrometers were employed to study 
gamma rays, and the double-focusing, magnetic spec- 
trometer was used to observe the positron spectrum of 
Co**. In addition to the gamma energies previously 
recorded certain gamma transitions not previously 
reported are observed. The Co*’ source was obtained 
from the Oak Ridge National Laboratory and was 
produced by a p,2m reaction on Ni** in a target of 
ordinary nickel. The resulting Cu®’ in turn decays by 
positron emission through Ni*’ to Co? and thence to 
Fe*’. The Co** specimen was from the same source but 
produced in the reactor by the (,p) reaction on Ni®*. 
It decays mainly by K capture but also by weak 
positron emission to Fe®*. 


COBALT-57 


Some of the previously reported energies for the 
three well-known gamma rays, together with the results 
of the present investigation, are shown in Table I. In 


TaBLe I. Gamma energies of Co*’ as reported, in kev 


Present 

Observer Ps ED DW* AG4 CMe work 

y1 117 119 122.8 119 122.8 

" 130 131 137.6 133 1374 

7: 14 14.6 
*E. H. Plesset, Phys. Rev. 62, 181 (1942 
» E. Elliott and M. Deutsch, Phys. Rev. 64, 321 (1943 
©M. Deutsch and W. Wright, Phys. Rev. 77, 139 (1950 
‘1D. Alburger and M. Grace, Proc. Phys. Soc. (London) A67, 280 (1954). 


* B. Craseman and D. Manley, Phys. Rev. 98, 279 (A) (1955 

t This investigation received the joint support of the U. S. 
Atomic Energy Commission and the Office of Naval Research 

! Livingood, Seaborg, and Fairbrother, Phys. Rev. 52, 135 
(1937) 

? Hollander, 
Berkeley (1952) 


Perlman, and Seaborg, “Table of Isotopes,” 


addition to these three gamma rays, others appear 
with energies of 700, 99.8, and 29 kev. These additional 
gamma rays are observed with the scintillation spec- 
trometer. Of them, only the 99.8-kev gamma appears by 
conversion and this with a single line assumed to be due 
to Fe K-electrons. 

For the three gamma rays shown in Table I, many 
electron lines are observed whose energies and relative 
intensities are shown in Table II. The relative intensities 
for the lines due to the 14.6-kev gamma ray are from 
visual estimates of the photographic densities, corrected 
for variation in radius and sensitivity of the emulsion 
with energy. The intensities for the other two gamma 
rays were obtained both by microphotometer traces of 
the photographic plates and by comparing the resolved 
peaks obtained with the source in the double-focusing 
spectrometer. The 14.6-kev in Fe*’ has been reported® 
to have a half-life of 1.1 10~’ sec and the transition 
to the ground state was assumed‘ to be M1. The Z*/W 
for this radiation is 46.2. From the empirical summary 
of Goldhaber and Sunyar, the observed K/L ratio of 
3 appears to be somewhat lower than expected for an 
M1 transition. It would seem to be more compatible 
with an £1 or an M2 transition. The lifetime for the 
M2 transition at this energy would be of the order of 
seconds and this designation is thus improbable. 

The large values of the K/L ratios for the 122.8- and 
137.4-kev gamma rays suggest £1, E2, M1, or M2 
transitions. The half-life of the M2 transition would 


Taste II, Energy and relative intensity of electron 
conversion lines from Co*’ 


Electron Energy 
energy, Relative sum, 
Designation kev intensity kev 

K, 7.3 3 144 
L, 13.7 1 14.6 
My 14.5 0.25 14.6 
kK 92.7 98 
Ky 115.7 10 122.8 
ly 121.8 0.9 122.7 
Vf, 122.7 0.15 122.8 
Ky 130.3 x 1374 
Ly 136.6 0.8 137.5 


*M. Deutsch and W. Wright, Phys. Rev. 77, 139 (1950) 
4M. Goldhaber and A. Sunyar, Phys. Rev. 83, 906 (1951). 
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still be of the order of a thousandth of a second and 
hence should probably be excluded. While the K-con- 
version lines for the two gamma rays are of the same 
order of darkness and their K/L ratios are about the 
same, it is observed that the unconverted peak at 
122.8 kev is many times® stronger than the peak at 
137.4 kev. Hence, if the absolute conversion coefficient 
for the 137-kev gamma ray is ten times that for the 
123-kev gamma ray, then the former is probably due 
to an £2 and the latter to an E1 or M1 transition. The 
positron spectrum was found to be extremely weak, 
with an upper limit of about 300 kev. It was not re- 
solved into the two « omponents reported ° 

The 29-kev peak was found to be in coincidence with 
both the 100- and 700-kev radiations but not with the 
123- or 137-kev gammas. 
observed between the 700- and the 100-, 123-, or 137-kev 


No coincidences could be 


It should be noted that coincidences as ob- 
(28 kev 


escaping from one crystal back to the opposite crystal, 


radiations 
served might result from the iodine x-ray 


to the true peak 


Evidence that the low- 


resulting in an apparent peak due 
energy minus the x-ray energy 
energy peak is a gamma ray comes from the fact that it 
appears in the “singles’’ curve when there is no idoine 
or other scatterer back of the source. When iodine is 
intentionally placed directly back of the source the 
Moreover, 
the 100-kev gamma ray yields a conversion line. The 
weak 700-kev transition probably follows K capture, 
and from the coincidence observation it might be con- 
cluded that it terminates at a level other than the 
ground state although this evidence is not 
vertible. The escape peak is less likely to be significant at 


peak shifts slightly toward lower energy 


incontro 


*D. Alburger and M. Grace, Proc. Phys. Soc. (London) A67 
280 (1954 
* B. Craseman and D. Manley, Phys. Rev. 98, 279 (1955 
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this high energy. The well-established transitions are 
shown as heavy lines in the nuclear level scheme of 
Fig. 1. The 99.8-kev transition is not included. 

The half-life of the Co*’ sample observed over a 
period of 8 months appears to be 267 days. 


COBALT-58 


Co decays by both K capture and positron emission 
to Fe**. A single gamma ray of energy 0.81 Mev had 
been reported.* In the present investigation this gamma 
ray is observed both by electron conversion and by the 
scintillation spectrometer. The K-conversion line has 
an energy of 807 kev, indicating a gamma energy of 
814 kev. The L line is very weak so that the K/L ratio 
is exceedingly large. It is impossible to infer from this 
ratio the type of multipole radiation, since at this small 
Z*/W (0.8), the K/L ratio is large for all types of 
radiation. However, the ground state for the even-even 
«Fe** nucleus is undoubtedly a level of even parity and 
zero spin. In such nuclei the first excited state is usually 
one of even parity and spin 2, so that an £2 transition 
is expec ted. 

The Co** source also contains some Co® with its 
long-lived radiation at 1.17 and 1.33 Mev. With the 
scintillation spectrometer, strong peaks are obtained 
at 500 and 800 kev, and a weaker peak at 1.3 Mev. 
The 500-kev peak was at first assumed to be annihilation 
radiation. On observing coincidences between all betas 
in an anthracene crystal, and the gamma distribution 
in a Nal crystal, the 500- and 800-kev peaks were 
present in about the same relative intensity. On ob- 
serving gamma-gamma coincidences with one crystal 
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Fic. 2. Coincidence data for Co™, with crystals at right angles 
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set to receive the 500-kev peak, again the other crystal 
noted the two peaks in the same relative intensity. 
Since the annihilation photons travel in opposite direc- 
tions and could yield 500-500 kev coincidences, the 
crystals were arranged at right angles with the source 
as shown in Fig. 2. The singles and coincidence curves 
are represented by solid and dotted lines, respectively, 
strongly indicating the existence of a gamma ray of 
about 500-kev energy. The peak at 1.3 Mev could be 
a summation peak for the other gamma rays or repre- 
sent a crossover transition, or be in part due to the 
slight amount of Co® that is known to be present. On 
inserting about 2 cm of lead between source and crystal 
the intensity is reduced much more than would be the 
case if it were all 1.3-Mev radiation, with its absorption 
coefficient of 0.66 cm™. This indicates that it is largely 
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Fic. 3. The Fermi plot for the positron spectrum of Co™. 
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a summation peak, but in part it may be due to a 
cross-over transition. 

The positron spectrum was investigated in the 
double-focusing spectrometer and was found to have 
only one component. The almost massless source con- 
sisted of a line of the carrier-free material ruled on a 
conducting zapon film. The spectrometer window, also 
of zapon, was of minimum thickness (about 15 micro- 
grams per cm*) to withstand a pressure difference of 
6 or 7 cm of Hg. The linearity of the Fermi plot, shown 
in Fig. 3, down to very low energies, indicates the 
very small stopping power of the film. The upper energy 
limit is 485+10 kev. If the positron decay occurs for 
about 15 percent of the decays, then the log ff value is 
about 6.5, which indicates a first forbidden transition. 
The simple decay scheme is shown in Fig. 4. The half- 
life of the Co** source corrected for the presence of a 
slight amount of longer-lived activity is found to be 
71.0 days. 
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Intermediate Coupling in Odd-Odd Nuclei 


R. Apxins and J. G. Brennan 
The Catholic University of America, Washington, D. C. 
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An intermediate-coupling model is applied to the structure of lithium-6 and nitrogen-14. A ground-state 
wave function is selected which reproduces the observed ground-state moment data. A two-body potential, 
with spin-orbit and tensor forces included, is sought which will have the proper wave function as its lowest 
state and which will reproduce the observed level splitting of the lower excited states of the nucleus. The 
usual variational method is used, the potential is assumed to have a Yukawa radial dependence, and the 
wave functions are assumed to have an harmonic oscillator radial dependence. Only the p-shell nucleons 
are included. This procedure leads to a consistent, but not unique, result for lithium requiring a strong tensor 
force for satisfactory solutions. When the additional requirement of the near vanishing of the carbon-14 
nitrogen-14 beta-decay element is imposed, and the procedure repeated for the nitrogen nucleus, the results 
are much less satisfactory. Very large and physically unmeaningful values of the potential parameters appear 
to be needed to obtain agreement with experimental! data. 


—— application of intermediate coupling to the 
p-shell polyads has been discussed in detail by 
Inglis' for the case in which the internucleon potential 
is central. Elliott? and Regge* have investigated inter- 
mediate coupling in lithium-6 for the case in which a 
small amount of tensor force is included in the inter- 
nucleon potential. Their results indicate that in this 
case one cannot simultaneously produce the energy 
level scheme and the ground-state data. Jancovici and 
Talmi* have shown that a very strong tensor force can 
account for the observed carbon-14—nitrogen-14 beta 
decay. The present investigation shows that an inter- 
nucleon potential with a strong tensor force provides a 
reasonably consistent scheme for describing lithium-6, 
within the scope of the intermediate coupling model 
with configuration mixing neglected. 

The approach usually followed in applying the model 
is to start from a specific two-body potential and to 
obtain from it the level structure and the ground-state 
wave function. This investigation has proceeded in the 
reverse order. A wave function is obtained from the 
ground-state data. A potential is then sought which will 
produce this wave function for its lowest state, and 
which will also give the low-lying level structure for 
lithium-6. 

A. LITHIUM 


The ground state of lithium-6 is a J/=1, even parity 
state with a magnetic moment of 0.822 nm and a stati 
electric quadrupole moment less than 4 millibarn in 
absolute value. The sign of the quadrupole moment is 
uncertain. The most general wave function which can 
be formed for this state from the p nucleons is 


W=a'S,+6 "Di +< 'P. (1) 


Three conditions including normalization are available 


to fix the coefficients: the wave function must reproduce 
'D. R. Inglis, Phys. Rev. 87, 915 (1952); Revs. Modern Phys 
25, 300 (1953 
* J. P. Elliott, Proc. Roy. Soc. (London A218, 345 (1953 
*T. Regge, Nuovo cimento I1, 285, (1954 
*B. Jancovici and I. Talmi, Phys. Rev. 95, 289 (1954 


the static magnetic dipole and electric quadrupole 
moments. These conditions determine the limits be- 
tween which the coefficients will lie. The coefficients 
are not uniquely determined because of the uncertainties 
in the observed value of the quadrupole moment, and 
in the value of the mean square displacement of the 
p-shell proton from the center-of-mass of the nucleus. 
The value 3(1.42X10~"*A! cm)? has been used for the 
latter quantity. This requires the S and D states of the 
wave function to have the same sign. The calculations 
show that the coefficients are not very sensitive to this 
quantity. The sign of the contribution of the P state to 
the wave function is not fixed since only c* appears in 
these conditions. The results of the calculations are 


O.8515< 0.0030 < |b ?< 0.0113; 


a 2< 0.85 
V< |e |2?<0.1455. (2) 


57: 
0.1330< 
Since lithium-6 is a self-mirror nucleus, one can argue 
that the usual meson exchange magnetic moments 
which are symmetrical cannot contribute.® 

The potential is assumed to have the form suggested 
by the analysis of the two-body problem by Hall and 
Powell.* In addition, a specific spin-orbit force is as- 
sumed in which the spin-other-orbit forces are neglected. 
Thus, 

err oo 
V ap= — Vo (1—g+gP") +7 S 
’ Ge 


np 
r/ ay 


X (1—e+ eP’")—VtddAi-s;, (3) 


’ 


where ¢ and y are dimensionless parameters for the 
spin-orbit coupling and for the tensor coupling respec- 
tively, g and ¢ are the fractions of spin exchange and 
space exchange, respectively, a. and a; are the central 
and tensor ranges respectively, and V» is the depth of 
the potential. P’ is the Majorana space exchange 


operator and P* is the spin exchange operator. 
*R. G. Sachs, Nucdear Theory (Addison-Wesley Press, Cam- 
bridge, 1953 


*H. H. Hall and J. L. Powell, Phys. Rev. 90, 912 (1953). 
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COUPLING IN ODD-ODD NUCLEI 


A standard variation method is used, in which the 
coefficients of the L-S states of the wave function are 
used as variation parameters. This method gives the 
usual sets of secular equations and determinants. The 
matrix elements for the spin-orbit force are given by 
Condon and Shortely.’? The matrix elements for the 
internucleon potential can be evaluated by methods 
given by Talmi® or Elliott.? 

Only one J=3 state can be formed from the two p 
nucleons, hence the matrix of this state has only one 
element and the energy is given in terms of the param- 
eters of the potential. This energy is then combined with 
the observed splitting between the J=3 state and the 
other levels of the nucleus to eliminate the eigenvalues 
from the remaining matrices. The matrices then become 
relations among the potential parameters. The secular 
equations for the ground state become a set of equations 
in the potential parameters, when the coefficients Eq. 
(2) are used in place of the variation parameters. These 
relations have been numerically solved for the case when 
the central potential has a range of 1.18 10~-" cm. 

It is possible to match the observed splitting between 
the J=3 state and the ground state only when the P 
state has the same sign as the S and D states. For the 
parameters used in this calculation, it is possible to 
retain the form of the Hall and Powell potential only 
when the potential is a Serber type, if the observed 
level splitting between the ground state and the J/=0 
state is to be matched. The requirement to maintain the 
form of the Hall and Powell potential is not a rigid one, 
and hence calculations have been performed also for a 
potential having the same exchange properties as the 
Christian and Hart* potential but with the addition of 
a spin-orbit force exactly as in Eq. (3). This potential 
has a Serber central part and a tensor part with 63 
percent space exchange. The results of the calculations 
are given in Table I for the Hall and Powell form, and 
in Table II for the Christian and Hart form. 

The electromagnetic transitions within lithium-6 have 
been examined with the wave functions which result 
from these potentials. Qualitative agreement with the 
results of Day and Walker,’® that the M1 transition 
from the J=0 state to ground is overwhelming in 
comparison with the £2 transition from the J=3 state 
to ground, is obtained. The ft value for the helium-6- 
lithium-6 beta decay has also been calculated with these 
wave functions. The Christian and Hart form of the 
potential gives log {t= 2.99 in reasonable agreement with 
the observed log fi= 2.94+0.04. The value of the log ff 
for the Hall and Powell form of the potential is some- 
what higher. 

These calculations show that the intermediate- 
coupling model of the nucleus can provide a consistent, 

7 E. U. Condon and G. H. Shortley, Theory of Atomic Spectra 
(Cambridge University Press, Cambridge, 1951), p. 268. 

*I. Talmi, Helv. Phys. Acta 25, 185 (1953); Phys. Rev. 89, 
1065 (1953). 


*R. S. Christian and E. W. Hart, Phys. Rev. 77, 441 (1950) 
”R. B. Day and R. L. Walker, Phys. Rev. 85, 582 (1952) 
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Tasxe I. Parameters of the modified Hall-Powell potential 
for lithium. The symbols are defined in the text after Eq. (3). 


Ve(Mev) a:(10™" em) r y £ 


a?=0.8515/71.35 1.18 —9.80 11.92 0.28 
# = 0.0030) 43.98 1.355 — 6.04 11.72 0.38 
¢=0.3815) 25.13 1.53 —3.47 16.62 0.45 

13.24 1.705 — 1.83 23.12 0.73 
a? = 0.8557 (44.18 1.18 —641 17.29 0.37 
#=0.0113) 26.01 1.355 — 3.80 18.22 0.58 
¢=0.3647 | 13.26 1.53 —1.97 24.25 1.25 

| 4.80 1.705 —0.76 49.09 1.23 


but not unique, scheme for describing lithium-6 if the 
interaction potential has a strong tensor contribution. 
It should be noted that the position of the J=2 level 
is unsatisfactory for its calculated position, is always 
lower than its observed position. This tendency is in 
agreement with the results of Jancovici and Talmi, and 
Regge, and probably is due to the neglect of con- 
figuration interaction. 


B. NITROGEN.-14 


Since nitrogen-14 has a neutron and a proton hole in 
the p shell, it may be treated in a manner quite similar 
to that used for lithium-6. However the sign of the 
spin-orbit coupling parameter and the sign of the 
electric quadrupole moment operator must be reversed 
for the p-shell holes. 

One would expect that the intermediate-coupling 
model would be less successful in describing nitrogen, 
since the higher configurations should mix more strongly 
with the p-shell configuration in nitrogen than they 
apparently do in lithium-6. Certainly the presence of 
low-lying states of odd parity in nitrogen gives qualita- 
tive evidence of this increased importance of higher 
configurations. Therefore, by considering both nuclei to 
be described by the same two-body p-shell interaction, 
one may hope to obtain information about the relative 
importance of configuration mixing for the two nuclei. 

Inglis' has pointed out that the strength of the spin- 
orbit coupling appears to increase as one goes from the 
beginning of the first p shell to the end beyond it. 
Beyond 0"*, a fully developed j-7 coupling appears to 
have set in. This increase in the spin-orbit force will 


Tasie. II. Parameters of the modified Christian and Hart 
,0tential for lithium. The symbols are defined in the text after 
4. (3) 


Ve( Mev a(i0-" om f ¥ 2 
a? = ().8515 {71.35 1.18 —9 80 11.92 0.19 
# = 0.0030) 43 98 1.355 — 6.04 11.72 0.26 
¢= 0.3815) 25.13 1.53 —~347 16.62 0.31 
13.24 1.705 — 1.83 23.12 047 
a? = (),8557 (44.18 1.18 —6A4l1 17.29 0.25 
#P=0.0113) 26.01 1.355 — 3.80 18.22 0.37 
c= ().3647 13.26 1.53 —1.97 24.25 0.66 
| 4.80 1.705 —0.76 49.09 1.74 
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necessitate an increase in the tensor force also as these 
two forces tend to oppose each other. 

As in lithium, the ground state is a positive parity, 
J =1 state, so the most general wave function that can 
be constructed is given by Eq. (1). Once again the 
Russell-Saunders components are normalized functions 
formed out of the single p holes. The coefficients can 
be determined from normalization and from the experi- 
mental value of the magnetic moment, 0.404 nm and the 
experimental value of the electric quadrupole moment, 
0.01 barn 

The very long half-life of the carbon-14—nitrogen-14 
beta decay provides additional information about the 
structure of the ground state and the first excited state 
of nitrogen-14. Upon the assumption of charge inde- 
pendence of forces the first excited state of nitrogen-14 
is a member of the same supermultiplet as the ground 
state of carbon-14, and so it should have the same wave 
function apart from a small Coulomb effect. Since this 


state has J =(), the general wave function can be written 


VW=2'Soty P (4 


The ft value of the beta decay between carbon 
nitrogen is given by 


K 


where A is an average beta-decay coupling strength 
Now the denominator of this expression must be very 
small to give a lifetime in agreement with experiment 
For convenience, it will be set equal to zero, and the 
coefficients of the carbon-14 ground state and the first 
excited state of nitrogen-14 will be taken to be 


r= y0.71. (6 


his also fixes the sign of the P-state coefficient for the 
ground state of nitrogen-14 to be positive. Using a value 
of the mean square displacement of the p proton hole 
2.79X 10 
obtains for the coefficients of the ground-state wave 


from the center of the nucleus of 3 om)*, one 


function of nitrogen-14, the values 


a=0.2872; b=0.8190; c=0.4974 j 


These values are more sensitive to the value of the mean 
square displacement than were the values for lithium 
However, the experimental quadrupole moment is more 
certain for nitrogen 
and Talmi,‘ this choice of the carbon-14 wave function 


As has been shown by Jancovici 


is consistent with the oxygen-14-nitrogen-14 positron 
decay because the Coulomb repulsion will cause a 
slight change in the ground state of oxygen-14 

carbon-14—nitrogen-14 


The near vanishing of the 


J. G. BRENNAN 

beta-decay matrix element might seem to imply a near 
vanishing of the gamma-ray element between the first 
excited level of nitrogen and the ground state. Experi- 
mentally this gamma transition has been observed to 
to be quite strong." But for an allowed beta decay as 
this one is," there is a selection rule which prevents the 
orbital angular momentum from changing. The gamma 
transition which proceeds by magnetic dipole radiation, 
on the other hand, will have contributions from states 
differing by one unit of orbital angular momentum. 
Thus, when the wave functions which have been ob- 
tained above, are used to calculate the gamma transi- 
tion probability for this process, one obtains a result in 
qualitative agreement with experiment. 

One can proceed to determine the parameters of 
potential assumed to be of the same form as Eq. (3) 
by an analogous procedure to that described for lithium. 
One inserts the coefficients of the ground state and first 
excited state wave function into the matrices for the 
J=1 and J=0 levels. When the observed splitting be- 
tween the first excited state and the ground state of 
nitrogen is inserted, one obtains relationships among the 
parameters of the potential. When these relationships 
are satisfied, the static moment data of the ground state 
of nitrogen-14, the observed splitting between the first 
excited state and the ground state, and the observed 
half-life of the beta decay will be reproduced. An 
auxiliary condition, that the observed splitting between 
the first excited J=1 level and the ground level be 
reproduced, can also be imposed. 

Preliminary numerical solutions of these equations 
have been performed, with reasonable values for the 
ranges and depth of the potential. These indicate that 
the condition imposed from the beta-decay half-life 
severely limits the freedom of choice of parameters com- 
pared with the lithium situation. For reasonable values 
of the ranges and depth of the potential, the numerical 
values of the spin-orbit parameter and of the tensor 
parameter which have been found necessary to satisfy 
the relationships are so large as to make difficult any 
physical interpretation of the results. This tends to 
confirm the difficulties that Jancovici and Talmi* ex- 
perienced in fitting the level structure. 

Although the calculations performed so far have not 
exhausted the possibility that a reasonable solution 
exists, one can speculate that neglecting the interactions 
among the other particles in the p shell and neglecting 
higher configuration interactions may be entirely un- 
justified in nitrogen. The severe requirements imposed 


by observation may require a more realistic model, for 


even qualitative agreement. 


I. Lauritsen and F. Ajzenberg, Revs. Modern Phys. (to be 
published 
?Pchm, Waddell, Powers, and Jensen, Phys, Rev. 97, 432 
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NY table of masses will become outdated by new, 
more accurate experimental data and will require 
complete recalculation when sufficient new data are 
available, but in the meantime it is possible to correct 
a table as follows. 
Suppose the old and new data are in the form of a 
set of equations, 


s 
D>. GreXr= Yo, 
r= 
where the y, are Q-values or spectroscopic doublet 
differences; x, are a set of m unknown masses; 4@,, are 
the scaled multiples of the masses occurring in the 
reactions, scaled so that all the probable errors are 
brought to the same magnitude; and s runs from 1 to 
N for an initial set of equations and V+1 to V+.V’ 
for a new set of equations. Then the least-squares 
equations for the masses will be 


n 
> airt-=B;, i=1---n, 


r=} 


where 
” 


y 
ai;= ¥ 4;,4,,, Bi= yas OisVe- 


s=! e=l 


When one uses the old and new data together, the 
new equations for masses will be 


n 


Dd (ai-+ai,’)(x,+2,') Bit+Bi/, r=1---n, 
=! 
where 
N4N N4N’ 
air = 2 Gide, B= LD Giny, 
o=N+1 oo N4+1 


On multiplying these equations by A ;,; (the element of 
the reciprocal matrix of a;,) and summing over i, then 


nm 
cancelling x;= >> A 48;, we have 


i=! 


z/=>° A [o- a,’ ( ‘.+ “| 


n ViN’ n 
“En LD Giel Vo— D, Gre(X-+2,) } j=i---n, 
i=! eo N+1 r=l 


where x,’ is the correction to be applied to the jth 
mass value. 





(Received March 5, 1955) 


A formula is derived for correcting a set of least-squares solutions for new data. Two examples are given 
to show how this method can be easily applied to correct the author's own table of masses. 
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If the new data are less accurate than the old data, 
an approximate solution may be found by omitting x,’ 
from the right side of these equations. For more accurate 
new data this approximation overcorrects the mass 
values, so x,’ must be retained and the equations solved 
by successive approximations. 

In the case of one new mass result, the equations to 
be solved reduce to 


xj = ms A jak, 


ra 


where 


ben y-> a,(x,+2,'); 


rem} 


and using the result that the Q-value of the Al*’(p,a) Mg™ 
reaction is 1.594-+0.002 Mev' and the author’s set of 


masses,” we have 


20p—20a—20 Mg*+20 Al? = 31.88+0.04 Mev. 


The four equations involving the corrections to these 
masses can easily be solved exactly by using the fact 
that the corrections are all proportional to 3°; A ,,a,, 
giving k= —0.050 Mev. The remaining mass corrections 
may then be determined from the equation 


xj =>; A yak, 


which is simply (row a)+(row Mg™)— (row p)— (row 
Al’) multiplied by (— 20k), which is near enough to 
1 Mev in this case. The most important corrections to 
masses resulting from this reaction measurement are 
+(0.004 Mev for Na“, +0.005 Mev for Mg™, and 
—0,005 Mev for Al?’ and in the subsidiary results Si?’ 
is tied to Al”? by an (n,p) reaction. As the more distant 
off-diagonal elements are less reliable, it is not advisable 
to carry these corrections very far from the diagonal. 
The correction to masses due to the other reaction 
Na™(p,a)Ne” in the same paper’ whose (Q-value is 
2.379+0.003 Mev is 


0.147{ (row p) — (row a) — (row Ne**)+ (row Na™)} Mev 


There seems to be no satisfactory simple way for 
correcting the inverse matrix when the new data are 
more accurate than the old data. When the new data 


' Donahue, Jones, McEllistrem, and Richards, Phys. Rev. 89, 
824 (1953) 
? J. E. Drummond, Phys. Rev. 97, 1004 (1955) 
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summation is carried out over repeated suffixes. It is 
believed that this series oscillates infinitely in the only 
useful case, i.e., when the new data are more accurate. 
However the first term points the direction for correc- 
tions to the inverse matrix though it overcorrects. 


are less accurate, the correction to the inverse matrix is 





7 , ; , 
Ayj = —A pant Aijt+A nau Ava, Ayj—**'; 


where A, is the old inverse matrix and a;,' is the new 
contribution to the matrix from the new data and 
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Gamma Rays from the Deuteron Bombardment of Be’, B'’, N'‘, and F'*} . : 


R. D. Bent, T. W. Bonner, J. H. McCrary, W. A. RANKEN, AND R. F. Siprer 
The Rice Institute, Houston, Texas 


Received April 18, 1955) 


\ magnetic lens pair spectrometer has been used to study the radiations produced by the bombardment of 
certain light nuclei with deuterons from a Van de Graaff accelerator. Gamma rays from the bombardment 
of Be® with 2.5-Mev deuterons were observed at 6.00+0.06, 5.10+0.1, and 4.5240.1 Mev. At 3.85-Mev 
bombarding energy no lines were observed between 6.5 and 8.0 Mev with an intensity as great as 5 percent 
of that of the 6.0-Mevy line. Gamma rays from the bombardment of B” with 2.0-Mev deuterons were ob- 
served at 8.93+40.04, 8.57+0.04, 7.304-0.03, 6.75+0.03, 6.50+0.03, 5.0340.03, 4.7340.03, and 4.49+0.05 


Mev. Gamma rays from the 
10.04+0.04, 9.1340.06, 8.3340.04 
Gamma rays from the bombardment of F 
9.97+0.1, and 9.34+0.1 Mev 


tombardment of N“ with 4.0-Mev deuterons were observed at 10.73+0.08, 
7.31+0.04, 6.8140.04, 6.3340.05, 6.12+0.06, and 5.26+0.04 Mev. 
* with 3.6-Mev deuterons were observed at 11.51+0.2, 10.61+0.1, 
All the energies of gamma rays given above are corrected for Doppler shifts. 


A comparison is made for some of the reactions of the relative (d,p) and (d,n) cross sections 


I. INTRODUCTION 


lp an earlier paper,' a report was given on the radia- 
tions from the Li’+d, B'+p, C®+d, C"+d, and 
F%+p reactions as observed with a lens-type pair 
spectrometer. As a continuation of this work, the 
present paper gives the results of measurements of the 
gamma rays from the Be’+d, B'’+d, N+d, and 
F.4d reactions. The apparatus and experimental! pro- 
cedures used to make these measurements have been 
previously described.' Most of the experiments have 
been carried out with either 2.5 or 3.6 percent energy 
resolution, but in the case of the complicated gamma- 
spectra from B+ a resolution of 1.8 percent was used. 
Plastic scintillators are currently being used for de- 
tection of the positrons and electrons instead of stilbene 
crystals, since larger clipped pulses are obtained from 
the plastic and it can be more easily machined to the 
desired shapes 


IL SPECTROMETER EFFICIENCY 


The gamma-ray energies and yields were obtained in 
most of the experiments from measurements of the 
internal pair spectra. The number of internal pairs 
which are transmitted by the spectrometer and de- 
tected in coincidence, per quantum, is a function of the 
gamma-ray energy and multipolarity. In order for a 
pair to be detected in coincidence, the positron and 
electron must have nearly the same energy, and they 
must both be emitted within the acceptance solid angle 


t Supported in part by the U. S. Atomic Energy Commission 
' Bent, Bonner, and Sippel, Phys. Rev. 98, 1237 (1955 


of the spectrometer. The angular correlation of the 
positrons and electrons, i.e., the number of pairs per 
quantum, per d@, per unit energy interval where the 
positron and electron have nearly the same energy, was 
calculated from the expressions given by Rose? for 
gamma rays of different energies and multipolarities. 
The peak number of pairs transmitted by the spec- 
trometer, per quantum, was then calculated numerically 
with an acceptance solid angle equal to 8.7 percent of 
the total sphere (maximum acceptance half-angle = 47°, 
minimum acceptance half-angle= 31°, energy resolution 
= 2.5 percent), assuming that the gamma-ray angular 
distributions were isotropic with respect to the beam. 
The results are shown in Fig. 1. 

The efficiency of the spectrometer for detecting 
gamma rays of different energies was determined experi- 
mentally by comparing the pair yields obtained with 
the spectrometer from the C"+d reaction with the 
absolute gamma-ray yields given for this reaction by 
Baggett and Bame,’ and Thomas and Lauritsen.‘ The 
experimentally determined peak number of coincidence 
counts per quantum was less than the calculated number 
of transmitted pairs per quantum by about a factor of 3 
at 9 Mev, and a factor of 10 at 4 Mev. This can be 
explained in the following ways. (1) Half of the trans- 
mitted pairs are not detected in coincidence since in 
half of the cases the positron and electron both strike 
the same scintillator. (2) The alignment of the spec- 

2M. E. Rose, Phys. Rev. 76, 678 (1949) 


+L. M. Baggett and S. J. Bame, Phys. Rev. 84, 154 (1951) 
*R. G. Thomas and T. Lauritsen, Phys. Rev. 88, 969 (1952) 














y RAYS FROM DEUTERON BOMBARDMENT 


trometer and choice of baffle widths are not exactly 
optimum, so that some of the electrons emitted within 
the acceptance solid angle do not pass through the 
intermediate baffle. (3) In order to minimize back- 
ground effects due to the scattering of high-energy 
gamma rays and neutrons from the walls and coils of 
the spectrometer, the detectors were chosen to be 
somewhat smaller than the spot size at the exit end of 
the spectrometer. (4) At the fastest resolving times 
(2X 10~* sec) some of the true coincidences are missed 
because of random delays in the photomultipliers and 
associated electronics. (5) In order to bias out as much 
background as possible, only the largest coincidence 
pulses are counted. Thus coincidences due to electrons 
and positrons passing through the edges of the crystals 
are missed. It is hoped to minimize this loss by the 
proper shaping of the detecting scintillators. Losses due 
to the use of too large a bias are probably more im- 
portant at low gamma-ray energies than at high 
energies. 
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Fic. 1. Spectrometer efficiency 


III. RESULTS AND DISCUSSION 
A. Be’+H? 


The internal pairs from the bombardment of a 25- 
mg/cm? metallic beryllium target with 2.50- and 3.85- 
Mev deuterons were observed with 5.5 percent resolu- 
tion. The results obtained at 2.5-Mev bombarding 
energy are shown in Fig. 2. They have been corrected 
for a background observed with zero magnetic field, 
which is due to true coincidences from scattered gamma 
radiation and neutrons, equal to about 35 percent of the 
4.54-Mev peak and for an accidental coincidence rate 
equal to about 4 percent of this peak, At 3.85-Mev 
bombarding energy, the internal pair spectrum was 
observed up to 8.0-Mev gamma-ray energy, but no lines 
were observed between 6.5 and 8.0 Mev with an in- 
tensity as great as 5 percent of that of the 6.00-Mev 
line. The gamma-ray energies and yields are given in 
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Table I.*~? An attempt was made to observe the internal 
pair spectrum below 6 Mev with 2.5 percent resolution. 
However, the transmission of the spectrometer for pairs 
is reduced by about a factor of 10 in going from 5.5 
percent to 2.5 percent resolution, whereas the back- 
ground with no magnetic field is not affected. Hence at 
2.5 percent resolution this background was five times 
larger than the 4.5-Mev pair peak. This background 
was worse for the Be’+d reaction than for any of the 
other reactions studied. 

When Be’ is bombarded with deuterons the following 
reactions, which could account for the gamma rays, 
occur: 

Be*(d,p) Be", 
Be*(d,n) B", 


QO=4.59 Mev, 
O=4.36 Mev. 
Energy levels of Be have been reported at 3.37, 


5.96, 6.18, 6.26, 7.37, and 7.54 Mev by Jung and 
Bockelman,* and Bockelman ef al.* from measurements 


Taste I. Energies and yields of the gamma rays from 
the deuteron bombardment of Be® 


Doppler Total 
Uncorrected corrected Yield cross 
energy energy (y/deut. section* Refer 
Mev) Mev) x10") mb) Assignment ence 
6.03 +0.05 6.00 40.06 0.70 i4 Be'*( 5.96) 5,6 
§.13+0.09 5.10201 0.13 0.2 B'*(5.16) 7 
4.54240.09 4.52201 0.23 O4 B® cascade 7 
5.16 to 0.72) 


* Average value, Ey <0 to 2.5 Mev. 


* J. J. Jung and C. K. Bockelman, Phys. Rev. 96, 1353 (1954). 

* Bockelman, Browne, and Buechner, Massachusetts Institute 
of Technology Progress Report, May, 1954 a eng ty 

7 F. Ajzenberg, Phys. Rev. $2, 43 (1951); Phys. Rev. 88, 298 
(1952); A. J. Dyer and J. A. Bird, Australian J. Phys. 6, 45 
(1951); Bockelman, mag on ee and Buechner, Phys. Rev. 
90, 340 (1953); Phys. Rev. 92, 665 (1953); Pruitt, Swartz, and 
Hanna, Phys. Rev. 92, 1456 (1953); T. W. Bonner and C. F. 
Cook, Phys. Rev. 96, 122 (1954). 
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of the proton groups from the Be’(d,p)Be" reaction 
B® has known levels at 0.72, 1.74, 2.15, 3.58, 4.77, 
5.11, 5.16, 5.58, 5.93, 6.06, 6.16, 6.40, 6.58 Mev,’ and 
higher levels 

Previous measurements of the gamma rays from 
the Be’+d reaction have been made by Rasmussen, 
Hornyak, and Lauritsen*; Chao, Lauritsen, and Ras- 
; and Mackin 
rays from the Li*(a,y)B"” reaction have been studied 
by Jones and Wilkinson.” The 6.00-, 5.10-, and 4.52- 
Mev gamma rays observed in the present experiment 


mussen®: Shafroth and Hanna’ Gamma 


probably correspond to the gamma rays reported at 
4.47 and 5.20 Mev by Chao et al.,’ and at 4.44 and 
5.98 Mev by Mackin 

The 6.00-Mevy gamma ray is assigned to a ground- 
state transition from the 5.96-Mev state in Be® since 
states in this energy region in B"™ probably break up by 
alpha emission much faster than by gamma emission 
The 5.10- and 4.52-Mev gamma rays are assigned to 
transitions from the 5.11- or 5.16-Mev state in B" to 
the ground and 0.72-Mev states, respectively. Within 
the experimental errors of the present experiment, it is 
not possible to tell which member of the pair of states 
at 5.1 Mev 
arguments of Jones and Wilkinson” the 5.16-Mev state 
isa 2*, T7=1 state, and the 5.11-Mev state is 2~, T=0, 


is involved. However, according to the 


* Rasmussen, Hornyak, and Lauritsen, Phys. Rev. 76, 581 
(1949 
* Chao, Lauritsen, and Rasmussen, Phys. Rev. 76, 582 (1949 
# J. M. Shafroth and S. S. Hanna, Phys. Rev. 95, 86 (1954 
" R. J. Mackin (private communication 
# G. A. Jones and D. H. Wilkinson, Phys. Rev. 90, 722 (1953); 


Phys. Rev. 91, 1575 (1953 
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and so these two lines probably are due to transitions 
from the 5.16-Mev state, the breakup into Li'+a 
being slowed down by the isotopic spin selection rule. 
Energy-level diagrams and decay schemes of Be" and 
B” are shown in Fig. 3. Spin and parity assignments of 
B” are given which are consistent with the neutron 
angular distributions of Ajzenberg’ and the gamma-ray 
measurements.*~" The spin and parity of the 3.37-Mev 
state of Be'® have been shown to be 2*."* The fact that 
the 5.96-Mev state in Be’ decays predominantly to 
the 0* ground state rather than to the 2+, 3.37-Mev 
state, suggests that the angular momentum of this 
state is 1. Measurements of the proton groups from 
the Be*(d,p)Be" reaction by Bockelman ef al.’ at 5.4- 
to 7.4-Mev bombarding energies and by Phillips and 
Windham" at 3.85-Mev bombarding energy have shown 
that the proton group leaving Be" in the 6.26-Mev 
level has about the same intensity as the proton group 
leading to the excitation of the 5.96-Mev level. The 
absence of a ground-state transition from the 6.26-Mev 
state suggests that the angular momentum of this 
state is 0 or >2. 


B’+H? 


The gamma rays from the deuteron bombardment of 
B" were first investigated with 2.5 percent resolution. 
The internal pair spectrum obtained was complicated 
and most of the lines were not well resolved, making the 
interpretation of the data difficult. The pair spectrum 
between 5.8 and 9.2 Mev was therefore reinvestigated 
with 1.8 percent resolution. The results obtained are 


shown in Fig. 4, corrected for a zero magnetic field 
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Fic. 4. Internal pair spectrum from the bombardment of thick 
B® targets with 2.0-Mev deuterons. Spectrometer resolution = 1.8 
percent 


“ Cohen, Hanna, and Class, Phys. Rev. 94, 419 (1954) 
“ G. C. Phillips and P. M. Windham (private communication ) 
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background which was equal to about 20 percent of the 
7.3-Mev peak and for an accidental rate equal to about 
8 percent of the 7.3-Mev peak. A 45 mg/cm? 96 percent 
B' target pressed onto a 21 mg/cm* copper foil was 
used for the region between 7.5- and 9.3-Mev gamma- 
ray energy and a 99.5 percent B" target about 6 mg/cm? 
thick was used for the region between 6 and 7.5 Mev. 
The 99.5 percent B’ was used to minimize the acci- 
dental rate due to the beta rays from B™ resulting from 
the B"(d,p)B" reaction. The internal pair spectrum of 
the low-energy gamma rays taken at 2.5 percent resolu- 
tion is shown in Fig. 5, corrected for a zero magnetic 
field background equal to about 7 percent of the 4.73- 
Mev peak and an accidental rate equal to about 20 
percent of this peak. The lower energy gamma rays 
were not investigated with 1.8 percent resolution be- 
cause of the low yields in this region. 

Becaus? of uncertainties in determining the thick- 
nesses of the boron targets, this spectrum was calibrated 
on the lines which were identified as being from the 
B"(d,p)B" reaction, since the energy levels of B" have 
been accurately determined by Van Patter, Buechner, 
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and Sperduto'® from measurements of the proton 
groups. In doing this it was assumed that each pair 
line experienced the maximum possible Doppler shift. 
The gamma-ray yields and Doppler corrected energies 
are listed in Table IT.'*"* ‘ 

The main features of the present results are in agree- 
ment with earlier pair spectrometer measurements of 
the gamma rays frorn the deuteron bombardment of B™ 
which were carried out with poorer resolution." 

When B"” is bombarded with deuterons, the following 
reactions, which could account for the gamma rays, 
occur: 


B"*(d,p)B", 
B"(d.n)C", 
B"(d,a) Be*, 


Q= 9.23 Mev, 
Q= 6.47 Mev, 
QO=17.81 Mev. 


‘Van Patter, Buechner, and Sperduto, Phys. Rev. 82, 248 
(1951). 

**V_R. Johnson, Phys. Rev. 86, 302 (1952). 

7 J. Terrell and G. C. Phillips, Phys. Rev. 83, 703 (1951); S. J. 
Bame and L. M. Baggett, Phys. Rev. $4, 891 (1951); Rutherglen, 
Rae, and Smith, Proc. Phys. Soc. (London) A64, 906 (1951). 
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Tas e II. Energies and yields of the gamma rays from 
deuteron bombardment of B® 


Doppler Total 
corrected Yield cross 
energy (y/deut section*® Refer 
(Mev) x10 (mb) Assignment ences 
8.93+-0.04 2.6 8.1 B" (8.93) 15 
8.57 40.04 0.6 1.8 B" (8.57) 15 
7.304+0.03 19 6.0 B"(7,30) 15 
6.75+0.03 1.7 5.4 B" (6.76) 15 
6.50+0.03 2.6 8&0 C" (6.40) 16 
5.0340.03 09 3.0 B' (5.03) 15 
4.73+0.03 2.0 6.3 B" cascade 15 
(9.19-+4.46) 
4.49+-0.05 1.6 5.0 B' (4.46) 15 


* .,.verage value Eg =O to 2.0 Mev 


The excited states of Be*® probably break up into two 
alpha particles and hence would not contribute to the 
pair spectrum. 

Accurate measurements of the proton groups from 
the B'°(d,p) reaction by Van Patter ef al.’* and Elkind'* 
have established the existence of levels in B" at 9.28, 
9.19, 8.92, 8.57, 7.99, 7.30, 6.81, 6.76, 5.03, 4.46, and 
2.14 Mev. A comparison of the gamma-ray energies and 
intensities with these results leads to the assignment of 
the 8.93-, 8.57-, 7.30-, 6.75-, 5.03-, and 4.49-Mev lines 
to ground state transitions in B". The 4.73-Mev line 
is assigned to a transition between the 9.19- and 4.46- 
Mev levels of B''. The 6.50-Mev line is assigned to a 
ground state transition in C" corresponding to the 
level at 6.40 in C" reported by Johnson'* from measure- 
ments of the neutron groups from the B'(d,n)C" 
reaction. 
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Fic. 6. Energy levels of B" and C™ and the 
gamma rays from B®’+d 


1*M. M. Elkind, Phys. Rev. 92, 127 (1953) 
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Fic. 7. Internal pair spectrum from the bombardment of ar 


with 4.0-Mev deuterons. Spectrometer 


18-mg/cm* CrN target 
resolution = 2.5 percent 


Energy level diagrams of B" and C" showing the 
gamma rays from B'’+d are given in Fig. 6. The 
energies of the B" levels are due to the proton group 
measurements.'*"* The 1.85, 4.23, 4.77, 6.77, and 7.39 
energies for C" are due to Johnson.'* The 6.45-Mev 
value is an average of the gamma-ray and neutron 
group measurements. The 8.10-, 8.42-, and 8.65-Mev 
values are from the neutron threshold measurements of 
Marion, Cook, and Bonner.” Spin and parity assign- 
ments have been given which are consistent with the 
present gamma-ray measurements, the angular distri- 
butions of Evans and Parkinson,” and the a—y and 
y—vy angular correlations of Jones and Wilkinson.” 

In addition to the transitions shown in Fig. 6, it is 
likely that a number of other transitions occur which 
are either too weak to observe or are unresolved in the 
present It is expected from the charge 
symmetry hypothesis of nuclear forces that the spins 


experiment 


and parities of the corresponding levels of the mirror 
nuclei B" and C" are the same, and that the decay 
schemes of these two nuclei should therefore be the 
same. Transitions in C" corresponding to transitions 
from the 8.57-, 8.93-, and 9.19-Mev levels of B" would 
be expected to be weak because these states in C" can 
break up into Be’+a. However, weak lines between 7.5 
and 8.5 Mev may be present. A 6.77-Mev gamma ray 
from C"™ would not have been distinguishable from the 
6.76-Mev gamma ray of B". There is a slight indication 
of 4.9-Mev gamma radiation since the spectrum does 
not fall as low in this region as it should were there only 
lines at 4.73 and 5.03 Mev, which might be due to a 
ground state transition from the 4.77-Mev state of C". 
Similarly, there is a slight indication for a line at 4.3 
Mev, which might be due to a ground-state transition 


from the 4.23-Mev state of C". In general it is seen 


” Marion, Cook, and Bonner (private communication 
*=N. T. S. Evans and W. C. Parkinson, Proc. Phys. Sa 


(London ATS. 684 (1954 
t!G, A. Jones and D. H. Wilkinson, Phys. Rev. 88, 423 (1952). 


RANKEN AND SIPPEL 

that at 2.0-Mev bombarding energy the lines from the 
B”(d,n)C"* reaction are weaker than the lines from 
the B'°(d,p)B"* reaction. The only exception is the 
6.50-Mev line from C"™ which is stronger than the 6.75- 
Mev line from the mirror level in B". In an attempt to 
explain this exception, the spectrum between 6 and 
7.5 Mev was also observed at 4.0-Mev bombarding 
energy. It was found that the relative intensities of the 
6.50-, 6.76-, and 7.30-Mev gamma rays are about the 
same at 4.0 Mev as at 2.0-Mev bombarding energy. 
This point is discussed further in Sec. IV. 

There is indirect evidence that the 4.46-Mev state 
of B" cascades partly to the 2.14-Mev level, since if the 
4.73-Mev line is due to a transition from the 9.19 to 
the 4.46-Mev level, then the 4.46-Mev line should be at 
least as intense as the 4.73-Mev line if the 4.46-Mev 
state decayed 100 percent to the ground state. 


C. N“+H? 


An 18-mg/cm? CrN target pressed onto a 20-mg/cm?* 
copper foil was bombarded with 4.0-Mev deuterons and 
the internal pair spectrum was observed between 5 and 
9.2 Mev with 2.5 percent resolution. The results are 
shown in Fig. 7, corrected for zero magnetic field and 
chance backgrounds which were about 10 and 40 per- 
cent, respectively, of the lowest points. Because of 
power limitations, the intermediate image spectrom- 
eter arrangement giving 2.5 percent resolution could not 
be used to measure gamma-ray energies greater than 
9.3 Mev. In order to look for higher energy gamma rays 
from the N'*+d reaction, a ring focus arrangement was 
used. The internal pair spectrum obtained from the 
bombardment of a 25-mg/cm? ZrN target with 4.25- 
Mev deuterons is shown in Fig. 8, uncorrected for 
background effects. The instrument resolution for this 
experiment was 3.6 percent. ZrN was found to be a 
more stable target than CrN. The gamma-ray energies 
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= Sperduto, Buechner, Bockelman, and Browne, Phys. Rev. 9%, 
1316 (1954 

= Evans, Greene, and Middleton, Proc. Phys. Soc. (London) 
A66, 108 (1953 
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When N* is bombarded with deuterons the following 
reactions, which could account for the gamma rays, 
occur: 


N*(d,p)N“, Q= 8.61 Mev, 
N“(d,n)O", Q= 5.12 Mev, 
N*(da)C", Q=13.57 Mev 


The 10.73-, 10.04-, 9.13-, 8.33-, 7.31-, and 6.33-Mev 
lines are all assigned to N'* since they correspond to 
ground-state transitions from known excited states of 
N' Similarly, the 6.81- and 6.12-Mev lines are 
assigned to O'8, The 5.26-Mev peak is too broad for a 
single line indicating that gamma rays from both N*™ 
and O* contribute to this peak. There is no evidence 
for a nuclear pair line from the N“(d,ar)C™ reaction 
at 7.65 Mev. 

These results are in agreement with other measure- 
ments of the gamma rays from the N“+d reaction by 
Terrell and Phillips'? who observed lines at 4.4, 5.33, 
6.4, 7.40, and 8.46 Mev, and with the neutron capture 
gamma-ray measurements of Kinsey, Bartholomew, and 
Walker™ who reported gamma rays from N*® at 4.48, 
5.29, 5.55, 6.32, 7.16, 7.36, 8.28, 9.15, and 10.82 Mev. 
The gamma rays reported at 5.55 and 7.16 Mev by 
Kinsey ef al. were not observed in the present experi- 
ment. The 7.31- and 8.33-Mev values from the present 
experiment disagree with the corresponding values 
given by Kinsey ef al. by amounts larger than the 
estimated experimental errors, but agree with the 
proton group values of ©. rduto ef al Within the 
experimental errors, the 10.82-Mev line observed by 
Kinsey ef al. and the 10.73-Mev line observed in the 
present experiment may be due to the same gamma ray. 

Energy level diagrams of N“ and O' showing the 
gamma rays from N'*+d are given in Fig. 9. The 
energies of the levels of N'® have been accurately de- 
termined by Sperduto e/ al.” from measurements of the 
proton groups from the N"*(d,p)N"® reaction. The 6.12- 
and 6.81-Mev values of O'* are from the present 
gamma-ray measurements and are 70 and 30 kev, 
respectively, lower than the values given for these 
levels by Evans, Greene, and Middelton.* The 5,29- 


Taste IIT. Energies and yields of the gamma rays from 
the deuteron bombardment of N™. 








Doppler Total 
Uncorrected corrected Vield cross 
energy energy (y/deut. section*® Refer- 
(Mev) (Mev) «10*) mb Assignment ence 
10.77 +0.07 10.73 +0.08 0.02 0.1 N'*(10.70) 22 
10.08 +0.03 10.04 +0.04 0.14 08 N'4(10.07) 22 
9.17 +0.05 9.1320.06 0.15 0.9 N'(9.16) 22 
8.37 +0.03 8.33 +0.04 0.71 4.3 N'5(8,32) 22 
7.342003 7.31 20.04 2.3 14 N*4(7.31) 22 
6.84 +0.03 6.81 +0.04 16 9.7 O14 (6.B4) 23 
6.36 +0.04 6.33 +0.05 0.75 4.5 N'4(6.33) 22 
6.15 +0.05 6.12 +0.06 0.50 3.0 OMG.19) 23 
5.29 +0.03 5.26 +0.04 3.3 20 N'*(5.29) 22 
and 0*4(5.29) 23 
* Average value Ez =0 to 4 Mev 
™* Kinsey, Bartholomew, and Walker, Can. J. Phys. 29, 1 


(1951). 
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Fic. 9, Energy levels of N“* and O" and gamma rays from N“+d. 


Mev value is from Evans ef al. In view of the proton 
group intensities of Sperduto ef al.” the absence of 
ground-state transitions from the 7.16- and 7.57-Mev 
levels of N'® suggests that these levels decay by cascades 
to lower levels. A 1.88-Mev gamma ray reported by 
Thompson®* from the N'+d reaction has been in- 
terpreted as being the result of a transition from the 
7.16-Mev state to the 5,.28- or 5.30-Mev state of N'. 
Spin and parity assignments are given which are con- 
sistent with the gamma-ray measurements together 
with the angular distributions of Gibson and Thomas** 
and Evans, Greene, and Middleton.” 

The decay schemes of the two mirror nuclei N“* and 
O' appear to be the same where comparisons can be 
made, Levels above 7.4 Mev in O" can break up into 
N+ p and hence would be expected to give only weak 
gamma rays. Also, the spin and parity measurements 
which have been made seem to indicate that the spins 
and parities of the corresponding levels are the same. 

A comparison of the gamma-ray yields from the 
corresponding levels shows that the gamma rays from 
the N'*(d,p)N'™* reaction are about 1.5 times stronger 
than the gamma rays from the N*(d,n)O'* reaction. 


D. F''+H? 


First attempts to measure the internal pair spectrum 
from the deuteron bombardment of F"® were unsuccess- 
ful because of the large accidental coincidence rate due 


* LL. C. Thompson, Phys. Rev. 96, 369 (1954). 
* W. M. Gibson and E. E. Thomas, Proc. Roy. Soc. (London) 
A210, 543 (1952). 
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to the beta rays from F*”. However, the maximum 
energy of these beta-rays is 5.4 Mev, so by placing a 
5-mm aluminum absorber, between the target and a 
77-mg/cm* lead converter it was possible to look at 
the external pair spectrum down to 8.5-Mev gamma-ray 
energy. The results obtained from the bombardment of 
a thick CaF, target with 3.6-Mev deuterons are shown 
in Fig. 10, uncorrected for background effects. A ring 
spectrometer arrangement giving 3.6 percent 
resolution was used. The energies of the lines were 
calculated from the peak positions using the 6.05-Mev 
nuclear pair line from the F"(p,ar)O"*® reaction for 
calibration assuming that each external pair peak was 
shifted down by an amount equal to the most probable 


focus 


energy lost by a single electron in passing through the 
77-mg/cm* lead converter. This shift was calculated to 
be 0.154 Mev. The gamma-ray energies and yields are 
summarized in Table IV. 

When F" is bombarded with deuterons the following 
reactions occur: 


F"(dn)Ne®, O=10.65 Mev, 
F"(d,p)F”, Q= 4.37 Mev, 
F"(da)O", (Q=10.04 Mev. 


States above 4.2 Mev in O” can break up into O'*+n 
and hence would not be expected to give rise to intense 
gamma radiation. Because of the low Q value for the 
F"(d,p)F*” reaction, F* cannot give rise to gamma rays 
with energies greater than 7.7 Mev. The gamma rays 
that are observed between 8 and 12 Mev must therefore 
be from Ne”. 

The 9.34- and 9.97-Mev gamma rays are assigned to 
ground-state transitions from the levels reported at 9.0 
and 10.1 Mev from measurements of the neutron groups 
from the F"(d,n) Ne” reaction.”” The 11.51-Mev gamma 
ray is also assigned to a ground-state transition from 


"TW Bonner, Proc. Roy. Soc. (London) A174, 339 (1940); 
C. F. Powell, Proc. Rov. Soc. (London) A181, 344 (1942 
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an excited state in Ne” at this energy since this line 
was also observed by Terrell and Phillips’? at 1.56-Mev 
bombarding energy where it is energetically impossible 
that it could be due to a transition from a higher level 
in Ne” to the 1.63-Mev level. The 10.61-Mev gamma 
ray is assigned to a ground-state transition from a level 
in Ne* at this energy although this line could also be 
due to a transition to the 1.63-Mev level from a level 
at 12.28 Mev in Ne”. A gamma-ray line has been re- 
ported at 8.1 Mev by Terrell and Phillips,’? which may 
correspond to a ground-state transition from the level 
reported at 7.3 Mev by Bonner,”’ or to a cascade transi- 
tion from the 9.97-Mev level to the 1.63-Mev level. 

The 9.34-Mev state must have odd angular mo- 
mentum and even parity, or vice versa, since otherwise 
it could break up into O'*+a@ much faster than it could 
emit a gamma ray. Since this state decays predomi- 
nantly to the ground state rather than to the 2*, 1.63- 
Mev™ state, the spin and parity are probably either 1* 
or 2-. A 2- assignment is possible because of the 
isotopic spin selection rule discouraging an /1 transition 
to the 1.63-Mev level. The same arguments may be 
applied to the 9.97- and 10.61-Mev gamma emitting 
states; however, since the difference in energies of these 
two states is very nearly the same as the excitation 
energy of the first excited state of F®, and since the 
first T7=1 state of Ne” is expected to be at about 10.2 
Mev,” the 9.97- and 10.61-Mev levels might be T=1 
states corresponding to the ground and first excited 
states of F*. The spins and parities of these two states 
in Ne® would then have to be 1* to be consistent with 
the decay scheme. This assignment is in agreement with 
the 1* ground state of F” and the first excited state of 
F*, which has been reported to have even parity and a 
spin of 1, 2, or 3. Similar arguments suggest that the 
spin and parity of the 11.51-Mev state of Ne” are 1* 
or 2~-. The fact that the 11.51-Mev gamma radiation 
is weaker than the other lines may be due to the com- 
petition with alpha emission, since states above 10.9 
Mev in Ne* can break up into O'*+a leaving. O"* 
excited in the 3~ state at 6.14 Mev. 

An energy level diagram of Ne” showing the gamma 
rays from F"*-+-d is given in Fig. 11. The energies, spins, 


Taste IV. Energies and yields of the gamma rays from 
the deuteron bombardment of F™¥ 


Doppler Total 
Uncorrected corrected Yield cross 
energy energy feut section*® Assign- 

Mev Mev) x 10*) (mb) ment 
9.38+0.09 9.34+0.1 0.48 1.7 Ne® 
10.01+0.09 997+0.1 0.29 1.0 Ne® 
10.65+0.09 10.61+0.1 0.32 1.1 Ne” 
11.56+0.19 11.51+0.2 0.14 0.5 Ne* 


* Average value Ey <0 to 3.6 Mev 


* J. Seed, Phil. Mag. 44, 921 (1953) 

*F. Ajzenberg and T. Lauritsen, Boston University Progress 
Report, September, 1954 (unpublished) 

» Bromley, Bruner, and Fulbright, Phys. Rev. 89, 396 (1953). 
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Fic. 11. Energy levels of Ne® and gamma rays from F"+d. 


and parities of the levels at 6.74, 7.18, 7.22, 7.45, and 
7.85 Mev have been reported by Cameron® from 
measurements of resonances in the scattering of alpha 
particles from O'*. The energies, spins, and parities of 
the 9.0- and 10.1-Mev levels are due to Ferguson and 
Walker from measurements of the O'*(a,a’) reaction. 
The 9.3- and 10.0-Mev values are from the present 
gamma-ray measurements. Within the experimental 
errors the energies of these gamma-emitting states are 
the same as the energies of the alpha-emitting states at 
9.0 and 10.1 Mev. However, the states observed from 
resonances in the scattering of alpha particles from O'* 
cannot be the same as the states giving rise to the 
strong gamma rays since gamma emission is much less 
probable than particle emission. Since the energies of 
the two levels near 9 Mev and the two levels near 10 
Mev are only known to within a few hundred kilovolts, 
the energy separation and relative positions of the levels 
may not be significant. The existence of pairs of levels 
with very nearly the same energies but different parities 
might result from an alpha particle model of Ne” due 
to the tunneling motion.” The similar case of O'* has 
been worked out in some detail by Dennison.* 


" J. R. Cameron, Phys. Rev. 90, 839 (1953). 

#A_ J. Ferguson and L. R. Walker, Phys. Rev. 58, 666 (1940). 

= J. A. Wheeler, Phys. Rev. 52, 1083 (1937); D. M. Dennison, 
Phys. Rev. 96, 378 (1954). 
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IV. RELATIVE (d,p) AND (d,n) CROSS SECTIONS 


It has been pointed out by Cooper and Tobocman™ 
that measurements of cross sections for deuteron 
stripping reactions can provide direct experimental 
measurements of the relative neutron and proton dis- 
tributions within the nucleus. The results of the present 
paper and an earlier paper' of the gamma rays from 
the reactions B'(d,p)B", B'(dn)C", C#(d,p)C™, 
C¥(dn)N™, and N"(d,p)N", N“(dn)O"™ show that, 
except for the 6.50-Mev line from the B'(d,n)C" re- 
action, the gamma rays from the (d,p) reactions are 
more intense than the gamma rays from the (d,n) 
reactions. For two of the reactions, B'°+d and N“+-d, 
the residual nuclei are mirror nuclei. The decay schemes 
of mirror nuclei should be the same and hence the 
relative gamma-ray intensities should give the relative 
(d,p) and (dn) cross sections. A comparison of the 
N'*(d,p)N" and N"(d,n)O" cross sections for two 
corresponding states is given in Table V, which shows 
that the (d,p) cross section is about 1.5 times greater 
than the (d,n) cross section. 

A comparison of the cross sections of the Mg™ 
(d,p)Mg® and Mg™(d,n)Al** reactions for the three 
lowest states has been made by Goldberg® which shows 
that the (d,p) cross sections at 8.0-Mev bombarding 
energy are 4 to 6 times larger than the (d,n) cross 
sections at 4.0-Mev bombarding energy. Using these 
data Fujimoto, Kikuchi, and Yoshida* calculated the 
reduced widths for three corresponding levels in the 
mirror nuclei Mg* and Al** neglecting Coulomb effects, 
and found that the reduced widths for Mg”* were about 
10 times greater than the reduced widths for Al**. It is 
expected from the charge symmetry of nuclear forces 
that the reduced widths of corresponding levels in 
mirror nuclei should be the same; however, a difference 
of a factor of 10 seems to be too large to be accounted 
for by the fact that Coulomb effects were neglected in 
these calculations, and it was suggested that it might 
be due to the protons occupying a smaller volume than 
neutrons in the nucleus.™** Part of this discrepancy 
may also be due to uncertainties in the absolute (d,p) 
and (d,n) cross sections. 

The N"(d,p)N" and N"“(d,n)O"™ cross sections were 


TaBLe V. Cross sections of the N“(d,p)N™ and 
N™(d,n)O" reactions. 


N(d,p) N's 


N4(d,n)0%8 
Total cross Total cross 
section® section*® 
E, (Mev) mb) Es (Mev) (mb) 
6.33 45 6.12 3.0 
731 14 6.81 9.7 





* Average values Es «1.6 to 4.0 Mev. Accuracy of relative values is about 
15 percent. Absolute values are accurate to within about a factor of 4, 

*L. N. Cooper and W. Tobocman, Phys. Rev. 97, 243 (1955). 

% FE. Goldberg, Phys. Rev. 89, 70 (1955). 

* Fujimoto, Kikuchi, and Yoshida, Progr. Theoret. Phys. 
(Japan) 11, 264 (1954). 
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measured in the present experiment under exactly the 
same experimental conditions, and the relative values 
are accurate to within about 15 percent. It seems 
reasonable that the difference of a factor of 1.5 in the 
relative (d,p) and (d,n) cross sections may be accounted 
for by Coulomb effects,” without indicating a larger 
spatial extension in the nucleus for neutrons than for 
protons. 

The gamma-ray yields from the B"(d,p)B" and 
B'"(dn)C" reactions show a strange result. The 7.30- 
Mev line from B" is stronger than the 6.77-Mev line 


“D.C. Peaslee, Phys. Rev. 74, 1001 (1948). 
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from the mirror level of C", whereas the 6.50-Mev line 
from C" is stronger than the 6.75-Mev mirror line from 
B". This discrepancy might be explained by assuming 
that the reaction leaving B" and C™ excited in the 7.3- 
and 6.77-Mev states, respectively, is mainly a stripping 
reaction, whereas the reaction leading to the 6.75- and 
6.50-Mev states goes mainly by compound nucleus 
formation. The low (d,p) cross section for the 6.75-Mev 
state relative to the (d,n) cross section for the 6.50- 
Mev state might then be explained by the effect of the 
Coulomb barrier on the proton emitted from the com- 
pound nucleus. 
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The quantity F,/F,, the ratio of probabilities for proton and neutron emission from nuclear reactions in 
the statistical region, is determined from measurements of (p,pm) and (p,2m) cross sections induced by 
21.5-Mev protons bombarding nuclei of masses 48 to 71. The results are then compared with determinations 
of F,/F,, from reactions induced by lower-energy protons and 14-Mev neutrons. Both the absolute values 
of F,/F, and their variation with bombarding energy are very difficult to explain by usual nuclear reaction 


theories 


INTRODUCTION AND THEORY 


N studies of the 

region, considerable attention has been given to 
the quantity F,/F,, the relative probability of proton 
and neutron emission from nuclear reactions.' In par- 
ticular, interest was aroused by the fact that the experi- 
mental determinations’ were in disagreement with the 
theoretical estimates' from the statistical theory of 
nuclear reactions, and several attempts have been made 
to revise the theoretical estimates by modifying the 
statistical theory,’ or by introducing direct interactions.‘ 

In the experiments described in this paper, a much 
more serious difficulty with the behavior of F,/F, 
seems to be uncovered. Measurements are reported of 
F,/F, from 21.5-Mev proton-induced reactions in the 
iron-copper mass region, and these are then compared 
with determinations at lower incident proton and neu- 
tron energies. It is found that F,/F, increases by well 
over an order of magnitude within a few Mev, and 
attains values considerably larger than unity. 

In order to demonstrate how difficult these facts are 
to reconcile, a simple but quite general treatment of 


nuclear reactions in statistical 


* Present address: U. S. Army 

‘J. M. Blatt and V. F. Weisskopf, Theoretical Nuclear Physics 
(John Wiley and Sons, Inc., New York, 1952) 

* E. B. Paul and R. L. Clarke, Can. J. Physics 31, 267 (1953) 

*D. B. Beard, Phys. Rev. 94, 738 (1954); V. F. Weisskopf 
(private communication) 

*H. McManus and W. T. Sharp, Phys. Rev. 87, 188 (1952); 
R. M. Eisberg, Phys. Rev. 94, 739 (1954) 


the theory is given. Since a compound nucleus model is 
the most familiar and the most easily handled, it is 
used here, but other possibilities will be discussed later. 
It is further assumed that equal energies are available 
for both proton and neutron emission; while this is not 
the usual case, the experimental results for various 
differences in these energies may be extrapolated to it. 

A straightforward application of the reciprocity 
theorem to the decay of the compound nucleus gives® 


Eo 
» f 0 Nplw,(Eo— E)dE 
et emrahatemetnmennn (1) 


F * Eo 
f Onnlwn(Eo— E)dE 
0 


where Ep is the maximum energy available for neutron 
or proton emission, ¢, is the cross section for capture of 
a proton of energy E, assuming unit sticking probability 
(tables of o, are given in reference 1), w,(Eo— E) is the 
density of states of the residual nucleus after proton 
emission [it is a function of (E»—£), its excitation 
energy }, 9, is a quantity that takes into account selec- 
tion rules in the nuclear transitions from compound 
nucleus to residual nucleus plus proton, and the corre- 
sponding quantities with subscript » refer to neutrons. 
While w, and w, may be different in any particular case, 


~ #B. L. Cohen, Phys. Rev. 92, 1245 (1953). 








(p,pn) AND (p,2n) 
on a statistical basis there clearly can be no consistent 
difference between them. There is evidence® that » may 
be a function of E and Eo, but a consistent difference 
between , and , would be a clear violation of charge 
independence of nuclear forces (charge independence is 
well substantiated at these energies). o, differs from on 
only by a Coulomb factor, so let us define such a factur, 
P., as 

(2) 


P.=@p/On. 


Since the integrand in the denominator of Eq. (1) is 
just the energy spectrum of emitted neutrons, Eq. (1) 
may be written 


F,/F.=P., (3) 


where P. is the average value of P., the average being 
taken over the energy spectrum of the emitted neutrons. 

If this energy spectrum is assumed to be Maxwellian 
with a temperature of 2 Mev, application of Eq. (3) 
gives F,/F,=0.07 in the mass region of interest here; 
if the temperature is raised to 5 Mev, Eq. (3) gives 
F,/F,=0.2, and even if the Maxwellian energy distri- 
bution is abandoned and the energy distribution is 
chosen to maximize F,/F, in these experiments, the 
result would only yield F,/F,=0.4. 


EXPERIMENTAL 


The quantities directly measured in these experiments 
were ratios between pairs of activation cross sections; 
by combining these, the relative cross sections of all 
reactions were obtained, and these were made absolute 
by use of known absolute cross sections as has been 
described previously. Most cross sections were deter- 
mined by ratios to at least two others independently, 
and many cross checks were made. 

The procedure most generally used for measuring the 
ratio between two cross sections was to bombard a 
finely ground chemical compound (or, in a few cases, 
a mixture) of the two elements, and count the induced 
beta activities under an end-window Geiger counter. 
Bombardments were sufficiently intense that it was 
necessary to count only a very small mass of material, 
thus eliminating beta self-absorption and self-scatter- 
ing corrections. Corrections for backscattering, window 
and air absorption, etc., were made by the methods of 
Zumwalt.’ In the few cases where the materials were 
available as foils, foil combinations were bombarded 
behind a “‘window frame’’*® instead of using chemical 
compounds. Corrections for self-absorption and self- 
scattering were then applied. 

The activation cross sections for the long-lived 
gamma-emitting isotopes Cr*!, Mn*, and Co** were 
obtained relative to the Fe®*(p,2n)Co™ cross section by 
bombarding mixtures containing iron oxide and count- 


* Cohen, Newman, Charpie, and Handley, Phys. Rev. 94, 620 
(1954); G. H. McCormick and B. L. Cohen, Phys. Rev. 96, 722 
(1954). 


7L. R. Zumwalt, U. S. Atomic Energy Commission Report, 


MDDC 1346 (unpublished). 
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ing both these activities and the Co® activity on their 
respective gamma-ray peaks with a scintillation spec- 
trometer. The spectrometer efficiencies for the long- 
lived isotopes were obtained by use of accurately 
assayed standards.’ The Co spectrometer efficiency 
was measured by determining absolute disintegration 
rates by beta counting, with a phosphorous-32 standard® 
for the Geiger counter calibration. As a check on the 
entire method, the cross section for production of Na® 
from Na®™ was measured by both this method and the 
usual beta-counting-ratio method; the agreement was 
excellent. 

The cross section for Fe**(p,pn)Fe® relative to that 
of Fe**(p,2n)Co™ was obtained by absolute beta count- 
ing one aliquot for the Co* activity, and then deter- 
mining the absolute disintegration rate in another of the 
pure electron-capturing isotope Fe by counting the 
x-rays under an end-window Geiger counter calibrated 
with a standard Fe source.* Chemical purification of 
the iron was carried out, and the fact that the samples 
were free of betas (which are counted with very much 
higher efficiency) was checked by comparing their ab- 
sorption characteristics with those of the standard by 
the use of thin silver foils. (The inverse mass absorption 
coefficient of silver for the manganese x-ray is about 
1.5 mg/cm?.) 

The cross section for Zn**(p,2n)Ga™ relative to that 
of Zn™(p,pn)Zn® was obtained by absolute beta count- 
ing an aliquot for the Zn® activity, and then deter- 
mining the Ga® disintegration rate by comparing its 
counting rate with that of a Ga® standard® on a scintil- 
lation spectrometer set on the 110-kev gamma-ray peak. 

Every cross-section ratio was measured independently 
at least five times. (Those used most frequently in 
combining ratios were measured at least ten times.) 
The general reproducibility of the data and the con- 
sistency of the cross checks indicates an uncertainty in 
the raw data of about 7%; considering errors due to 
beta counting corrections, the relative cross sections 
may be uncertain by as much as 15%. In addition, the 
absolute calibration of all cross sections® may be in 
error by about 15%, but this has little effect on the 
theoretical interpretation, since only cross-section ratios 
are used. 


RESULTS 


The measured (p,pn) and (p,2m) cross sections are 
listed in Table I, along with the energetic thresholds of 
the pertinent reactions and the character of the final 
nuclei involved. Table I also lists ratios of (p,pn) to 
(p,2n) cross sections, although both cross sections were 
measured in only four of the twelve cases. In the other 
eight cases, the estimates were arrived at by using our 
recent measurements of (p,pn)+ (p,2n) cross sections.’ 


* We are greatly indebted to Mr. W. S. Lyon of the Analytical 
Chemistry Division, Oak Ridge National Laboratory for supplying 
and assaying these standards. 

* Cohen, Newman, and Handley, following paper [Phys. Rev. 
99, 723 (1955) }. 
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Taste I. (p,pm) and (,2n) cross sections and related information. 


Favoring by 


Cross we 
sections (o.2) 
Initial Thresholds (Mev mb 79.94 atin watch 
nucleus (p,m) (~.m) (f,.28) (p.pm) (f,.20) @(p.2n)} PD pln 
Ti 47 11.7 15.3 120 58 x 
wir" 54 12.0 16.0 425 155 28 x 
nMn 09 103 104 620 3.5 z 
uF e* 5.3 11.5 15.7 760 105 7.2 z 
wCo™ 1.0 10.9 10.4 540 2.7 x 
aNi® 5 10.46 13.5 . 385 14 x 
wHu® 42 11.0 134 590 100 5.9 x 
fu 21 1G4 10.5 500 1.7 x 
wnZn* 36 a9 10.7 780 0.20" x 
siGa® 41 10.4 11.0 160 460 1.0 x 
Gra 10 9” 8.0 260 0.37 x 
ssAa’* 16 10.3 10.9 350 0.70 : 
* See reference 10 


In no case do these estimates introduce sufficient un- 
certainty to qualitatively affect the ensuing discussion. 

The most striking observation from Table I is that 
(p,pn) cross sections are considerably larger than (p,2n 
cross sections in eight of the twelve cases, and about 
equal to them in two of the other four. On the other 
where the 


hand, there is one anomalous case, Zn", 


(p,2n) cross section is by far the larger.® The ratio of 
(p,pn) to (p,2n) cross sections is very much less in all 
of the four heaviest isotopes studied than in any of the 
eight lighter ones. Data for the heavier isotopes are 
therefore indicated by open symbols in the figures and 
are considered separately. 

Before proceeding with a detailed analysis of the 
data, it is important to establish that (p,pm) reactions 
consist principally of (p~,p) reactions followed by neu- 
tron “boil off.” The most important alternative process 
to be considered is (p,m) reactions followed by proton 
emission. 

In such a process, the energy available for proton 
emission is in the region 0-10 Mev, with about 7 Mev 
representing a fair average. These excitations are 
exactly the same as those encountered in measurements 
of (p,m) cross sections by Blaser et al. and by Blosser." 
In those experiments it was found that neutron emission 
even predominates over proton emission when the 
former is energetically possible by only 1 Mev while 
the latter is energetically possible by as much as 5 Mev. 
Proton emission following a (p,m) reaction is therefore 
very unlikely so long as neutron emission is energeti 
cally possible. There are cases, of course, where the 
emission of the first neutron leaves the nucleus with too 
little excitation for neutron emission but still wit! 
enough for proton emission, so that the latter shoul 


take place with high probability. However, calculations 


I 
| 
I 


based on measured neutron energy spectra” indicate 
that such situations arise relatively seldom. 
Another approach to this problem is to compare 


reference 11 
large 


® There is evidence from the lower-energy work 
that the reaction cross section from Zn™ is abnormally 
This would increase the (?,pm)/(p,2n) ratio to about 0.5 
Blaser, Boehm, Marmier, and Peaslee, Helv. Phys. Acta 24, 
3, 441 (1951): H. G. Blosser (to be published) 
*P. C. Gugelot, Phys. Rev. $1, 51 (1951 
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these data with data on the relative probability for 
(x,np) and (x,2n) reactions in cases where x is a neutron 
rather than a proton. Assume, temporarily, that the 
observed (p,pm) cross sections are entirely due to (p,») 
reactions followed by proton emission, and consider the 
ratio o(x,np)/o(x,2n). This ratio may be estimated” 
for 14-Mev neutron-induced reactions from the ratio 
of observed to calculated (m,2n) cross sections from the 
data of Paul and Clarke.* Figure 1 shows it plotted 
against the difference between the energetic thresholds 
of (xp) and (x,2m). It is quite evident that o(x,np)/ 
o(x,2n) is greater by at least an order of magnitude in 
the proton-induced reactions. Actually, this method of 
comparison grossly underestimates the discrepancy ; the 
proton-induced reactions are carried out with bombard- 
ing energies much further above threshold so that 
situations where emission of a second neutron is 
energetically forbidden arise much less frequently. In 
the only neutron-induced reaction where o(n,np) is 
apparently quite large, the bombarding energy is only 
2 Mev above the (n,2m) threshold, but 6 Mev above 
the (m,np) threshold. It thus seems quite evident that 
(p.m) reactions followed by proton “boil off” cannot 
explain the large observed (p,pm) cross sections." 

Another process that would lead to the same residual 
nucleus as a (p,pn) reaction is the simultaneous emission 
of a proton and a neutron, or “three-body breakup.’’® 
However, all the arguments about the ratio F,/F, 
apply equally to Fyn/Fa,, and in fact even more 
strongly since there is less energy available for the latter 
processes. 

A final possibility is the (p,d) reaction which is 
essentially a special case of three-body breakup except 
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Fic. 1. o(x,np)/o(x,2n) os difference in the energetic thresholds 
for (xp) and (x,2m). Triangles are from 21.5-Mev proton data 
and circles are from 14.5-Mev neutron data. Open points are for 
30 € Z € 33, and solid points are for 22 < Z 29. 


8 This method is very inaccurate for large values of observed- 
to-calculated (m,2m) cross sections. When such values occur, it is 
assumed here that the ratio is greater than 0.9. These points are 
designated with a vertical arrow in Fig. 1. 

“In the three cases with high (p,2m) thresholds, as much as 
25% of the (pn) reactions may lead to (p,n~) reactions. This 
would decrease F,/F, by only about 35%, which is quite 
negligible. 

46 Good, Kunz, and Moak, Phys. Rev. 94, 87 (1954). 











(p,pn) AND 
that an additional 2.2-Mev energy is available from 
the binding energy of the deuteron. However, it is 
difficult to see how that amount of energy can materially 
affect matters. Furthermore, experiments to detect 
deuterons directly*"* have shown that they are not 
common reaction products in proton-induced reactions 
in this energy region. 

It therefore seems probable that the predominant 
reaction contributing to the (p,pm) cross section is 
inelastic scattering followed by neutron emission. Cal- 
culations based on the energy spectra of the emitted 
particles,”-"” indicate* that actually somewhat less than 
75% of all (p,p) reactions become (p,pm), whereas a 
considerably greater fraction of all (p,m) reactions in the 
elements considered here become (p,2m) ; but these cor- 
rections will be neglected since they are difficult to apply 
and only accentuate an effect which is already over- 
whelmingly large. We therefore assume that o(p,pn) 
o(p,2n) is an experimental determination of F,/F g. 

Figure 2 shows F,/F, plotted vs the difference in 
energy available for emission of protons and neutrons, 
It appears that there is little dependence on the 
abscissa (in agreement with the Hurwitz-Bethe pro- 
posal'*), and that the average value of F,/F, is about 
2.5 for the lighter elements and 0.5 for the heavier ones. 

In accordance with usual nuclear reaction theories,! 
F,/F, should depend on the nature of the nuclei in- 
volved. If the residual nuclei after proton and neutron 
emission are even-even and odd-odd, respectively, neu- 
tron emission should be favored by about a factor of 
four; then, in such cases, observed values of F,/F, 
should be multiplied by four to put them on an equal 
basis with reactions where the residual nuclei are odd- 
even or even-odd. This has been done in Fig. 3. A notice- 
able dependence on the abscissa is introduced, and a 
line through the data crosses zero abscissa at about 
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Fic. 2. F,/F, vs difference in energies available for proton 
and neutron emission. See caption for Fig. 1. 
*R. M. Ejisberg and G. Igo, Phys. Rev. 93, 1039 (1954); J. B. 
Reynolds and K. G. Standing, Phys. Rev. 95, 639 (1954). 
7 PC. Gugelot, Phys. Rev. 93, 425 (1954). 
1H. Hurwitz and H. A. Bethe, Phys. Rev. $1, 898 (1951). 


(p,2") CROSS 





SECTIONS 721 

















Fic, 3. F,/F,, vs difference in energies available for proton and 
neutron emission. Data has been corrected for odd-odd vs even 
even level density differences. Points so corrected are crossed 
with horizontal lines. See caption for Fig. 1. Dashed lines are 
predictions of statistical theory (reference 1). 


F,/F, equal 1.5 for the lighter elements and 0.4 for 
the heavier The difference between the two 
methods of extrapolation is thus relatively minor. 

For purposes of reference, the theoretical curves 
calculated from statistical theory are shown as dashed 
lines in Fig. 3. However, the authors feel that much 
more can be learned by comparing these data with 
other data rather than with the very adjustable pre- 
dictions of statistical theory. 


ones. 


CONCLUSIONS AND DISCUSSION 


At least two other experiments give estimations of 
F,/F, at lower energies. The most directly comparable 
work is the measurements of (p,m) cross sections at 
11.5 Mev by Blosser." He finds that they account for 
essentially the complete reaction cross section, and in 
fact, uses the data to determine the nuclear radius. 
It is estimated that the upper limit to F,/F, from his 
work is ~4).2. It includes many cases where the energy 
available for neutron emission is considerably less than 
that available for proton emission. 

Another experiment that may be compared with this 
is the measurements of (m,p) cross sections by Paul 
and Clarke.2 This comparison has the disadvantage 
that, since the target nuclei must be beta stable, neutron 
emission is always energetically favored in neutron- 
induced reactions whereas proton emission is always 
energetically favored in proton-induced reactions, so 
that the two sets of data must be extrapolated in 
opposite directions. However, this could hardly cause a 
very large discrepancy. The data from reference 2 are 
shown in Figs. 2 and 3 where in each case the data are 
plotted in the same way as the 21.5-Mev proton data. 
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Fic. 4. F,/F,, for Cu® os proton bombarding energy 


The observed value of F,/F, extrapolated to zero 
difference in energy available to neutrons and protons 
is about 0.05, and there is apparently no important 
difference between data for elements with Z<30 and 
with Z > 30. 

In summary then, the observed values of F,/F, are 
0.05 from 14.5-Mev neutrons, <0.2 from 11.5-Mev 
protons, and about 2.0 and 0.5 for the lighter and 
heavier elements respectively from 21.5-Mev protons. 
The manner in which F,/F, increases with incident 
proton energy for Cu® can be determined from the 
excitation function measurements of Ghoshal"*; this is 
shown in Fig. 4. The low-energy portion is calculated by 
subtracting two large and nearly equal numbers, each 
of which is quite uncertain, so that the values plotted 
are roughly upper limits for energies below 15 Mev. 

These results are somewhat unique in two ways—in 
the large absolute values of F,/F,, and in its rather 
strange energy dependence. Other experiments* have 
found unexpectedly large values for F,/F,, but it has 
always been possible to explain them consistently with 
Eq. (3) by introducing distortions in the energy spectra 
of emitted particles.*4 The values of F,/F, from this 
experiment, however, are very much too large to be 
explained by any such distortions. The dependence of 
F,/F, on bombarding energy is also completely un- 
explainable by Eq. (3). 

Before considering alternative theories, account must 
be taken of the measurements of energy distributions of 
inelastically scattered protons carried out by Gugelot'® 
with 18.3-Mev incident protons. They indicate that 
the energy distributions are approximately Maxwellian 
with temperatures of about 2 Mev, and that for protons 
below 10 Mev (the highest energy that could lead to a 
(p,pn) reaction in these experiments), the angular dis- 
tributions are not strongly anisotropic (~20% higher 
at 60 deg than at 150 deg). Figure 4 indicates that there 
is no drastic change in F,/F, between 18.3-Mev and 
21.5-Mev, and this is further supported by measure- 
ments of (p,pn) and (p,2n) excitation functions.*™ 

The fact that most of the protons are emitted with 
relatively low energy [as evidenced by Gugelot’s meas- 
urements and the very fact that (p,pm) reactions are 
observed | would seem, at first thought, to exclude the 

&S. N. Ghoshal, Phys. Rev. 80, 939 (1950 


® Rough measurements of several (p,m) and (p,2m) excitation 
functions have been made by the authors and by R. A. Charpie. 


AND E. 


NEWMAN 


possibility that the effect observed here is due to re- 
emission of the incident proton. Weisskopf has pointed 
out,” however, that in considering collisions within the 
nucleus, the binding energy of the incident particle 
should be added before the collision, and subtracted 
when a particle emerges from the nucleus. Furthermore, 
refraction effects occur at the nuclear boundary. Thus, 
the low energy and relatively isotropic angular distribu- 
tions of the emitted protons are not inconsistent with re- 
emission of the incident particle. The question can best 
be settled by investigating the quantity F,/F, in 
reactions induced by other bombarding particles. In the 
two cases of alpha-particle-induced reactions that have 
been reported,” very large values of F,/F, were 
found. In the single neutron-induced reaction that has 
been investigated in this mass region, the observed 
value of F,/F, was relatively small. Further investiga- 
tions would be very desirable. 

Wigner has suggested™ that proton emission in this 
mass region may be favored by a “giant resonance” of 
the type introduced by his “intermediate coupling” 
theory. However, it is his opinion that this could not 
explain so large an effect. 

The most difficult to explain of the large observed 
(p,pn) cross sections are the cases of Mn®*, Co™, and 
Cu® where the energetics of neutron and proton 
emission are quite equivalent. If these could be ex- 
plained, the extrapolations in Figs. 2 and 3 might be 
sufficiently altered to remove the other discrepancies. 
One possibility for explaining them lies in the fact that 
(p,mp) reactions in these cases lead to odd-odd residual 
nuclei. The data could be reasonably explained, for 
example, if level densities in odd-odd nuclei were 
assumed to be larger than those in even-even nuclei by 
a factor of 20. 

In order to investigate this possibility, horizontal 
lines are drawn through the data points for even-even 
nuclei in Fig. 3. To conform with our assumption, 
values of F,/F, for circles so marked should be de- 
creased at least an order of magnitude, and for triangles 
so marked should be increased by that amount. It is 
readily evident that this would clearly introduce a large 
discrepancy between the data for even and odd mass 
nuclei. This discrepancy could not easily be explained 
by differences in Q values, because the data for the 
various even-mass nuclei does not show such a sensi- 
tivity to the Q of the reaction (i.e., the abscissa in 
Fig. 3). Our assumption would also introduce great 
difficulties into the explanation for the small observed 
(p,pn)+(p,2n) cross sections’ in Zn™, Ni®*, and Ti**, 
the small (p,an) cross section® in Zn“, and the simi- 
larities between (p,m) excitation functions" for the 
copper isotopes and the isotopes of nickel and zinc, 


* V. F. Weisskopf (private communication) 

™ Miller, Friedlander, and Markowitz, Phys. Rev. 98, 1197(A) 
(1955 

® Brolley, Fowler, and Schlacks, Phys. Rev. 88, 618 (1953). 

* E. P. Wigner (private communication). 
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and between the (p,pn) excitation functions*®.* for Cu® 
and Cu®. 

We might note two other indications that the reac- 
tions observed are probably not proton emission 
following (p,m) reactions. Firstly, Gugelot’s measure- 
ments'® indicate that the energy spectra of emitted 
protons are the same in copper as in nickel and iron. 
Measurements at higher energies’ clearly show that the 
first particle emitted in nickel is a proton, and it seems 
relatively certain from the preceding discussion that the 
same is true for iron. 

Secondly, a remeasurement was made of the excita- 
tion functions in Cu®, and it was found that [o(p,m) 
+a(p,2n)+o(p,pn) |/o, decreases by 15% as the energy 
is increased from 11 to 15 Mev. This indicates that the 
(p,m) cross section probably drops off from competition 
with the unobserved (p,p’) reaction rather than from 
competition with (p,np). 

The conclusions of this paper that F,/F, is ab- 
normally large is also supported by two other experi- 
ments: 

(1) Meadows,” in measuring excitation functions in 
copper with high-energy protons, found that not only 
are the (p,pm) cross sections much larger than the 
(p,2n)’s, but (p,p2n) and (p,p3m) cross sections are 
much larger than the (p,3n)’s and (p,4n)’s. 

(2) In the following paper," it is shown that (p,2p) 
cross sections are very large in this mass region, and in 
slightly lighter nuclei, commonly are the most probable 
of all reactions. 


Ww, Meadows, Phys. Rev. 91, 885 (1953). 
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In spite of these arguments, it should always be 
borne in mind, of course, that we are dealing here with 
a statistical phenomenon; as such, it is subject to wide 
fluctuations, as can be seen directly from the data. It 
would be essentially impossible to prove that the effects 
found here cannot be explained by a combination of 
these fluctuations, the Wigner effect,™ large differences 
between level densities in even-even and odd-odd nuclei, 
and contributions from (p,¢) “pickup” reactions. Cer- 
tainly any isolated piece of data can easily be explained 
in that way. However, after prolonged consideration of 
the various aspects of the problem, the authors have 
reached the opinion that the large ratio of proton to 
neutron emission cannot be explained by the usual 
nuclear reaction theories. Experiments are being under- 
taken to further study the problem by observing energy 
distributions and angular distributions of the emitted 
protons as a function of bombarding energy. 

Before concluding, it is interesting to note that the 
large (p,pn) cross sections indicate that the neutron 
energy spectra measured by Gugelot” are greatly dis- 
torted by neutrons from those reactions. 
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Several (p,pn)+-(p,2n) and (,2) cross sections of nuclei of mass 19 to 69 were measured with 21.5-Mev 
incident protons. For all elements with mass less than 55 and for Ni*, the (p,pn)+(p,2n) cross section is 
very much less than the total reaction cross section. Detailed analysis of the data indicates that this is 
largely due to competition from (~,2p) reactions. The conclusion from the previous paper that the ratio of 
probabilities for proton and neutron emission is much larger than expected seems to be confirmed and 


extended to lighter nuclei 


INTRODUCTION 


N planning our recent survey of activation cross 
sections for various types of nuclear reactions in 
medium weight elements, little attention was at first 
given to the relatively large number of cases where the 


* The “(p,pn)+(p,2n) cross section” is used here to mean the 
sum of the (p,2m), (p,pm), (pnp) and (~,d) cross sections, all of 
which lead to the same radioactive nucleus (after a beta decay in 
the first case). 

¢ Present address: U. S. Army. 


sum of the (p,pn)+(p,2m) cross sections can be con- 
veniently measured. It was assumed that, apart from 
small corrections, these would add up to the total re- 
action cross section (¢z).' It was soon found, however, 
that this was not by any means the case. In many of 
the early measurements, values very much less than og 
were obtained, and as the data were extended, it turned 


' J. M. Blatt and V. F. Weisskopf, Theoretical Nuclear Physics 
(John Wiley and Sons, Inc., New York, 1952). 
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Fic. 1. Assumed energy distribution for 21.5-Mev protons in- 
elastically scattered by copper. This was obtained from reference 3 
by assuming the low-energy portion to be unchanged when the 
incident proton energy is raised from 18 to 21.5 Mev, and smoothly 
extrapolating the high-energy portion after averaging over reso- 
nances. In reference 3, similar results were obtained for iron and 
nickel. 


out that this was true in general for every measurable 
case of mass less than 55, and for Ni**. A detailed 
theoretical analysis revealed that competition from 
(p,2p) reactions might be an important factor in the 
problem, so that the experiments were extended to 
include cross section measurements for those reactions 
wherever possible. 


THEORY 


In accordance with nuclear reaction theory,' a (p,p) 
reaction generally becomes a (p,pn) reaction when the 
proton is emitted with low enough energy to leave 
neutron emission energetically possible. In cases where 
the residual energy is such that emission of a second 
proton is possible but neutron emission is not, a (p,29) 
reaction should result. When either can be emitted, the 
Coulomb barrier should suppress proton emission 
leaving neutron emission more probable, unless this 
effect is compensated by the extra energy available for 
proton emission. In order to understand these cross 
sections we must therefore have some knowledge of the 
energy distribution with which neutrons and protons 
are emitted from (p,») and (p,p) reactions. Measure- 
ments of these have been reported by Gugelot®” for 
16- and 18-Mev protons. It is assumed here that the 
low-energy portions of the spectra are not changed by 
increasing the incident proton energy to 21.5 Mev, and 
that the high-energy portions extrapolate smoothly to 
21.5 Mev after averaging over resonances (and, of 
course, neglecting the elastic peak in the proton 
spectra). The proton spectra for copper and aluminum 
obtained in this way are shown in Figs. 1 and 2. 
Figure 2 will be used in the analyses for the light ele- 
ments (A ~ 39), and Fig. 1 will be used for the heavier 
elements. 

The probabilities for secondary reactions can be seen 
from Fig. 1. The thresholds for (p,pm) and (p,29) 


*P. C. Gugelot, Phys. Rev. 81, 51 (1951) 
*P. C. Gugelot, Phys. Rev. 93, 425 (1954). 
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reactions in copper are about 11 Mev and 6 Mev, 
respectively. Emission of a neutron following a (p,p) 
reaction will then be energetically possible if the proton 
is emitted with an energy less than 11 Mev below the 
maximum energy, or 10.5 Mev. The probability for this 
is therefore nearly equal to the area under the curve to 
the left of 10.5 Mev, divided by the total area under 
the curve; this is about 72%. If the proton is emitted 
with an energy between 10.5 and 15.5 Mev, emission 
of a second proton is energetically possible while 
emission of a neutron is not, so that a (p,2p) reaction 
will occur (neglecting competition with alpha emission 
and electromagnetic de-excitation). The area under the 
curve between 10.5 and 15.5 Mev is about 13% of the 
total area, so that at least 13% of (p,p) reactions be- 
come (p,2p). However, among the 72% where neutron 
emission is possible, proton emission will be energeti- 
cally favored by 5 Mev and may therefore still compete 
effectively. Thus, of the total number of original (p,p) 
reactions, somewhat more than 13% become (p,2), 
somewhat less than 72% become (p,pn), and 15% 
remain (p,p). These results are, of course, sensitive to 
the energetic thresholds for the various reactions. For 
example, if the (~,2p) threshold is higher than the 
(p,pn), the former reaction should occur only very 
rarely. 

If the original reaction is a (p,m), an analysis similar 
to that above reveals that over 90% of the time, 
a (p,2n) or a (pnp) reaction occurs A measurement of 
(p,pn)+ (p,2m) cross sections should therefore give the 
sum of nearly all of the original (p,m) cross section, 
plus much of the (p,p) cross section. 

The only other reaction which can occur with appreci- 
able probability is the (p,v) which at this energy is 
largely (pan) and (pap). This has been found‘ to 
have a cross section of about 150 mb or less in this 
mass region. Therefore, the sum of the (p,pn)+ (p,2n) 
and the (p,2p) cross sections should add up to a large 
fraction of the total reaction cross section. If the 
predominant original reaction is (p,n), this must be 
true of the (p,pn)+-(p,2n) alone. 
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Fic. 2. Assumed energy distribution for 21.5-Mev protons in- 
elastically scattered by aluminum. See caption for Fig. 1. 


*D. J. Coombe (private communication). 
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For the lighter elements, the situation is somewhat 
different. Figure 2 indicates that an especially large 
number of high-energy protons are emitted, so that 
about 25% of the (p,p) reactions are not followed by 
further particle emission. In addition, the area where 
(p,2p) reactions occur while (p,pm)’s are energetically 
forbidden is quite appreciable, making up about 25% 
of the total. Furthermore, Coulomb effects are not as 
strong here, so that (p,2p) also competes effectively 
with (p,pm) in the remaining 50% of the cases where 
(p,pn) reactions are energetically possible. Thus, we 
might expect the total reaction cross sections, after the 
(pa) and (p,m) contributions have been subtracted, to 
consist of about 25% (p,p), considerably more than 
25% (p,2p), and considerably less than 50% (p,pn). 


EXPERIMENTAL 


Cross sections for several (p,pn)+(p,2n) and (p,2p) 
reactions were measured with the internal, circulating 
22-Mev proton beam from the ORNL 86-inch cyclotron. 
The methods have been described previously.® In all of 
the (p,2p) reactions except those on Mg*® and Si, 
chemical separations were used. For Zn®*(p,2p)Cu™ and 
for Si*(p,2p)Al**, it was found necessary to use sepa- 
rated isotopes.* The absorption corrections for the Cu® 
activity were found to be very large—in fact, much 
larger than expected even from the very low beta 
energies involved—so that the uncertainty in that cross 
section is much larger than in the others. The end 
product of the reaction Ca“(p,2p)K® can also be pro- 
duced by a (p,He*) reaction on the fifteen times more 
abundant isotope Ca“, but the cross section for that 
has been measured’ and found to be very small. A small 
correction has been applied. 

The cross section for Ni**(p,2p)Co*” was measured 
relative to that for Ni®*{ (p,pn)+- (p,2n)} Ni*’ by radio- 
chemically separating the nickel and cobalt fractions 
shortly after the bombardment and allowing 36-hour 
Ni*’ to decay into Co*’, The relative amounts of Co in 
the two fractions was then determined by counting on 
the 130-kev gamma peak with a scintillation spec- 
trometer. 

The average error in these cross sections is about 7% 
as judged by reproducibility, but if one includes beta 
counting corrections, is probably about 20%. This does 
not include a possible error of about 15% in the absolute 
calibration of all cross sections, 


RESULTS 


The measured cross sections are listed in Table I. 
The Cr®, Mn*, Fe®*, Co®, Cu®, Cu®, Zn®™, and Ga®™ 
cross sections were taken from reference 5. In all other 
cases, the end product of the (p,2m) reaction was 
+B. L. Cohen and E. Newman, preceding paper [Phys. Rev. 
99, 718 (1955) }. 

*Separated stable isotopes were obtained from the Stable 
Isotopes Division, Oak Ridge National Laboratory. 

7H. G. Blosser (private communication) 
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Taste I. Summary of measured cross sections and energetic 
thresholds for various reactions. 


Measured cross 
sections (mb) 
D.pn) Thresholds (Mev) 


Elements +(p,2n) (p.2p) (p.pn) (p.29) (p.2") (p._) 
oFY 175 10.4 8.0 15.3 3.9 
uNa®™ 225 tee 12.7 9.1 17.8 4.8 
»wMeg"* tee 54 7.6 12.6 ~12 5.0 
si” eee 110 8.7 11.8 ~17 33 
isP# 240 . 12.8 7 178 6.0 
Ch 120* 13.6 6.6 18.6 6.3 
iK® 105* ‘* 13.5 6.6 20.1 7.0 
2Ca® ves 15 8.0 10.9 ~13 38 
2oCa“ + 5.0 11.6 12.7 14.5 44 
2 Ti* <500" . 15.2 11.4 22.6 ~S§ 

Cr 580 12.0 10.9 16.0 5.4 
oMn* > 620 10.3 8.2 10.4 0.9 
wFe** 165 14.1 97 22.4 ~ 7.5 
we 870 11.5 10.6 15.7 5.3 
2Co® > 540 tre 10.9 7.9 10.8 ~1.0 
esNi* 240 680 11.9 8.0 20.6 ~“+A 

wCu® 700 see 11.0 5.3 13.4 4.2 
wCu® > 500 10.4 69 10.5 2.1 
soZn™ 675 12.0 77 ~18 ~6 

woZn™ 920 ++ 10.8 8.7 ~15 59 
zon" >780 3.8 8.9 8.7 10.7 3.6 
Ga” 730 10.4 6.8 11.0 4.1 


* The cross sections observed were for the 34-minute and 7-minute 
activities for Cl and K"™, respectively. Recently, short-lived positron 
emitting isomers of these nuclei have been discovered, so that the values 
ld considered minima. The actual cross sections are probably 
about twice as large 

» The observed cross section on Ti includes the cross section for (p,a) 
reactions on two equally abundant isotopes and a (f,an) reaction on a 
much more abundant isotope. They produce activities with about the half 
life as that produced by (p,pn) +(p,2n) on Ti 


listed should be 


allowed to decay into the same isotope as is produced 
by the (p,pm) reaction, and only the cross section for 
production of that isotope was measured. Table I also 
lists the energetic thresholds for the various reactions. 
In several cases, the activity of the end product of 
the (p,2m) reaction has never been detected, so that 
there exists the possibility that its half-life may be very 
long rather than very short. In all of these cases but one 
(Zn™), the ground-state mass can be calculated by 
assuming that the difference in mass between a nucleus 
with » protons and (m+2) neutrons, and a nucleus with 
(n+2) protons and mn neutrons is due only to the 
Coulomb repulsion energy of the two additional protons 
in the latter. This method has been found to be accurate 
in explaining known masses, and successfully predicted 
the maximum beta energy of Ne’* before that isotope 
was discovered.* The results of this calculation indicate 
that in every case, the unobserved activity should be 
short lived. As a check, a search was made for possible 
long-lived activities in several of these isotopes. If the 
half-lives are assumed to be longer than two minutes 
and to be produced with cross sections equal to the 
(p,pn) cross sections, the following minimum half-lives 
are established’: Mg*—10’ years, A“—10* years, Ca™ 


* J. D. Gow and L. Alvarez, Phys. Rev. 94, 365 (1954). 

* This work was done in collaboration with W. H. Jones, Oak 
Ridge Institute for Nuclear Studies research participant from 
Emory University. 
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10* years. It therefore seems quite certain that the un- 
known activities actually are short lived. 


CONCLUSIONS 


In all six cases where the (p,2p) threshold is higher 
than the (p,pm), the (p,2p) cross sections from Table I 
are found to be relatively small, in agreement with the 
theory. The (p,2p) cross section for Ni** will be dis- 
cussed below 

Figure 3 shows the (p,pn)+(p,2n) cross sections 
from Table I plotted vs the energy by which the (p,2p 
energetic threshold is lower than that for (p,pn). In 
cases where only minimum values are listed in Table I, 
the extrapolation is based on the results of reference 5. 
In no case does this introduce an uncertainty greater 
than about 15 percent in the points on Fig. 3; this 
cannot affect the qualitative conclusions. Lines are 
shown connecting points with mass less than 40, with 
mass between 40 and 60, and with mass larger than 60. 
Figure 3 also shows og for various masses and nuclear 
radii. 

When one considers that the observed cross sections 
should be considerably smaller than op, it is quite 
apparent (and will become more so when the (p,29) 
cross sections are considered below) that nuclear radii 
corresponding to r» equal to at least 1.5 are suggested 
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from the heavy element data. Some of the advantages 
of determining the nuclear radius by the total reaction 
cross section have been discussed in a previous paper.” 

It has been shown previously® that for most of the 
elements heavier than mass 52, (p,m) reactions [ordi- 
narily detected as (p,2n)] are only minor contributors 
to the total reaction cross sections. It is immediately 
obvicus from Fig. 3 that this is also true of all elements 
lighter than mass 52, and for masses 54 and 58 which 
were not covered in reference 5. This will be discussed 
further below. 

In view of this result from reference 5, the data for 
the elements of mass 63-69 in Fig. 3 are in general 
agreement with the theoretical predictions. Some esti- 
mate of the effectiveness of competition from (p,2p) 
reactions can be made by assuming that it is this 
competition which causes the lines through the data to 
slope downward to the right. By extrapolating the lines 
to zero abscissa, the value for the (p,pn)+ (p,2n) cross 
section, free of competition from (p,2p), is obtained. 
For masses between 63 and 69, this is between 900 and 
1000 mb. It therefore seems that the (p,2p) cross 
sections for Cu®, Cu®, Zn™, and Ga™ are about 200 
300 mb. This represents about 20% of or—o(p,a), 
which is in agreement with the prediction of somewhat 
more than 13%. 

The data for the elements of mass 19-39 are not as 
simple to analyze. The (p,a) cross sections make up an 
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Fic. 4. Ratio of probabilities for emission of protons and neu- 
trons ts difference in maximum energy available to them. Tri 
angles are from 21.5-Mev proton data and circles are from 14-Mev 
neutron data, all in the mass range 16 to 41. Lines are from similar 


data in the mass range 48 to 71 from Fig. 2 of reference 5. 


"G. H 
1954 


McCormick and B. L. Cohen, Phys. Rev. 96, 722 
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appreciable fraction of og, and they probably vary 
considerably from element to element. They should be 
especially large for F and Na™ because they lead to 
very high energy releases for these isotopes. It is, there- 
fore, difficult to extrapolate the line through the data 
to zero abscissa. The data certainly agree, however, 
with the theoretical prediction that o(p,pn) is con- 
siderably less than 50% of og—o(p,a). For F¥, Na®, 
and P*, it may be estimated as about 30% of this 
difference. 

This data for the light elements can be used to extend 
the thesis of reference 5 that proton emission is much 
more probable in 21-Mev proton-induced reactions 
than in 14-Mev neutron-induced reactions. In view of 
the very large (p,2p) cross sections, a considerable frac- 
tion ($3) of the activity produced by (p,pn)+ (p,2n) 
reactions must be due to (p,pm) rather than to (p,np) 
or (p,2n). Figure 4 shows a plot of F,/F,, the relative 
probabilities for emission of protons and neutrons, in 
the original reaction, plotted vs the difference in energy 
available for proton and neutron emission. The 14-Mev 
neutron data from the (,p) cross section measurements 
of Paul and Clarke" are also shown. Figure 2 of refer- 
ence 5 is a similar plot of data for the region of masses 
48-71; the lines through the data from that figure are 
also shown in Fig. 4. It seems quite clear that the con- 
clusion of reference 5—that even after correcting for 
energetic differences, F,/F, is considerably larger at 
21.5 Mev than at 14 Mev—is also valid in the lighter 
mass region. 

It should be noted that the very small (p,pn)+ (p,2n) 
cross sections found in the light elements are in agree- 
ment with neutron yield measurements.” For 23-Mev 
protons bombarding thick targets of both magnesium 
and aluminum, only about one neutron was observed 
for every four nuclear reactions. 

For the elements between mass 46 and 59, one would 
expect cross sections similar to those found in the 
heavier elements since the Coulomb barriers and energy 
distributions of emitted particles** are about the same 
for the two groups. This expectation is reasonably well 
fulfilled for Cr, Mn®**, Fe®*, and Co, and the some- 
what lower value for Ti** might be explained by the 
facts that it is the lightest isotope of the group and has 
a very high (p,pm) threshold. For Fe and Ni®*, on the 


" E. B. Paul and R. L. Clarke, Can. J. Phys. 31, 267 (1953). 
2B. L. Cohen, Phys. Rev. 98, 49 (1955). 
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other hand, the observed cross sections are very much 
lower than can be easily explained. Fortunately, the 
(p,2p) cross section in Ni* is measurable (see Table I)," 
so that it is definitely established that the low value of 
the (p,pn)+ (p,2n) cross section is due to competition 
with the (p,2p). This cannot be explained by a differ- 
ence in the energy spectrum of the emitted particles 
(these were measured in references 2 and 3). One possi- 
bility that perhaps should not be overlooked is that Ni*’ 
and Fe* may have short-lived isomers which decay by 
positron emission. This could also explain why the 
activation cross section for Ni®*(#,2n)Ni*’ was also 
found" to be very much smaller than expected. 

The two most important conclusions of this paper 
may be summarized as follows: 

1. The conclusion of reference 5, that even after 
correcting for energetic differences, F,/F, is many 
times larger in 21.5-Mev proton-induced reactions than 
in 14-Mev neutron-induced reactions, is apparently 
verified and extended to the mass region 19 to 39. It 
should be noted, however, that this verification is based 
wholly on cases where proton emission is strongly 
favored energetically. Such was not the case in refer- 
ence 5. 

2. (p,2p) cross sections are apparently very much 
larger than might have been expected from elementary 
barrier penetration considerations. For some of the 
heavier nuclei (mass 59-69) they are about 200-300 mb, 
for all of the lighter nuclei (mass 19-52) they are at 
least that large and in some cases much larger, for Fe™ 
the cross section is probably well over 500 mb, and for 
Ni®* it has been measured to be 680 mb. In general, 
these large cross sections are explained by more or 
less conventional methods if conclusion 1 above and 
Gugelot’s measurements’ of energy distributions of 
inelastically scattered protons are assumed; but the 
two most extreme cases, Fe™ and Ni® are still very 
difficult to explain. 

ACKNOWLEDGMENTS 

The authors would like to acknowledge some very 
helpful discussions with J. D. Gow (University of 
California Radiation Laboratory) and J. A. Martin, 
and the continuous encouragement of R. S. Livingston. 


4% The large (»,2p) cross section in Ni* was previously found by 
Martin, Green, and Lyon (private communication) 
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Sc” was milked from Ca“, prepared by proton irradiation of CaO, and its radiations were studied by 


coincidence and gamma-ray spectrometry 


Sc was found to decay with the emission of beta rays of 0.46 


+0.02 and 0.624-0.03 Mev maximum energy. 66+3% of the decay is accompanied by a 6.157+0.007 Mev 
gamma ray in coincidence with the 0.46-Mev beta rays. 


HE radioisotope Sc’ was studied to determine its 

decay scheme, since recent published values (see 
Table I) show considerable disagreement in the energy 
values of the beta and gamma components.'* Knowl- 
edge of the decay scheme is of special interest because 
the radioisotope appears to have a relatively simple 
decay scheme, an almost unconverted gamma ray, 
beta-gamma coincidences permitting determination of 
its activity, and a half-life of several days. When the 
gamma/beta ratio is known, it may be used in the 
calibration of gamma detectors for the elucidation of 
decay schemes involving gamma rays of low energy. 


PROCEDURE AND DISCUSSION 


Calcium oxide was irradiated with 14-Mev protons 
in the ORNL 86-inch cyclotron. Following irradiation, 


wai te - —-, —__~ 
| er & 
e y 
: 
: 


. 
o ——_ el 


+ ‘ 
. 
_ _ 
. 
4 x e 
‘ss 
Fic. 1. Gamma-ray spectrum of Sc” 

* Robert A. Taft Sanitary Engineering Center, U. S. Public 
Health Service, on assignment to Health Physics Division, Oak 
Ridge National Laboratory 

'L. S. Cheng and M. L. Pool, Phys. Rev. 90, 886 (1953 

? Cork, Leblanc, Brice, and Nester, Phys. Rev. 92, 367 (1953 

* Luis Marquez, Phys. Rev. 92, 1511 (1953 

‘Aten, Greuell, and Van Dijk, Physica 19, 1049 (1953 


the CaO was dissolved in nitric acid and the pH of the 
solution adjusted to between 1 and 2 by the addition 
of dilute sodium hydroxide. The product scandium, 
and the trivalent radioisotopes which resulted from 
the irradiation of strontium and barium impurities, 
were removed by repeated extractions with 0.5M 
thenoyltrifluoroacetone (TTA) in xylene.® Identified in 
the organic fraction were Sc#, Sc, Sc**, Sct”, and Sc*, 
which are known to be produced by proton bombard- 
ment of calcium. 

The aqueous solution was made slightly acid and 
heated, saturated oxalic acid added, and the solution 
cooled. The precipitated calcium oxalate was filtered, 
washed, dissolved in dilute HCI, and the calcium oxalate 
reprecipitated. The calcium oxalate was then ignited 
to calcium oxide in a furnace. A portion of this precipi- 


TABLE I. Previously reported decay data for Sc® 
Beta energy (Mev energy (Mev Comments Ref 
0.622 (34+4%)* 0.185+0.007 0.4343-0.1854 1 
0 434 (66+4%)* Come 
0.64+0.03 (100% 0.15955 (0.64 8-0.100y) 2 
Comm 
0.286 (28% 0.218¢ 3 
0.490 (72% 
0.52! 0.16" > /A=u5$/4 4 





tate was examined daily with a 3 in.X3 in. NaI(TI) 
gamma-ray spectrometer to follow the growth of the 
157-kev photopeak from Sc‘. 

After one week, the precipitate was dissolved, its pH 
adjusted to between 1 and 2, and the Sc‘? extracted 
with 0.5M TTA in xylene. The organic fraction was 
washed three times with water at pH 1.5, and the Sc‘ 
was extracted from the organic phase with 2M nitric 
acid. Aliquots of this solution were used in the subse- 
quent measurements. 

The decay of Sc? was followed for 20 days with an 
end-window Geiger-Miiller beta counter, with a well- 
type gamma scintillation counter, and with a gamma 


4A. Broido, U 


S. Atomic Energy Commission Report AECD- 
2616, 1947 


unpublished 
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spectrometer adjusted to count only the photoelectric 
peak from the 0.157-Mev gamma ray. A 3.45+0.10 
day half-life was obtained by these counting methods. 

Beta-gamma coincidence measurements, using a 
proportional counter for beta detection and a 3 in. 
3 in. Nal(Tl) crystal spectrometer as the gamma 
detector, indicated that a gamma ray was in coinci- 
dence with a beta group. The slope of the absorp- 
tion curve, using aluminum before the beta detector, 
yielded a maximum beta energy of 0.46+0.02 Mev for 
this group. From range measurements, a maximum 
energy of 0.62+0.03 Mev was obtained for the non- 
coincident beta group. The energy of the gamma ray 
was found to be 12 kev higher than that of Ce", 
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Fic. 2. Variation of 8 counting efficiency of Sc? and Sr® 
as a function of aluminum absorber. 


indicating an energy of 0.157+0.007 Mev. No other 
gamma ray was found. 

The number of gamma rays per disintegration was 
obtained in two ways. One method consisted of deter- 
mining the number of gamma rays by absorption in 
the 3 in.X3 in. NaI(T1) crystal, and determining the 
total disintegrations by 4x-coincidence counting. Using 
attentuation coefficients for 0.15-Mev gamma rays,® 
and integrating graphically, the total absorption was 
computed to be 92%, and the photoelectric absorption 
88%. Since the total area under the curve in Fig. 1 
includes counts contributed by degraded radiation 
scattered into the crystal from the surroundings, only 
the area under the photoelectric peak was measured. 


*G. R. White, National Bureau of Standards Report 1003, 
1952 (unpublished). 
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Fic. 3. Decay scheme of Sc*. 


The gamma disintegration rate, V,, was found by 


N,=C,/[ew(1—my)(1—ma) ], (1) 


where C, is the gamma count rate calculated from the 
area under the photoelectric peak, ¢ is the fraction of 
gamma rays entering the crystal which are completely 
absorbed by photoelectric absorption (0.88) and by 
multiple processes (assumed to be 0.01), w is the 
fraction of the angle subtended at the source by the 
crystal (0.262), m, is the fraction of escaping iodine 
x-rays (0.014), and m, is the fraction of gamma rays 
absorbed in the beryllium beta absorber, the aluminum 
container, and the magnesium oxide reflector (0.041). 
The ratio of gamma rays to total activity was thus 
found to be 0.66+0.03. 

In the second method, the gamma/beta ratio, f, was 
calculated from 8—y coincidence data, by using the 
equation 


Cred comme €32 €82 €¢ 
=a (al oO a a 
Cy_~N 1 1 81 


where the C’s are count rates, N is the disintegration 
rate, c is the ratio of conversion electrons to total 
activity, and e is the counting efficiency for the two 
beta groups and the conversion electrons. The efficiency 
of the weak beta group, eg, is the ratio of coincidence 
to gamma counts shown in Fig. 2. In evaluating eg», 
the efficiency of the strong beta group, the counting 
efficiency of Sr (maximum beta energy 0.6 Mev), was 
used. The Sr® was separated from its Y” daughter and 
its activity determined by absolute beta counting. An 
approximate value of c can be found by extrapolating 
the values of C to zero absorber, in which case ¢g, equals 
€g2, and the first term on the right-hand side in Eq. (2) 
is eliminated, while the second equals unity. In repeated 
determinations, the value of the left-hand side of the 
equation is 1.00, indicating that c is very small. A search 
for titanium x-rays was made with an argon-methane 
filled proportional counter spectrometer, but none were 
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found, giving further indication that the conversion 
coefficient is small. Hence, the last term in the equation 
was omitted and the equation solved for f at the 
experimental points shown in Fig. 2. A value of 0.68 
+0.04 was obtained, with no significant trend being 
observed in the values of f as the amount of aluminum 


absorber was changed. 


CONCLUSION 


These data confirm the decay scheme proposed by 
Cheng and Pool.' However, the gamma-ray energy was 
found to be 157 kev instead of the reported 185 kev. 

Nuclear shell theory predicts ground states of f7/2 in 
both Sc? and Ti*’. The log/t value was calculated to 
be 6.0 for the 0.62-Mev @ ray and 5.3 for the 0.46-Mev 
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8 ray. These logft values indicate’ that both beta 
groups fall in the AJ=0, 1 (no) allowed classification. 
A level scheme consistent with these data is shown in 
Fig. 3. The assignment of fs2 to the excited state in 
Ti would thus make the 157-kev gamma a magnetic 
dipole transition. The only reported conversion coeffi- 
cient,' 3.610~*, falls within the range predicted for 
either electric or magnetic dipole.® 
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which 


iodine was quickly separated from irradiated uranium metal at 


The following results were derived from experiments in 


a known time after irradiation. The fractional chain yields are 


based on the cumulative chain yields at iodine 


Fractional cl 
14-Me 


<0.08 

0.35 +0.05 
<0.30 
0.16 20.01 
<040 


<0.40 


0.43 +0.02 


INTRODUCTION 


“HIS paper presents the results of experiments 
carried out during the summer of 1951. Prior to 

the start of this work, Ford and Gilmore! had measured 
the relative cumulative 14-Mev and thermal-neutron 
yields of I, and Glendenin® had reported values for 
the independent yields of I and I" formed in thermal- 


* This work was performed under the auspices of the U. S 
Atomic Energy Commission 

t Department of Chemistry, 
Louis, Missouri 

'G. P. Ford and J. S. Gilmore (private communication from 
the Los Alamos Scientific Laboratory 

?L. E. Glendenin, Technical Report No 
Nuclear Science, Massachusetts Institute of 


(unpublished 


Washington Ur 


iversity, St 


35, Laboratory for 
Technology, 1949 


The error given is the standard deviation of the average of the 
experimental results; it does not include the 4 percent standard 
deviation for the ratio of 14-Mev to thermal neutron fission yields 
of Mo” used in the calculation of the ratio of cumulative yields. 
lhe results indicate that the pronounced peak in the mass-yield 
curve found at mass number 134 in thermal-neutron fission is 
nearly washed out in 14-Mev-neutron fission. The higher inde- 
pendent yields of late members of the chains in 14-Mev-neutron 
fission indicate a shift toward stability of the most probable 
initial nuclear charge. This shift is about 0.7 charge unit for the 
chains in the mass region studied 

As by-products of the work, the following half-life values were 
I, 20.9+0.3 hour; I'*, 2.3040.05 hour; fission 
precursor of I'*, <0.4 minute 


determined 


neutron fission. Pappas,’ in determining the thermal- 
neutron fission yields of the antimony, tellurium, and 
iodine isotopes, also obtained a value for the independ- 
ent yield ['*(+2-min Te’). 

The general procedure followed was to irradiate for 
a short time a stack of two or more pieces of uranium 
metal in a flux of 14-Mev or thermal neutrons. One piece 
was dissolved immediately after the irradiation, and 
the iodine quickly separated. The iodine activities in 
this sample, corrected for the small growth from 
_'A. C. Pappas, Technical Report No. 63, Laboratory for 
Nuclear Science, Massachusetts Institute of Technology, 1953 
(unpublished ) 
_*A. C. Pappas, Progress Report, Laboratory for Nuclear 
Science, Massachustetts Institute of Technology, May, 1951 
(unpublished) 











FISSION OF U#*#* BY 
antimony and tellurium precursors, gave a measure of 
the independent yields of the iodine isotopes. A second 
sample was dissolved and the iodine separated after 
the bulk of the antimony and tellurium precursors 
had decayed. The activities in this sample, after 
application of appropriate growth and decay correc- 
tions, gave a measure of the cumulative yields of the 
iodine isotopes. 


EXPERIMENTAL METHODS 
Irradiations 


Thermal-neutron irradiations were carried out in the 
Los Alamos Homogeneous and Fast Reactors. For 
irradiations of less than one minute duration, the 
stacked uranium foils were injected into and out of an 
operating reactor by use of a pneumatic rabbit. The 
14-Mev neutron irradiations were carried out in the Los 
Alamos Cockcroft-Walton accelerator. The T(d,n)Het* 
reaction produced the fast neutrons. Two approximately 
3-gram pieces of uranium metal were placed directly 
behind the tritium-zirconium target. 


Chemistry 


An irradiated piece of uranium metal (~0.3 g or 
~3 g) was dissolved in a mixture of 5 or 10 ml of 
concentrated hydrochloric acid and 2.00 ml of KI 
carrier solution (20.0 mg of iodine). (The larger volume 
of hydrochloric acid, and of water and hydrogen 
peroxide used later, was for the ~3-gram samples.) 
The dissolving took place in an open-top separatory 
funnel fitted with a centrifugal stirrer. After solution 
was complete, 5 or 10 ml of water and 25 mil of carbon 
tetrachloride were added, the stirrer started, and 1.5 or 
7 ml of 1 f HO, was added in a slow stream. The 
hydrogen peroxide oxidized the U**, formed on solution 
of the metal, to a mixture of U** and UO,** and most 
of the I~ to Ix, which was extracted into the carbon 
tetrachloride. The stirrer was stopped, and as the phases 
separated the carbon tetrachloride phase was drained 
into another separatory funnel. 

The time the stirrer was stopped was taken as the 
time of separation of the iodine isotopes from their 
tellurium precursors. This time is in error by no more 
than 30 seconds since the stirrer was stopped within 30 
seconds after the start of the hydrogen peroxide 
addition, and the phase separation was completed 
within 30 seconds after the stirrer was stopped. For 
the ~0.3-gram samples, these times were about 15 
seconds. 

The aqueous phase containing the uranium and the 
bulk of the fission products was treated with excess 
hydrogen peroxide and with bromine. The resulting 
solution was used for the Mo” determination,’ which 
gave a measure of the number of fissions. 

* I wish to thank C. O. Minkkinen and J. S. Gilmore for running 
the Mo” determinations 
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The iodine in the carbon tetrachloride phase was 
back-extracted into an aqueous solution of NaHSOs,, 
purified by two oxidation-reduction cycles, and precip- 
itated as Agl for chemical yield determination and 
counting. The oxidation-reduction cycles, consisting 
of NaNO, oxidation of iodide ion in dilute nitric acid, 
extraction of I, into carbon tetrachloride, and back 
extraction of the iodine into an aqueous NaHSO; 
solution, and the precipitation procedure were essen- 
tially those outlined by Glendenin and Metcalf.* 

The decay of the gamma activity of a sample was 
followed on a scintillation counter through 11.7 g/cm* 
of lead, which absorbed the soft gamma rays from Xe" 
and Xe" growing from I'* and I'**, After five days, 
when most of the xenon had grown, a sample was 
dissolved by digesting it along with the filter paper and 
Scotch tape cover for about 15 minutes in concentrated 
ammonium hydroxide containing metallic zinc. After 
reduction of silver iodide to silver was complete, the 
solution was acidified and boiled to remove any remain- 
ing xenon, and the iodine carried through another 
oxidation-reduction cycle. It was precipitated as Agl 
as before, the chemical yield determined, and the 
precipitate mounted for counting under 5 mils of 
aluminum. This aluminum cover plus the 0.7-mil 
aluminum window on the beta-proportional counter 
absorbed most of the soft beta particles and electrons 
from Xe" and Xe™'™ so that the beta-decay curve was 
easily resolved into its I' and I components. It is 
estimated that <5 percent of the long-lived activity 
attributed to I'*' could have been due to xenon. 

A coincidence correction of 1 percent per 10° counts/ 
min was applied to the counting data. 

Uranium metal was used with the expectation’ that 
radioactive iodine isotopes formed in the uranium meta] 
would exchange readily and completely with the iodide 
ion carrier present during the solution process. This 
point was checked experimentally. A stack of four 
uranium metal foils were irradiated with thermal 
neutrons. Two of the foils were worked up for iodine 
by the method described in the previous paragraphs; 
two were carried through additional steps designed to 
further exchange. Oxidation in alkaline solution of I- 
to IOg~ by ClO~ was carried out as recommended by 
Glendenin and Metcalf,® and reduction in acid of the 
10; to I- by H.SO, and precipitation of Pd, was 
included as recommended by Ford and Gilmore.' The 
decays of the four samples mounted as Agl were 
followed under lead on the scintillation counter, and 
the decay curves were resolved into their I™, I™, and 
I** components. The results summarized in Table I 


*L. E. Glendenin and R. P. Metcalf in Radiochemical Studies: 
The Fission Products, edited by C. D. Coryell and N. Sugarman 
(McGraw-Hill Book Company, Inc., New York, 1951), Paper 
No. 278, National Nuclear Energy Series, Plutonium Project 
Record, Vol. 9, Div. IV, p. 1625 

7 Katcoff, Dillard, Finston, Finkle, Seiler, and Sugarman, 
Paper No. 280, p. 1635 of reference 6. 
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Tasie I. Exchange tests 


Counts/min per mg | 
From mm alkaline 
mxidation 


1072, 1083 


244, 248 
3.45, 3.50 


metal solution Fr 
only 


1068, 1065 
243, 242 
3.34, 3.39 


show that, as expected, exchange is essentially complete 
during the solution process. 


Resolution of Decay Curves 


Decay curves were resolved by fitting the experi- 
mental points with lines of the correct slope. The 
half-life values'*-*-" used are given in the second 
column of Table II. They and the values obtained by 
drawing the best line through the points agree within 
the ~1 percent error estimated for the latter. ‘The 
20.9-hour value for I'* was determined by following the 
decay over about 10 half-lives on the beta-proportional 
counter through 145 mg/cm? of aluminum to minimize 
the I™ component. The value agrees well with the 
20.8-hour value reported by Katcoff and Rubinson.” 

The beta-decay curves were easily resolved into their 
8.07-day I™ and 20.9-hour I components. In order to 
subtract the I'* and I'* components from the gamma- 
decay curves, the relative counting efficiencies of these 
nuclides on the beta-proportional and _ scintillation 
counters were determined by following the decay of 
four remounted samples on both counters. In calculating 
the curves to be subtracted, the different chemical 
yields of the original and remounted samples had to be 
considered 

The 2.3-hour I" 


77.7-hour Te™ before the tellurium-iodine separation 


activity which had grown from 


Taste Il 


Half-life values 


6.7 hr** 
52.5 min* 
20.9 hr 

2.3 hr*¢ 
8.07 days‘* 


referer 
See referen 
See referen 


e 
t 
e 
{See reference 
° 
e 
* 


. 
9 
5 
! 


0 
© See referen i! 
! See referer I 
# See reference 12 


*L. E. Glendenin and R. P. Metcalf, Paper No. 140 
reference 6 

*S. Katcoff, Dillard, Finston, Finkle, Seiler, and 
Paper No. 141, p. 1005 of reference 6 

® J. S. Gilmore (private communication from the Los Alamos 
Scientific Laboratory 

"©. Hahn and F. Strassmann, Naturwiss. 27, 451 (1939 

® Selger, Cavallo, and Culpepper, Phys. Rev. 90, 443 (1953). 

"S. Katcoff and W. Rubinson, Phys. Rev. 91, 1458 (1953 
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was also subtracted from the gamma-decay curve. 
This activity was calculated from the I" activity in 
equilibrium with Te 113 hours after the irradiation 
(samples F3-A and B, T3-A and B). 

The residual gamma-decay curve consisted of the 
52.5-minute I™, the independently formed 2.3-hour 
I'*, and the 6.7-hour I'** activities. The I'** component 
was easily resolved and subtracted, but the remaining 
mixture of I and independently formed I” activities 
was difficult to resolve by the usual method of drawing 
a line with a 2.3-hour half-life through the oldest points. 
Therefore, a method suggested by Ford" was 
employed, in which the activity at time ¢, A(t), multi- 
plied by e#* is plotted against e~ 13-122)! as shown in 
Fig. 1. As seen from Eq. (2), the slope of the straight 
line gives the value of Ass, and the intercept gives 
the value of A°®),9. 


Alt = A sé Matt 49 206 Araat. (1) 


——— 48 500 C/M 





en (Ase Aise) 


1. Resolution of 52.5-min I and 2.3-hr I'™ (independently 
activities in sample F2-A. ¢ is the time interval after the 
ime of irradiation 


A 


Division by e~™*** gives 


Mise Arsa)tj. 49, 7) 


A(t) 3% = 4, 6 x, (2 


For thermal-neutron fission, there was no measurable 
amount of I'* formed independently, as was shown by 
the small positive and negative values of the intercepts. 
A°,34 for the samples from thermal-neutron fission was 
therefore determined from the slope of the best line 
passing through zero. 

Typical resolved gamma- and beta-decay curves are 
reproduced in Figs. 2 and 3. A count was taken every 
15 minutes for the first six hours, but due to space 
limitations, only the points at 30-minute intervals are 
shown in Fig. 2. 


*G. P. Ford (private communication from the Los Alamos 
Scientific Laboratory). 
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Data 


The activity, corrected for chemical yield, of each 
iodine isotope at the time of the tellurium-iodine 
separation was divided by the Mo” activity at the mean 
irradiation time.'* This ratio, D, is proportional to the 
number of iodine atoms per fission that were present 
at the time of the tellurium-iodine separation. The 
proportionality constant is of course different for each 
iodine isotope because of different counting efficiencies 
and decay constants; it also is different for fission by 
thermal and 14-Mev neutrons since the Mo® yield is 
different.'* For independently formed I'* and for I'*, 
for which there is no precursor of measurable half-life, 
it was more convenient to extrapolate the activity to 
the mean time of irradiation and divide by the Mo” 
activity to give a ratio denoted by d. 

The data are summarized in Table II. Uranium 
containing >90 percent U™® was used in all of the 
14-Mev runs and in thermal run 76. Normal uranium 
was used in the other thermal-neutron runs. Approxi- 
imately 3 g samples were used in runs 71 and 73 so 
that the chemistry would be the same as for the 14-Mev 
runs. Also these runs were timed to match approxi- 
mately the 14-Mev runs. 

It was not possible to maintain a constant flux of 
14-Mev neutrons. For runs F1 and F2 the average flux 
over one-minute intervals deviated as much as 30 
percent from the six-minute average, the mean deviation 
being 10 and 15 percent, respectively. For run T1 the 
power of the Fast Reactor was varied at one-minute 
intervals to match the fluctuation of flux in run F1. 
The matching of runs /'1 and 71 was done to maximize 
the cancellation of errors in comparison of 14-Mev and 
thermal-neutron fission yields. 

The assumption is made in the calculations that 
follow that the neutron flux was constant. Although 
this is only approximately true for the 14-Mev irradia- 
tions, the approximation causes no apprecialbe error. 
All of the iodine isotopes studied and most of their 
precursors have half-lives long compared to the irradia- 
tion times. For these the uniformity of the flux is not 
important. Since a large fraction of the two short-lived 
precursors, 4.4-m Sb'® and 2-m Te, decayed during the 
time interval between the end of the irradiation and 
the tellurium-iodine separation, it is not highly import- 
ant when during the irradiation they were formed. 


CALCULATIONS AND RESULTS 
Equations and Definitions 


The equations developed below are adopted from the 
standard equations of radioactive transformation. A 


6 When the irradiation time 7 is short compared to the half-life 
of a product, the simplifying approximation can be made that 
(1—e")/AT =e, which corresponds physically to an infinitely 
short irradiation occurring at time 7/2. If the irradiation time is 
t of a half-life, the approximation is in error by less than 0.1 
percent 

* Terrell, Scott, Gilmore, and Minkkinen, Los Alamos Scientific 
Report LADC-1463 (1953 
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HOURS AFTER IRRADIATION (MEAN TIME) 


Gamma-decay curve of sample F2-A followed on the 
scintillation counter through 11.7 g/cm? of Pb. 


Fic. 2 


useful general equation given by Rubinson"’ for the 
nth member of decay chain whose first member is 
formed at a constant rate, r, for time, 7, is 


oe r>. b(l—e'"*) (Ee), 


' 


Aj 
b; Il (7=1,2,+++,m), 
iti Nj—X, 


where {=time after end of irradiation, V = number of 
atoms, and A= dec ay constant. 

Consider the following fission-product chain in which 
member C has a cumulative yield of Y¢, and x, y, and 
z are the fractional chain yields based on Ve (x+y+2 
= ]) 


x y 4 
+ Na + Ag + Ae 
A-—B—C—, 

10" 


~._8.07-¢ 1" | 


COUNTS / MINUTE 
ae 





5 10 iS 20 25 30 
DAYS AFTER IRRADIATION 


Fic. 3. Beta-decay curve of sample F2-A followed on the beta 
proportional counter through 40 mg/cm? of Al 


7 W. Rubinson, J. Chem. Phys. 17, 542 (1949). 











No. T 


14-Mev-neutron fission 


F1-A 6.00 min 
Fi-B 6.00 min 
F2-A 6.00 mir 
F2-B 6.00 mir 
F3-A 75 min 
F3-B 75 min 

Thermal-neutron fission 
T1-A 6.00 mur 
T1 B 6.00 min 
T3-A ©) min 
T3-B ) min 
T4A 0.17 min 
T4-B 0.17 min 
T5-A 0.42 min 
T5-B 0.42 mi 
T54 0.42 mir 
T6-A 0.25 min 
76-B 0.25 mir 

bf 4 1 ime ‘ 

irTadiat« time 4 


If a total of G fissions occur at 


irradiation time 7, 


the activity of C at 
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Taste III. Summary of data.* 


D jus din 
dyuas Dim Dis (from Te") independent Dim 
8.6) min 0.332 2.457 0.840 (0.0026) 0.284 0.0053 
125.0 min (0.335 1.394 1.722 (0.0221) 0.316 0.0290 
9.10 min 6.333 2.384 0.895 (0.0028) 0.287 0.0056 
125.3 mir 0.339 1.372 1.804 (0.0222) 0.283 0.0302 
112.8 hr ee 0.0532 0.01711 tee 0.0379 
112.8 hr 0.0513 0.01683 0.0341 
8.00 mi 0.414 1.619 0.581 (0.0023) 0.016 0.00142 
125.0 min 0.412 2.137 1.799 (0.0193) —0.014 0.0236 
112.5 hr . 0.0548 0.01484 eee 0.0207 
112.5 hr + 0.0542 0.01485 ree 0.0200 
1.83 mi 0.413 0.837 0.109 (0.0004) 0.013 <0,0005 
120.6 mi 0.417 2.245 1.811 (0.0185) —0.012 0.0237 
2.20 min 0411 0.896 0.139 (0.0005) 0.012 <0.0003 
4.45 min 0.404 1.044 0.250 (0.0009 0.005 <0.0006 
181.8 mir 0.400 1.244 1.846 (0.0244) —0.016 0.0271 
8 SO mi . 0.457 eee tee 0.00096 
15.75 min 0.726 0.00249 
erval between en i i tellurium-iodine separation. d to Mo” activity at mean 
D ati at time of tellurium Mo ctivity at mean 
her 4 = Value or (her Gata and used ay cu 2 


time 


a uniform rate during 
t after the 


é 








t’, the ratio of the activities of the samples at their 
respective separation times and normalized to the same 





irradiation is given by Eq. (5 


x aJ +4 bK T cL) 
ty(bK+eL)+z2L}, (5 


AcNc= (GY c/T)t 


J=(1—-e™" 
K _— (1 é hgT e Ant 4 


L=(1-—e™T)(e), 


@=Xpdc/(Ag—Aa4)(Ac—Aa), 
b=Agdc/ (An Ag) (Ac—AszB), 
C= gAB/ (Aa Ac) (Ap—Xc 
6=dc/(Ac—Az), 
f=)Ap/(Ap— Ac 


rhe first term gives the activity of C that has grown 
that 


has grown from independently formed B, and the third 


from A, the second term gives the activity of ¢ 


term gives the activity of independently formed C. If 


chain member C is identified with an iodine isotope, 


Ac N-/G is proportional! to D, the ratio of iodine to 
Mo” activity 


hoN, 


Eto 
( Am. Vu jp 6) 
G ky 


Ee¥« 
D ( acy +bK+cL) 
Evo ¥ mAmol 


+y(bK+eL)+2L}, (7 


where E represents the counting efficiency. 
For two samples irradiated together, so that 7 is the 
same for both, but separated at different times ¢ and 


number of fissions is 


D! XrcNo'/C’ 


M= 
D XeNe/G 
x(aJ’+bK'+cL’)+y(6K'+eL')+2L’ 
(3) 
x(aJ+bK+cL)+y(6K+¢L)+2L 
Solution of Eq. (8) for z gives 
(yé+2c)(ML—L’) 
+ (yb+xb) (MK —K’')+ax(MJ—J") 
t=— . (9) 


(ML-L’) 


For the purpose of calculating the relative cumulative 
yields of an iodine isotope from 14-Mev and thermal- 
neutron fission it is convenient to define a function D*. 


Eok¢ Ve 
mmf); 
EmMAMo V sto 


_- , (10) 
x(aJ+bK+cL)+y! 6K+2L)+c2L 
Drivgmer (VYo/¥ Mo) 1s-mev 
= , (11) 
Drawcrmat (¥ c/ ¥ xtc) nermal 


An error listed for an average value obtained in the 
following calculations is the standard deviation of the 
average value. Where there is uncertainty in the mode 
of formation of a nuclide, e.g., an unknown branching 
ratio of a precursor, calculations using limiting values 




















FISSION OF U##5 
have been made, and the error has been increased to 
include this uncertainty. 


Iodine-135 


As can be seen in Table III, there is no detectable 
dependence of d on the separation time, showing that 
the half-life of the precursor of I'** is short compared to 
the separation times. For the d values of samples 74-A 
and 75-A to be within 2 percent of the other d values, 
as they are, more than 98 percent of a precursor must 
have decayed before the separation 2 minutes after 
the irradiation. The half-life of a precursor would have 
to be <0.4 minute for this to occur. Previous work**:'® 
had shown that if Te™® is the precursor of I its 
half-life is less than 1 or 2 minutes. The ~0.8-minute 
antimony activity found in fission by Pappas** and 
assigned by him to mass number 134 or 135 must 
either not be Sb", or if it is, less than about one 
tenth of the I'** formed in fission comes from it. 

An R value of 0.815+0.020 is obtained as the ratio 
of the average d values for 14-Mev and thermal-neutron 
fission. 


Iodine-134 
x y Zz 
i i | 
Sb!* aie Tels coal ™ nae 
(~0.8 min?)* (44.5 min)* (52.5 min)® 


The results of the calculations for I™ are summarized 
in Table IV. Since it is not certain that the ~0.8-minute 
antimony is the parent of Te™ and since the fraction 
of the 134 chain formed at antimony and at tellurium 
is not known, calculations were made using Eq. (9) 
for the two extreme conditions, y=0 and x=0. As seen, 
the difference between the results of the two calculations 
is not large. A D® value listed for a pair of samples was 
calculated by using the z value calculated for the pair 
and the data for the sample with the greater time before 
separation. 

In the samples that were separated soon after the 
irradiation, a large fraction of the I™ activity was 
due to independent formation of I. This fraction 
varied from 43 percent in T1-A to 87 percent in T4-A, 


TABLE IV. Relative yields of I™. 


Neutron Smas tmin Selected 
energy Samples (y=0) (x£=0) P Dp R 
14-Mev F1-A and B 0.44 0.43) O43 5.36\$.31 
1 F2-A and B 0.43 0.42 +0.02 5.27) +0.06 
0.77 
+0.22 
T1-A and B 125 0.104 0.11 7.06 ) 9 
Thermal {74-AandB 0.110 0.093) +002 7.04 }%9! , 
TS-AorB 0.127 O11 6.388) £01 


* Given only half-weight in the average because { was an hour greater 
than for the other samples, so that growth and decay corrections were quite 
different. Therefore, less cancellation of half-life errors in the calculation 
of R was to be expected. 


RK. W. Dodson and R. D. Fowler, Phys. Rev. 57, 966 (1940). 
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and was 80 percent in F1-A and F2-A. Since the correc- 
tion for growth from Te™ is not large, the fractional 
chain yields should be reliable. Glendenin® had pre- 
viously determined the independent yield of I™ from 
thermal-neutron fission of U**. His value as recalculated 
by Pappas’ is (0.94+0.13) percent. This, divided by 
the (8.00+0.21) percent cumulative fission yield of 
I™ determined by Pappas,’ gives 0.12+0.02 for the 
fractional chain yield of I™, in good agreement with 
the value determined in this work. 


Iodine-133 


The formation scheme for I™ is shown in Fig. 4. 
Pappas,’ from estimates of absolute fission yields, 
gives 0.92 /0.08 = (1)/(2) for the value of the branching 
ratio of Sb". This ratio is too high as will be shown in 
this section. Pappas* also determined for thermal- 
neutron fission the sum of the independent yields of 
I'* and the 2-min Te’. His value and the values he 
recalculated from the data of Glendenin® and Katcoff 
et al.” are in the range of 20 to 30 percent of the total 
chain yield. These values are also too large because the 
fraction of Sb decaying by path 2 is larger than 
Pappas estimated. 

The paths shown in Fig. 5 are considered, For the 
purpose of the calculations all paths through Te'™™ 
are lumped into path 1 as an average. Equation (10) 
modified to include path 1 is given below. 

DT re 
D= (12) 
(xit+y’)(a’I+0'RK’+c'L) 
 t-axo(aI+bK+cL)+y(6K +éL)+2L 


The terms a’, b’, c’, and K’ are the same as a, b, c, and 
K with A» substituted for Az. 

The D values of the samples F3-A and B and T3-A 
and B separated after all the precursors of I’ had 
decayed can be used to calculate the values of D’. 
There is about a 5 percent uncertainty in the results, 
depending on whether the /™ was formed rapidly via 
the short-lived paths 2, 3, and 4 or was held up at Te'™™. 
As a first approximation it was assumed that half was 
held up and half was not (x,+y'=0.5, s=0.5). The 


x 133m z 
) Te +05 iy, 
"6 min) ae 
p'33 133 —» 
(4.4 min)* Gg (20.9 hr) 
Te'®3 
(2 min)? 
y 


Fic. 4. Formation of I. 
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average D® values so obtained (2.19 and 2.25 for 14-Mev 
and thermal-neutron fission, respectively) were then 
used with the D values of the samples separated as 
soon as possible after the irradiation to calculate upper 


limits for y+2 (x;+2x2+y’=0 assumed). These limits 
were 0.40 and 0.10 for 14-Mev and thermal-neutron 
fission, respectively 

The above information was then used to calculate 
the fraction of I formed from Te'™™ (path 1). Data 
were used from samples separated 8 to 16 minutes 
after the end of the irradiation when most of the 
4.4-min Sb’ 


Te'™™, had decayed 





» of the 63-min 


T's Ioulatinr \ j 7 
Iwo caiculations were made tor 


and 2-min Te™, but 


each sample, one for y+z=0 and one for y+z equal to 


yper iimit cal ulated above The average ol the 


calculated limits are listed in Table V ; the error for each 
value shows the spread of the limits 

The limits of 0.70 to 0.74 for the fraction of | 
formed from Te'™™* in thermal-neutron fission were 


used in Eq. (12) to recalculate the 


limits on y and 


The results of these calculations are summarized in 


Table VI 
Finally, the values of D® were recalculated by using 


j 


the determined limits on x,+y’. The data used were 
from sampies separated two hours or more after the 
irradiation ; paths 2, 3, and 4 were therefore essentially 
equivalent. Two calculations were made for each sample, 
one for each Yr, y" limit rhe average ol the two 


» listed in Table VII; the errors show 


the spread of the limits 

The pr pal uncertainties in the reliability of the 
vaiues caicu ted in this section, no l 1cle | m the 
isted errors, are (1) the uncertainty in the separatior 
time, 15 to 30 second maximum error, and (2) the error 
introduced in the approximation that path 1 adequately 


z 


—+ Sp'3? —» Te!3? —» j!32 —. 


(1.9 min)? (77.7 0)> (2.3 ney?" 


—_——e § —-—--e Cc -— > 


Fic. 6. Formation of I™. 
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Taste V. Fraction of I™ formed from Te™*. 





Sample rity’ 
F1-A 0.59+0.08 |, -» 
F2-A 0.564.0.08 0.57+0.11 
T1-A 9.72+0.02 

Thermal T6-A 0.732+0.04 0.72+0.02 
7T6-B 0.71+0.01 


represent all possible paths, 1, 1a, 1b, and 1c, through 
Te'™™. A 30 second error in the separation time would 
change the value of x,+y’ by about 0.02, zmax by about 
0.01, (y+2) max by about 0.03, (v+2)min by about 0.01, 
and D® not at all. If path 1a is the only important path 
through Te'™™, limits on x; would be 0.03 to 0.04 
lower than those calculated for x,+y’. If path 1c is 
the important path, y’ limits would be 0.04 to 0.07 
higher than those calculated for x,+-y’. The values of 
D and the upper limits on z and (y+z) would be 
affected very little by use of path 1a or Ic instead of 
path 1 in the calculations. The minimum value of 
(y+z) would be reduced to ~0 if path 1c were the 
important one. The calculated minimum value for 
(y+z) of 0.02 may be due entirely to uncertainties in 
timing and chain path. 


Iodine-132 


The formation scheme for I'* is shown in Fig. 6. 
In the samples that were allowed to stand 113 hours 
after irradiation before the tellurium-iodine separation, 


the ['" was in transient equilibrium with Te'™. 


Ar 
AcN c= (AsV x") yo, 13) 


where r=¢+-T/2. Division of both sides of Eq. (13) by 


the Mo” activity at irradiation time gives 


Aco 
D=D,;° * Beeld 14) 


D; is proportional to the ratio of Te and Mo” 


} 


cumulative fission yields. 


Ee AB Vp 
Dg (15) 
i: Mo AMo V sto 


TABLE VI. Independent formation of I" and 2 


in thermal! neutron-fissior 


T4-A 0.03 0.07 0.03 
T5-A 0.04 0.07 0.03 
T5-B 0.04 0.05 0.02 

0.04 0.07 0.02 


— 
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Taste VII. Relative yields of ™. 

Neutron 

energy Sample De R 
F1-B 2.14+0.07 

° F2-B 2.25+0.07 : 

14-Mev F3-A 2214001 2.19+-0.04 

F3-B 2.14+0.01) 
0.96+0.03 

T1-B 2.3340.22 
T4-B 2.40+0.02 

Thermal <75-C 2.22+0.01 >2.282-0.05 
T3-A 2.24+0.00 
\T3-B 2.21+0.00, 


It has the same form as D*, except that the decay 
constant and yield of tellurium replace those of iodine; 
the counting efficiency of the iodine radiation, which is 
measured, is retained. 

The relative yields of Te’® are shown in Table VIII. 
The R value for Te” is in agreement with the value of 
1.13+0.03 obtained by Gilmore.” 

For the other samples, which were separated a 
few hours or less after the irradiation, the activity of 
the I'* that had grown from Te’ was calculated from 
the D,° values given above and subtracted from the 
gross decay curves. Any 2.3-hour period remaining 
was attributed to independently formed I. The 
independent yield of I” relative to the cumulative 
yield of Te'™ is given by 


Z l 2.3 hr 
(SM) 
l—z Dg 77.7 hr 


and the results are listed in Table IX. 
From 14-Mev-neutron the activity of 
independently formed I was as a maximum between 


fission, 


the total iodine activity; from 
1.5 percent of the total. 


15 and 20 percent of 
thermal-neutron fission it was < 
If, as seems reasonable, the reliability of a resolved 
component of a decay curve is taken to be about 1 
percent of the total activity, the +0.01 error placed on 
the independent yields of I is a good indication of the 
reliability of the values. 

An R value for I of 1.334+0.03 is obtained by 


multiplying the R value for Te’ by 1.16. 


Iodine-131 


Che formation scheme for I'™ 
The paths shown in Fig. 8 are considered. For the 


is shown in Fig. 7. 





Tase VIII. Relative yields of Te 
po Sampl De k 
F3-A 0.0457 «2 
14-Mev FRB 0.0449 20-0453 0.006 
1.15+0.02 
oii , T3-A 0.0395 ‘~ 
Thermal T3-B 0.0395 (2-395 
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F1G. 7. Formation of I™, 


Tet» 


purpose of the calculation all paths through 
are lumped into path 1 as an average. 

Calculations were made using Eq. (12) by two series 
of approximations similar to the method used for the 
133-chain. In the first approximation, D® was calculated 
from the data of the samples separated 113 hours 
after the irradiation, with the use of the assumption 
that x,+y’=0.5, which introduced a 3 percent uncer- 
tainty in the calculations. The values obtained, 0.0527 
and 0.0297 for 14-Mev and thermal-neutron fission, 
respectively, were then used with the data from the 
samples separated shortly after irradiation to calculate 
upper limits for y and z. These limits, :<0.10 and 
<0.01, and (y+z2)<0.35 and <0.15 for 14-Mev and 
thermal neutron fission, respectively, were then used 
to calculate the fraction of I™ formed from Te™™. 
The results were x,+y’=0.41+0.03 and 0.11+-0.04 
for 14-Mev and thermal-neutron fission, respectively. 

The results of the second series of calculations are 
summarized in Tables X, XI, and XII. For D® and 
x:+y two calculations were made for each sample, 
one for each of the possible limiting values for the 
other fractional chain yields. The average of the two 
calculations are listed along with an error indicating 
the spread. 

For the 131 chain, whose members have half-lives of 
>20 minutes, the <0.5-minute timing error is not 
significant. The approximation that path 1 adequately 





Tasie LX. Independent yield of I™ 
Sam ple 1 
F1-A 0.186 ; 
Fi-B 0.206 
14-Mev P2-A 0.188 0.191 4+-0.006 0.16+0.01 
F21-B 0.185 
T1-A 0.012 
T1-B —O.010 
T4-A 0.010 
Thermal T4-B — 0.009 0.001 +0.004 <0.01 
T5-A 0.009 
T5-B 0.004 
T5 —0.012)} 
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Fic. 8. Paths leading to the formation of I™ 


represents all paths through Te™'™ is a good one and 
introduces no appreciable uncertainty in the values of 
the constants calculated. For samples separated a few 
hours or less after the irradiation, the contribution from 
any path through Te™'™ is small, and it makes little 
difference which is used; for the samples separated 
113 hours after an irradiation all paths through Te”'™ 
lead to equivalent results. 

There is reasonable agreement between the R value 
for I determined in this work and the value of 1.70 
+0.03 determined by Ford and Gilmore.' However, 
Ford and Gilmore assumed that the same fraction of 
I" was formed from Te™™ in 14-Mev and thermal- 
neutron fission. This is not the case, and if a correction 
is made, Ford and Gilmore’s value is lowered to 1.61. 

There is also reasonable agreement between the value 
of 0.11+0.03 for the fraction of I formed from Te™™ 
in thermal-neutron fission and the value of 0.14 reported 
by Pappas.’ The branching ratio of Sb" of 0.15/0.85 

(1)/(2), also reported by Pappas, more than accounts 
for all of the Te™'™ formed in thermal neutron fission, 
so the independent yield of Te’'™ must be small, 
probably <5 percent of the total chain yield. However, 
in 14-Mev-neutron fission the yield of Te™™ is high, 
41+2 percent of the cumulative I™ yield. Since only 
15 percent of Sb’ decays to Te™'™, the independent 
yield of Te” in 14-Mev-neutron fission must be large. 
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Fic. 9. Variation of yield with nuclear charge. The circles and 
ovals refer to thermal-neutron fission, the rectangles to 14-Mev 
neutron fission. The vertical arrows indicate upper limits. Except 
for Cs™ (reference 24), fractional chain yields are based on 
cumulative yields at iodine. 
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TaBLe X. Relative yields of I™. 

Neutron 

energy Sample DP R 
(F1-B 51.8+3.5) 

: ) F2-B 53.943.7 |. 

14-Mev F3-A 35.6401 /52.9+2.1 

| F3-B 50.1+90.1) 
1.76+0.08 

‘T1-B 29.0+1.5 
\T4-B =. 29.641.5) 

Thermal 475-C 31.241.4>30.140.7 
|T3-A 30.8+0.1) 
|73-B 


29.8+0.1) 


The calculated value is 3545 percent of the cumulative 
I'*' yield. 
DISCUSSION 


Independent Fission Yields 


The fractional chain yields determined in this research 
are plotted in Fig. 9 as a function of their chain position. 
The function used is (Z—Zp) in which Zp is the most 
probable initial charge of the chain calculated according 
to the postulate’ that the most probable mode of 
nuclear charge division is one that leads to equal 
idealized chain lengths (Z4—Zp) for both primary 
fragments. 


Zp=Za—[(ZatZ2—a)— 92/2. (17) 


The Zp values were taken from the tabulation of 
Pappas,’ who assumed that one neutron was emitted 
from each fragment. He obtained the Z4 values from 
the lines of maximum stability given by Coryell, 
Brightsen, and Pappas.” Those lines are discontinuous 
at shell edges. 

The solid curve is the one that has been found? to 
best fit other thermal-neutron data. The thermal- 
neutron points reported in this paper generally fall 
below this line. The I™ and I points might be expected 
to fall low because of the abnormally large 134- and 133- 
chain yields, presumably due to a preference for 


TaBLe XI. Independent yields of ™ and 23-min Te™. 


Neutron 
energy Sample Bmax ¥+2)max ¥+2)min 

: F1-A 0.08 0.29 0.07 
14-Mev FDA 0.08 0:30 0.08 
0.08 0.30 0.07 
(T1-A 0.02 0.07 0.00 
T4-A <0.02 <0.31 tee 

The TS-A <0.01 <0.13 
Thermal ‘TS-B <0.01 <0.07 oe. 
|T6-A 0.01 0.03 0.00 
|\76-B 0.01 0.02 0.00 
0.01 0.03 0.00 








** Glendenin, Coryell, and Edwards, Paper No. 52, p. 489, of 
reference 6 


* Coryell, Brightsen, and Pappas, Phys. Rev. 85, 732 (1952). 
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TasLe XII. Fraction of !™ formed from Te". 


Neutron 


energy Sample x+y 
: F1-B 0.42+0.02 
14-Mev F2-B 0.40+0.01 /2-4!+0.02 
{T1-B 0.14 ) 
Thermal {T4-B 0.12 0.11+0.03 
T5-B 0.08 } 


closed-shell configuration in fission®-” and the excessive 
evaporation from primary fission fragments of the 
loosely bound neutrons just outside closed shells.**™ 
If the fractional chain yields are calculated on the 
basis of the smooth mass-yield curve, the I"* and I'* 
points would be raised 40 and 30 percent, respectively, 
to bring them near the line. In addition, the independent 
formation of I may be less than that predicted from 
charge-displacement considerations because I'**, which 
has 82 neutrons, may emit fewer prompt neutrons than 
most other primary fragments. 

No such explanation exists for Te’. To bring it up 
to the line would require that most of the 0.11+0.03 
cumulative fractional chain yield of Te!™ be attributed 
to independent formation, which in turn would require 
the branching ratio of Sb™ to be much less than the 
0.15/0.85 reported by Pappas.* 

The independent yields from 14-Mev-neutron fission, 
including the yield of Cs!** determined by Comstock,™ 
all fall considerably above the solid curve. The dashed 
curve, which is the solid curve displaced by 0.7 charge 
units, fits the points well. The I™ point is a little high, 
but it would be brought onto the dashed curve if the 
fractional yield were based on the total chain yield 
rather than the cumulative yield at iodine, since, as 
estimated from the dashed curve, about 12 percent of 
the 134 chain is formed at Xe™, 

A possible explanation for the apparent shift in Zp 
toward stability in 14-Mev neutron fission is that more 
neutrons are boiled off. Since in the mass region 130 to 
138 the slope* of Zp/A is 0.37, the ~0.7 shift in Zp 


TaABLe XITI. Yields from 14-Mev neutron fission. 


Estimated Estimated 


647 Thermal 14-Me fraction of total chain 
R(; +) yield,* yield total chain 1, 
Isotope 6.14 % , yield ‘Ve 

pa 1.48 3.02 4.47 1.00 45 
P= 1.12 4.49 5.03 1.00 5.0 
[3 O81 6.62 5.36 0.97 5.5 
[r'™ 0.65 8.00 5.20 0.90 5.8 
ps 0.69 6.31 4.35 0.79 5.5 


* See reference 3 

* Wiles, Smith, Horsley, and Thode, Can. J. Phys. 31, 419 
(1953) 

= Giendenin, Steinberg, Ingram, and Hess, Phys. Rev. 84, 
860 (1951) 

™ LL. E. Glendenin, Phys. Rev. 75, 337 (1949) 

* A. Comstock, reported by G. P. Ford in U. S. Atomic Energy 
Commission Report AECD-3597, 1953 (unpublished). 
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would correspond to the loss of approximately two more 
neutrons from the heavy fragment in 14-Mev-neutron 
fission than in thermal-neutron fission. However, there 
is little evidence for the assumption inherent in the 
explanation that the nuclear charge distribution for 
primary fragments is the same in 14-Mev and thermal- 
neutron fission. 


Yields from 14-Mev-Neutron Fission 


In Table XIII are given the ratios of 14-Mev to 
thermal-neutron fission yields. These were obtained 
by multiplying the R values by 5.17/6.14, the ratio of 
Mo” yields in 14-Mev and thermal-neutron fission 
determined by Terrell, Scott, Gilmore, and Minkkinen.'® 
This allowed calculation of absolute 14-Mev-neutron 
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Fic. 10. Mass-yield curves. 14-Mev-neutron fission: @ iodine 


cumulative yield, [] total chain yield (estimated). Thermal 
neutron fission: X iodine cumulative yield,’ © total chain yield.’ 


fission yields from known thermal-neutron fission 
yields. The total chain yields were estimated from the 
charge distribution curve for 14-Mev-neutron fission 
(dashed curve in Fig. 9). 

In Fig. 10 are plotted both the 14-Mev and thermal 
neutron yields vs mass number. It may be seen that the 
prominent fine structure in thermal neutron fission is 
pretty well washed out at the higher energy. 
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The tota! cross sections for high-energy neutrons have been determined for 12 elements 


he range between 60 and 110 Mev. The good-geometry 


Si, Cl, Ti 


Fe, Cu, Hg, and Pb) for several points is 
attenuation experiment was conducted 1 


e me 


target by the internal proton beam of the Harvard 95-in 


tion permitted by the use of scintillation counter t 


by using the optical model of the nucleus 


lL. INTRODUCTION 


total neutron 


HE values and the variations of 
cross sections as a function of incident neutron 


energy serve as a basis for comparison of various nuclear 


models, and, to this extent, permit the determination of 


nuclear radii. The cross sections in the region between 


50 and 100 Mev are of special interest because the more 


rap 1 variation with energy indicates a transition effect 
yhenomenological ap- 


in nuclear properties. From a 


I 
proach, this denotes a change from an opaque to a 
transparent nucleus. Additional interest is provided by 


the presence in this energy region of maxima in the 


cross section curves of high-Z elements. Thus, a precise 
values of total cross sections in this 
We th ere fore fe It that cTOSS 
| 


good 


knowledge of the 
region is highly desirable 


sections should be examined with the energy 


counter techniques 


resolution afforded by scintillation 
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n beam produced by the bombardment of a beryllium 


} 


synchrocyclotron. The angular and energy resolu 
ies is discussed. Results are analyzed 


Il. GEOMETRY AND APPARATUS 


A) Source of Neutrons and Experimental 
Lay-Out 


The high-energy neutron beam used in this experi- 
ment (Fig. 1) was produced in charge exchange colli- 
sions by an internal proton beam bombardment of a 
1 in. thick, 1.5 in. high beryllium target. The neutrons 
emitted in the forward direction were collimated by 
brass tubing of rectangular cross section (1.37 in. by 
2.87 in.) placed in a 6-ft water tank in the cyclotron 
shielding (Fig. 2). The beam intensity was constantly 
monitored at the exit of this pipe by a coincidence 
counter telescope. Approximately 150 cm from the 
monitor scatterer the beam passed through the appro- 
priate attenuators and continued then through a second 
collimator consisting of a pipe, similar to the first one, 
encased in a water jacket 4 feet long permanently 
cemented in a concrete cube 7 feet thick. At the exit 
of this second collimator a scintillation counter telescope 
was used to determine the neutron beam intensity for 
various energy bands. 


B) Monitor Telescope System 


* a triple-coincidence scintillation counter 
to monitor the neutron beam by 
counting recoil protons from a polyethylene scatterer. 


Originally 


telescope served 


rhe teles« ope, ¢ omposed of plastic scintillators mounted 
on 1P21 photomultipliers, was placed at an angle of 15° 
to the neutron beam. By comparison of its counting 
rate with the rates of the various channels of the counter 
telescope described in the next section, two things were 
noted. The first was that the telescope had a constant 


efficiency ; the second was that there were shifts in the 


high energy region of the neutron spectrum. It was 
found that results with good internal consistency could 
be obtained if the beam intensity was steady and if no 
controls of the cyclotron were manipulated. In order to 
minimize the effects of any steady drift in the neutron 
beam spectrum data were taken in symmetric cycles. 
At least five such cycles were made for each energy 
band, cross sections being determined for each cycle and 
resultant values appropriately weighted and averaged. 


''V. Culler and R. W. Waniek, Phys. Rev. $7, 221 (1 
ty Culler and R W Wanick, Phys Rev 95, 585 (19: 


740 
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even more reliable data, a new monitor telescope with 
an added fourth counter was used. With this telescope 
suitable polyethylene absorbers were placed between 
the third and fourth counters so that the threshold 
energy for a recoil proton producing quadruple coinci- 
85 Mev. 


quadruple coincidences th 


dence was about The ratio of triple to 


of 


spectral changes. Any dubious counting cycles were 


en gave an indication 
rejected, the criterion for rejection being either beam 
intensity changes beyond about 15 percent or incon- 


sistencies with the “empty-polyethylene” counts (no 
sample and a polyethylene scatterer in the counter 
telescope system) made at the beginning and at the 
end of each cycle. Rejections were made of the entire 
cycle in doubt before final results were calculated. 


C) Attenuators and Attenuator Changer 


The solid attenuators were machined to four inches 
in diameter. The liquid and powder (silicon) attenuators 
were in containers machined to the same diameter. 
The containers had foil windows retained by “O”’ rings 
at each end. Whenever possible, lengths were chosen to 


be approximately two mean free paths, this length 
yielding about the best counting statistics in a given 
The 


determined by a CH, —( 


counting time cross section of hydrogen was 
subtraction. In the measure- 
ment of the deuterium cross section which was deter- 
mined by a D,O—H,O 


containers were matched 


difference, the lengths of the 


so that the oxygen components 


f 
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- 
xy 
Fic. 3. Counter 
*M. E. Rose and M. M. Shapiro, Phys. Rev. 74, 1853 (1948 
‘The titanium sample was loaned by Rem-Cru Titanium Ir 
Sylvester of Hawkridge Bros. Company, Boston, Massachusetts 
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Later, in order to save running time as well as to get were nearly the same. During this rather long run 


intensity measurements were made also with no attenu- 
ator, thus permitting the determination of the cross 
section of oxygen by a H,O— 2H subtraction. The cross 
section of chlorine was determined by a CCl,—C 
subtraction. 

The areal densities of the solid samples were deter- 
mined by measurements with micrometer calipers and 
analytical balances. Volume densities were also meas- 
ured to ascertain the homogeneity of the samples. The 
areal density of the silicon was determined by measuring 
the the machined container and 


finding the difference between its “gross” and “tare” 


inner diameter of 


weights. The areal densities of the liquids were found 
by the use of hydrometers and the lengths of the con- 
tainers. A recording thermometer was used to monitor 
the temperature in the area in which the attenuator 
placed. Only 
changes existed. All samples, with the exception of 


changer was negligible temperature 
titanium were pure to better than 99.5%. The titanium‘ 
was found to contain 3.2% Al, 3.3% Mg, and 0.10% C. 
The attenuator changer permitted the accurate align 
ment 
measuring the unattenuated beam. It was remotely 


of three samples, and included a position for 


operated from the control room with a reproducibility 
in each position of +7 in. from the central point. 


D) Counter Telescope System 


The counter telescope system is composed of two 


sections and is pictured in Fig. 3. One section is the 
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b) Monitor telescope 


counter telescope itself which is made up of 6 scintilla- 
tion counters at a design angle of 6° 7’ to the neutron 
beam. The other section is a scatterer changer, operated 
remotely from the control room, which places a poly- 
ethylene or a carbon scatterer in the beam. In addition, 
a background or no-scatterer position is used. 

The telescope consists of six plastic scintillators 
mounted on 1P21 multiplier phototubes. An aluminum 
stand supports the counters rigidly and permits careful 
alignment of the centers of the plastic scintillators so 
that the axis of the telescope can be made to fall at any 
given angle to the neutron beam. This angle is chosen as 
small as possible consistent with the necessity of keeping 
all counters out of the direct neutron beam, thus keeping 
the singles rate of every counter at a reasonable value. 
We estimate an error of less than }° in positioning the 
telescope. 

The choice of angle is indicated by n—p scattering 
results and by energy resolution considerations. In the 
laboratory reference system, the differential cross sec- 
tion falls off rapidly with increasing angle, hence the 
choice of a small angle yields a higher counting rate 
for a given neutron beam intensity and counter size 
The telescope utilized range differences to determine the 
energy of the recoil protons from the polyethylene 
scatterer. To achieve suitable energy bands polyethyl- 
ene absorbers were placed in front of the defining 
crystal. In order to take advantage of the two-body 
scattering component due to the hydrogen in the 
scatterer, and thus uniquely determine the energy of 
the incident neutrons producing the recoils, it was 


necessary to subtract out the contribution due to 
carbon. This was done statistically by placing in the 
beam a carbon scatterer whose stopping power for the 
protons matched that of the polyethylene scatterer. 
Since this meant putting more carbon atoms per square 
centimeter in the neutron beam than did the polyethyl- 
ene scatterer, only the proper fraction, f, of the proton 
intensity recoiling from the carbon scatterer was sub- 
tracted. This subtraction simultaneously removed the 
same fraction, f, of the background (no-scatterer) 
intensity. In order to account completely for this back- 
ground a contribution (1—/f) of the intensity with no 
scatterer was also subtracted, thus getting only that 
portion of scattered protons for which the related 
neutron energy could be determined exactly, according 
to the relativistically correct formula: 
E, 
E£,=——____—_—_——_— , (1) 
1+(1+£,/2M¢c) tan’é 

where E, is the neutron energy and E, the energy of 
the recoil proton. For the energy region involved in 
this experiment, the expression reduces to 


E,=E,/cos’ (2) 


with negligible error. This equation also indicates the 
choice of a small angle @ in order to minimize the de- 
pendence of energy on angular variation. 

Pulses from each phototube are fed into a cathode 
follower and then through about 300 feet of RG62U 
coaxial cable (terminated by its characteristic im- 
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pedance) to a linear amplifier and then passed into a 
discriminator. The discriminator outputs are then fed 
into standard diode-type coincidence circuits which 
permit any combination of coinciding pulses to be re- 
corded by conventional scalers and mechanical register. 
This equipment (Fig. 4) is in the cyclotron control 
room. 

Coincidences from the first three, four, five, and all 
six counters are recorded, the difference counts yielding 
the number of protons stopping in the appropriate 
counter. The resolution of the entire system, up to the 
scalers, is better than one microsecond. The scalers 
have a resolution of about five microseconds, hence are 
sufficiently fast to cause no trouble since the coinci- 
dence rates are relatively low. Losses due to deadtime, 
multiple scattering of protons out of the telescope, and 
nuclear absorption were negligible. The efficiency of 
every counter was found to be essentially 100%. The 
entire system was frequently checked for stability and 
for over-all efficiency. 


(E) Angular and Energy Resolution 


In this type of experiment, angular resolution per se is 
only of slight importance since we are measuring a total 
rather than a differential cross section. The effect, 
however, of the angular resolution on the energy resolu- 
tion must be taken into account as indicated by Eq. (2). 
Having decided on an angular resolution commensurate 
with the energy resolution requirements a few practical 
points in the design of this telescope may now be con- 
sidered. The choice of small angles is dictated for best 
energy resolution consistent with the necessity of 
keeping the counters out of the direct neutron beam. 
This avoids both inordinately high singles counting 
rates and the high background coincidence rate caused 
by proton recoils produced by neutrons in the first 
counter. Therefore a preliminary experiment was made 
to determine just how well the beam could be col- 
limated. 

By using both photographic plates and counters as 
detectors, it was found possible to build a collimation 
system such that the beam spread at the exit of the 
system was essentially the one geometrically predicted 
by the size of the source and aperture system. 

An arbitrary minimum distance was chosen for the 
defining crystal to clear the beam. In a plane per- 
pendicular to the beam axis let us now visualize the 
projections of an arbitrarily shaped defining scatterer 
and defining crystal, one on each side of a band of 
width equal to our minimum separation distance. If 
both the scatterer and the crystal lie in planes or- 
thogonal to the incident beam, then the tangent of the 
angle through which a particle is scattered is propor- 
tional to the distance between the two corresponding 
points in our projection. Some reflection will indicate 
that the optimum counting rate consistent with the 
angular resolution requirements is determined by the 
circle shown in Fig. 5. The diameter (D,) of this circle 
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is proportional to the tangent of the maximum angle 
permitted by the criteria of angular resolution. The two 
segments in the circle would represent the ideal shapes 
for the scatterer and for the defining crystal. For 
practical purposes, though, we selected the rectangles 
of maximum inscribed area. The extension to a scatterer 
and crystal system of finite thickness is fairly obvious. 
The remainder of the telescope would appear to follow 
in a logical sequence, each crystal being parallel to the 
defining crystal and of sufficient size to cover the 
acceptance pyramid. Such a telescope, however, has a 
drawback due to the fact that two protons of a given 
energy but scattered at angular extremes would have 
sizeably different projected ranges, very possibly stop- 
ping in different crystals. The solution of this problem 
lies in a rotation of the scatterer and defining crystal so 
that the line through their centers is perpendicular to 
their faces. This is followed by either a graphical or an 
analytical determination of the sizes of the remaining 
crystals. In our specific case we felt it advisable to 
choose the collimating system rather than the scatterer 
as the defining source. We found that 1.5 in. by 3 in. 
o.d. wave guide of 0.064 in. wall thickness was suffi- 
ciently near the optimum rectangular shape. The 
scatterers were made somewhat larger in each dimen- 
sion thus obviating the complication of precise posi- 
tioning apparatus. We now have a defining system 
which satisfies two requirements: (1) it gives us definite 
minimum and maximum angles through which a par- 
ticle may be scattered; (2) it gives us an optimized 
counting rate. 

Especially if the angular acceptance interval is large 
we may wish to know more about what we may term 
the angular resolution function of the counter telescope. 
In other words, we may inquire as to the relative proba- 
bility of seeing a particle scattered through some 
angle 6, and, since we know only that the origin of the 
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ic. 6. Geometry for angular resolution calculations 
particle is somewhere in the scatterer, we must state 


this probability for the case of any two points in the 

atterer being equally probable origins. We thus may 
define the angular resolution function of the telescope 
as being the function of scattering angle which states 
he relative probability of detection of the particle, in 
the case in which the particle has equal likelihood of 
being scattered in any angular interval @ to 6+d8, 
# being the angle between the trajectory of the scattered 
particle and the axis of the incoming beam. 

In this case, then, we may think of the scattered flux 
from any point in the scatterer as being made up of 
cones with equal flux for equal angular intervals, the 
source point in the scatterer being the origin. Further, 
the cones are all right circular cones with axes parallel 
to the 


illustrated in Fig. 6. Since the detector or defining 


beam axis. Let us consider one such cone as 


a plane 


counter is in which is not orthogonal to the 
beam axis the section of the cone by this plane is either 
an ellipse or an hyperbola rather than a circle. The 
axis of the cone intersects this plane, therefore the 
section is an ellipse. 

For the case in which the counter is not in a plane 
orthogonal to the beam axis but in a plane which is 
nearly so, the elliptical segments may be approximated 
as circular segments with small error. For a point 
source then, the angular resolution function is par- 
ticularly easy to evaluate. It is simply the function of @ 
expressing the area of the counter cut off by the two 
cones of semivertex angles @ and 6+-d@ divided by the 
total area in the plane of the counter cut off by the same 
scatterer) 


cones. Generalization to finite source (..e., 


may be approximated by subdividing the scatterer into 


R. W. WANIEK 
sections of equal area, each of which is assumed charac- 
terized by a point source. 

In the more general case in which the ellipses cannot 
be approximated as circles, we are faced with an alter- 
native approach which is, of course, applicable to the 
simple case and which may actually be somewhat easier 
to use in practice. For a point source let us consider the 
circular sections made by the various cones in a plane 
perpendicular to the beam axis. Let us for convenience 
take this reference plane as being farther from the 
source than any similar plane through the defining 
counter: the angles of scattering are then uniquely 
related to the radius of the various circles. The angular 
resolution function is then the arc length “removed” 
by the defining counter divided by the circumference of 
the circle as a function of radius (i.e., scattering angle). 
Even more simply, by choosing the projected source 
point as the origin of a polar diagram the angular 
resolution function is then the polar angle subtended by 
the defining crystal as a function of radius (i.e., scatter- 
ing angle). Since we know the exact intersection of the 
scattering cone with the counter, we may take the 
extreme points of intersection as reference points for 
the determination of this angle. 

The actual mechanical procedure used may make this 
process more understandable. For a given source point 
we find the intersection with the defining counter of the 
cone of semivertex angle @. This section or curve is 


Taste [. Total cross sections in units of 10°?? cm? 





Yeutron 

energy High-energy bands 

Mev 93.440.5 97.2410 101.1 40.5 106.842 
H 77x 5 764 3 80+ 7 59+ 16 
D 110+ 7 1084 5§ 8i+ 10 62+ 22 
( 5i8+ 6 494+ 4 466+ 7 508+ 18 
oO 721+ 13 6754 9 649+ 14 668+ 42 
A] 1067+ 29 10464 23 920+ 5O 1064+ 130 
Si 11364 52 10674 42 1040+ 90 9254220 
Cl 13824- 58 1336+ 40 1380+ 75 1200+ 90 
li 1650+ 41 15654 29 15744 54 14902 80 
Fe 1947+ 48 18744 37 17354 80 19404185 
Cu 22044 56 2023+ 39 1880+ 70 1935+110 
Hg 43154150 44504105 45254180 45404255 
Pb 4630+ 90 45954 65 44104120 47404210 

— Medium-energy bands 

Mev) 76.7 40.5 81.241.0 85.5+0.5 W444 
Cc 6144 31 585+ 17 2+ 19 518+ 7 
Cl 14204 85 15974 59 13714 59 13324 19 
Ti 17004 9 19004 57 7724 59 16284 2 
Cu 21504100 23354 65 22254 70 21184 23 
Hyg 43104200 49854150 46804150 46974 50 
Pb 45904225 44504160 46504195 4605+120 

Low-energy bands 
61.0405 66.1+1.0 71.2205 92.347 

Cc 674+ 62 671+ 42 Mist 41 520+ 80 
Ti 1905+ 90 2210+ 80 18804 80 17374 15 
Cu 24404 20 24954 80 24504103 21394 18 
Hg 37704490 §=650004 400) 4533204575 47654120 


45904225 455041600 


4650+ 195 
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elliptical. This ellipse intersects the counter in an even 
number of points. Each of these points determines a 
definite ray of the cone since the origin of the cone is 
fixed. The intersection of each of these rays with the 
reference plane is found. These new points necessarily 
lie on a circle. The appropriate arc lengths or angles 
subtended may then be easily measured to give the 
value of the angular resolution function for this value 
of the scattering angle @. 

The angular resolution function is weighted by the 
value of sin@ at each point to give a new angular resolu- 
tion function in terms of solid angle. The final angular 
resolution function is the appropriate sum of the “point 
source’’ angular resolution functions. We are now in a 
position to consider the effects of angular resolution on 
energy. The angular resolution function is first weighted 
by the differential »— p cross section, modified because 
it is the proton and not the neutron which is seen by 
the telescope. A mean proton energy derived from 
range energy relations for the telescope is used to find 
the equivalent neutron energy for each angle, the 
angular resolution function as a result being trans- 
formed into an energy resolution function. Finally, this 
function is weighted by the spectrum of the incident 
neutron beam and a mean or effective neutron energy 
determined. In order to estimate the error in this mean 
neutron energy deliberate discrepancies may be intro- 
duced at any point. It was found that practically any 
step in this derivation could be dropped without shifting 
the effective neutron energy by more than about 
0.2 Mev. On this basis the errors in the effective energies 
were calculated not to exceed those indicated in Table I. 
It should be pointed out that this procedure must be 
used carefully. If there are any very large fluctuations 
of any component with angle or energy the effective 
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Fic. 8. Total cross sections of copper and titanium; 
Harvard results: @, Harwell results: ©. 


energy as well as resultant energy resolution could be 
affected. 


Ill. EXPERIMENTAL PROCEDURES 


The procedure of a typical measurement consisted in 
carefully aligning collimators, monitor and counter 
telescopes and the attenuator samples by means of a 
cathetometer aimed at the internal beryllium target. 
The monitor telescope was then checked for constant 
efficiency and the absolute efficiency of each of the 
counters in the counter telescope was determined. The 
requirements for the counter and for the related elec- 
tronics were essentially 100% efficiency and phototube 
voltage near the center of an efficiency versus phototube 
voltage plateau. The runs were carried out in symmetric 
cycles, each being started and finished with a no- 
attenuator measurement of the intensity. A typical 
cycle was made up of the following beam intensity 
measurements: no-attenuator, sample A, sample B, 
sample B, sample A, no-attenuator. Each of these 
determinations was composed of measurements made 
with each of the possible scatterers (polyethylene, 
carbon and no-scatterer) for the reasons outlined in the 
section on the counter telescope system. The purpose 
of the symmetric cycles was to counterbalance partially 
the effects of long term cyclotron beam fluctuations 
which could have possibly affected the energy spectrum 
of the beam. The time apportioned to each measure- 
ment in the cycle was such as to yield optimum statistics 
for a given counting time. This required a preliminary 
cycle for each set of samples in order to ascertain the 
relative counting rates, The length of time allowed for 
each cycle was never more than 3 hours for several 
considerations. The most obvious one was the preven- 
tion of the loss of much data in the event of machine or 
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Harvard e, Harwe! resuits 


resuits 


equipment failure, the second was the beam drift 


possibility mentioned before and the third was to 


permit an easy check of the internal consistency of the 
data 


section 


In general, the cycles were repeated until 


with about 2.5% 


a cross 
standard deviation was 
obtained. 
IV. RESULTS AND ANALYSIS 
The values of the cross sections are listed in Table I 


and are graphically presented in Figs. 7-10, Diffraction 
the 


Sewell 


according 


theoretical procedure given by McMillan and 


corrections were calculated either 


and outlined by Cook ef al.* or, in the cases where experi- 
; I 
the 


mental data was available, from value of the 


differential elastic scattering cross section extrapolated 
to 0 


elements, lead and mercury, and smaller for all others. 


7 The correction was about 1% for the heaviest 


Corrections for impurilies were neg igible in every 
case, including that of titanium. 

The cross sections of carbon and lead were taken 
with different thicknesses of sample material to check 
his 


beam degradation effects 


the exponential dependence of the absorption 


; 


indicates the absence of 


(increases in beam transmission due to in-scattered 


neutrons) other than those predicted by the diffraction 
correction 

The values at 106.8 Mev were taken at the extreme 
tail of the neutron spectrum where beam energy fluctua 
tion effects and low counting rates impair the accuracy 


of the results. In this case the maximum energy of the 


ig. 1 
‘FE. M. McMillan and D. C. Sewell, U. S. Atomic Energy 
Commission Report MDDC-1558, November, 1947 (unpublished 
* Cook, McMillan, Peterson, Sewell, Phys. Rev. 75, 7 (1949 
? Bratenahl, Fernbach, Hildebrand, Leith, and Moyer, Phys 
Rev. 77, 597 (1950 


defined the upper limit of the energy 


? 
neutrons (1 
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band, since this data was taken with the last counter 
of the telescope. This is also the case for the data at 
92.3 and 99.4 Mev with the exception that wider energy 
ranges ‘vere used with a corresponding increase in 
counting rates. 

The apparently low value in the cross section of 
deuterium at 101.1 Mev may possibly be attributed to 
counting errors. 

For purposes of comparison, contemporaneous meas- 
urements made at Harwell* and at Berkeley® have been 
indicated in Figs. 7-10. This is the only data in this 
energy range, to our knowledge, taken with energy 
resolution comparable to ours, and the agreement is 
good. The maximum in the lead cross section falling at 
about 82 Mev appears to be defined more sharply than 
in the Harwell data. Comments on the significance of 
these peaks have been made by Lawson" although the 
situation is not completely understood. 

It seems that future experiments with better absolute 
energy resolution and smaller counting errors are re- 
quired to investigate the possibility of a more detailed 


structure. The total cross sections obtained in this 
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experiment were used to investigate the reliability and 
the range of applicability of the theory describing the 
nucleus in terms of an analogy out of physical optics. 
The optical model"'-" describes the nucleus as a sphere 
of uniform density, with an appropriate absorption 
coefficient and an index of refraction for the Schrédinger- 
de-Broglie neutron waves. The main limitation imposed 
is that the wavelength of the incident neutron should 
be much smaller than the nuclear radius, a high-energy 
approximation. This is already nearly the case for 
neutrons of several tens of Mev and will therefore hold 
even better around 100 Mev. This concept represents 
an oversimplification of a more realistic picture as it 


4 Fernbach, Serber, and Taylor, Phys. Rev. 75, 1352 (1949) 
2S. Fernbach, University of California Radiation Laboratory 
Report UCRL 1382, 1951 (unpublished) 


does not investigate any structural effects nor does it 
take care of interfacial reflections. The values of the 
propagation vectors outside and inside the nucleus, 
kand k+k,, respectively, are calculated (the change in 
the phase velocity upon entering nuclear matter is 
related to the nuclear potential well of depth determined 
from the Fermi gas model of the nucleus). An absorption 
coefficient, K, is determined from the knowledge of 
p—p and n— > cross sections, the Pauli principle being 
taken into account. If we retain the expression, 
R=r,A'X10-" cm, 
for the radius of a nucleus, it is necessary to use other 
than the predicted &, and K. 


Best fitting values of k, and K are determined by an 
iteration procedure in which the nuclear radius obtained 


(3) 
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from these parameters and the experimental data is 
plotted as a function of A‘, a straight line passing 
through the origin being required by Eq. (3). Figures 
11(a), (b), and 12(a) represent the best results for the 
square nuclear potential well. 

Heckrotte” has applied the optical model to a 
parabolically shaped nuclear well of maximum depth V». 
Figure 12(b) shows the best fit for the present data 
using this model. K is essentially the average value of K 
while 8 may be taken as 4/3 the quotient of the average 
value of &, and RK. 

The fact that forced fittings of the data at 66.1 and 
81.2 Mev, as well as similar fittings by two types of 
wells at 97.2 Mev are possible, serves to point out one 


*W. Heckrotte, Phys. Rev. 95, 1279 (1954 
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of the strongest limitations of the present optical 
models, specifically that they do not yield unam- 
biguously the dependence of total cross sections on 


neutron energy. 
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An investigation of the average reduced neutron width to spacing ratio, or strength function, 
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of nuclear energy levels has been carried out as a function of atomic weight and neutron energy. The experi 
ment was performed by measuring deviations from exponential attenuation of a beam of neutrons passing 
through samples of various elements. Deviations from exponential attenuation were observed by com 
paring transmissions of thin samples for neutron beams filtered through thick samples with transmissions 


of thin samples for unfiltered beams 


1, INTRODUCTION 


MONG the features of the neutron-nucleus inter- 

action which depend strongly on the nuclear 
model is the average neutron width to spacing ratio 
.../D of levels of the compound nucleus. For levels 
formed by neutrons of zero orbital angular momentum, 
the strong interaction model' predicts an average width 
to spacing ratio: 


DoD = 2k (ye?)/D~2k/ eK, (1) 


where & is the wave number of the emitted neutron and 
K is the wave number corresponding to the average 
kinetic energy of the neutron inside the nucleus. 
(yo?)/D is the average reduced neutron width to spacing 
ratio or strength function® for levels formed by S-wave 
neutrons. The complex square well model of Feshbach, 
Porter, and Weisskopf,? on the other hand, predicts 
sharp maxima in [',o/D as a function of atomic weight 
and energy. These maxima occur near the positions of 


* Work supported by the U. S. Atomic Energy Commission 
and the Wisconsin Alumni Research Foundation 

t National Science Foundation Predoctoral Fellow 

! Feshbach, Peaslee, and Weisskopf, Phys. Rev. 71, 145 (1947); 


V. F. Weisskopf, Helv. Phys. Acta 23, 187 (1950). 
2 R. G. Thomas, Phys. Rev. 97, 224 (1955) 
* Feshbach, Porter, and Weisskopf, Phys. Rev. 96, 448 (1954) 


the giant resonances attributed to S-wave neutrons 
in the average total cross sections.‘ Between peaks 
the predicted values of f',0/D fall to a fraction of the 
values expected from the strong interaction theory. 
Wigner, Lane, and Thomas® have come to similar con- 
clusions concerning the reduced width density (77?) D 
of levels formed by neutrons having / units of orbital 
angular momentum. They have interpreted the giant 
resonances in the average total cross sections in terms 
of oscillations, over wide energy and atomic weight 
intervals, of (y?)/D. 

Carter ef al. have performed a survey of slow neutron 
resonance parameters for nuclei having atomic weights 
between 100 and 200 in an attempt to investigate the 
dependence of (y)/D on atomic weight. Their results 
show a maximum in (y°)/D for values of A near 160, 
in agreement with the predictions of the complex 
square well model. A similar collection of data which 
show a maximum in (y¢")/D for elements having atomic 
weight near 55 has been reported.’ However, the in- 


‘H. H. Barschall, Phys. Rev. 86, 431 (1952); R. K. Adair, 
Phys. Rev. 94, 737 (1954). 

* Wigner, Lane, and Thomas, Phys. Rev. 98, 693 (1955). 

* Carter, Harvey, Hughes, and Pilcher, Phys. Rev. 96, 113 
(1954) 

7 R. Cote and L. M. Bollinger, Phys. Rev. 98, 1162(A) (1955). 
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vestigations using this method are confined to slow 
neutrons, so that the energy dependence of (y«)/D 
cannot be determined. Total cross-section measure- 
ments® performed at Duke University in the energy 
region from 2 to 100 kev also indicate a maximum in 
y0?)/D for elements having atomic weight near 50. 


2. METHOD 


If neutrons having an energy spectrum /(£), where 
JS {(E)dE=1, pass through a sample of thickness ¢ the 
transmission is related to the total cross section o(£) 
of the nucleus under investigation by the expression 


r= f fe) exp[ —no(E)i ME, (2) 


where n is the number of nuclei per cm’ in the sample. 
If the sample is made thin enough that no(E)i<<1, then 


T~~exp(— nét), (3) 
where 


af s(Bo(Eae. (4) 


Equation (3) is ordinarily used to compute average 
cross sections from measured transmissions. The 
average computed in this way is the same as the 
average defined by Eq. (4) only for thin samples. If 
na(£)t is not smal! compared to one and the cross sec- 
tion varies rapidly with energy over the neutron 
spectrum /(£), the attenuation will not be exponential 
and the average cross sections computed using formula 
(3) will be lower than the average defined by Eq. (4). 
The effect will be particularly pronounced if the 
neutron spectrum extends over an energy interval 
which includes resonances. 

Thomas’ has derived an expression relating the 
deviation from exponential attenuation to the proper- 
ties of the cross section averaged over the incident neu- 
tron spectrum. He has shown that when only S-wave 
neutrons interact with nuclei of a sample containing 
a single isotope of zero spin, the measured transmission 
of a sample of thickness ¢ is given by 


T=(1+a(t) ] exp(—nét), (5) 


where a(t) is a measure of the deviation from expon- 
ential attenuation and is proportional to 


(1—/ (1 (E)) m|*). 


U(E) is the collision function for neutrons of zero 
orbital angular momentum. If ['/ D1 and the neutron 
Ie} 0 


energy is low,’ 
rT no 
. h 1- 7; ) (6) 
D y 


~ *H. Marshak and H. W. Newson, Phys. Rev. 98, 1162(A) 
(1955). 
* R. G. Thomas, Phys. Rev. 98, 77 (1955). 
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Equation (5) has been generalized® for elements con- 
taining more than one isotope and for cases where the 
sample nuclei have nonzero spin. The observed devia- 
tion from exponential attenuation can then be inter- 
preted in terms of an average value of P',o/D for all 
the contributing isotopes and spin states. 

Equation (5) and the corresponding equation for 
more than one isotope and spin state cap be used to 
obtain a(t) and [',9/D from measured values of 7’, the 
transmission of a thick sample of thickness ¢, providing 
é is known. Using Eq. (3), ¢ may be obtained from the 
transmission 7, of a thin sample of thickness d. Equa- 
tion (5) is then solved for a(t) and Pyo D. This pro- 
cedure is sometimes subject to a large statistical un- 
certainty, since the uncertainty in 7,'/4 is ¢/d times 
the uncertainty in 74, and the thickness ¢ of the thick 
sample must be about 7 times the thickness of the thin 
sample before the effect can be measured with any 
accuracy. Therefore [',o/D was determined also by 
comparing the transmission of a thin sample for a 
neutron beam filtered through a thick sample with the 
transmission of the thin sample alone. This procedure 
is more accurate than the one described previously if 
f'.o/D, and hence the deviation from exponential at- 
tenuation, is small. 

Errors in the determination of f',0/D can be intro- 
duced by the fact that deviations from exponential 
attenuation will occur because of the variation of the 
nonresonant cross section with energy over the neutron 
spectrum. The magnitude of this effect can be calculated 
if the energy dependence of the nonresonant cross sec- 
tion is known, and turns out to be at least an order of 
magnitude smaller than the effect caused by the 
resonances in the cross section in most cases. 


3. EXPERIMENTAL PROCEDURE 


The choice of sample elements was based on severa! 
considerations. It would be best to have separated 
isotopes of spin-zero nuclei since the deviations from 
exponential attenuation are largest in this case. A re- 
striction on the choice of elements is imposed by the 
Doppler effect®"” which broadens resonances in the 
cross section and reduces their maximum heights. If 
the Doppler broadening is as large as the level spacing, 
the resonances overlap, the cross section becomes con- 
stant, and there is no deviation from exponential 
attenutation. Another criterion that must be considered 
is that the level density must be sufficiently high so 
that many resonances are included in the energy spread 
of the neutrons. 

Transmission measurements were performed in the 
conventional manner." Neutrons were produced by 
bombarding lithium targets with 2-Mev protons from 
the electrostatic accelerator. Neutrons emitted in the 
forward direction with respect to the proton beam were 

J. M. Blatt and V. PF. Weisskopf, Theoretical Nuclear Physics 
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detected by a propane recoil counter 2.5 cm in diameter 
and 25 cm long. Cylindrical scattering samples 2.5 cm 
in diameter were supported approximately half-way 
between the neutron source and the effective center of 
the counter. The distance from source to center of 
counter was 45cm. Background counts caused by 
neutrons scattered from the floor and other surrounding 
objects were measured by inserting a 25-cm long 
paraffin cone between the neutron source and detector. 
Counting rates obtained in this way were about one 
percent of the counting rates in the direct beam. All 
the transmissions were measured to about one-half 
percent statistical accuracy. 

The average neutron energies used in evaluating the 
data were obtained by considering the energy sensitivity 
of the counter, the neutron energy spectrum from the 
Li’(p,m) reaction and the variation with energy of the 
quantity X°P,o. The last mentioned quantity is a meas- 
ure of the magnitude of the effect being investigated. 

Measurements were performed on carbon, nickel, 
zinc, selenium, strontium, silver, indium, cerium, tan- 
talum, radio lead, and bismuth. Carbon, which has no 
known resonance levels in the energy region used 
in this investigation, was used as a check, since no 
appreciable effect was expected. The level spacing in 
tantalum is about 6 ev,® and consequently the Doppler 
broadening should prevent the appearance of any effect 
beyond that caused by the variation of the average 
cross section. 

For many of the sample elements only two or three 
isotopes were present in any appreciable abundance, 
and the remaining isotopes had abundances of only a few 
percent, Since approximations were already involved 
in the interpretation of the data, in some cases rounded 
off values of the fractional abundances were used in 
evaluating the experiments. 


4. RESULTS 


Table I contains the values of Pyo/D and (y°)/D 
computed from the data. The second column lists the 
average neutron energies at which measurements were 
carried out, and the third column gives the observed 
increase in transmission of the thin samples when the 
neutron beam was filtered through the thick samples. 
Averages of f'.o/D computed in the two ways discussed 
II are presented in the fourth column. The last 
column contains values of (y0)/D calculated by dividing 
the values of [',o/D in the fourth column by 2k. The 
uncertainties quoted in Table I are statistical un- 
certainties only. 

In some cases, the 120-kev and 160-kev results for the 
same element disagree considerably. These fluctuations 
may be caused by large level spacings in the nuclei 
concerned. For example, good resolution total cross- 
section measurements”: on nickel and bismuth indicate 
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Taste I. Summary of experimental results 


E 

Element 
Nickel 120 
100 
80 
120 
10 
230 
80 
120 
230 
120 
100 
120 
80 
120 
100 
230 
80 
120 
100 
10 


Zinc 


Selenium 


Strontium 


Silver 
Cerium 


Bismuth 


Radio-lead 


0.043 
0.048 
0.026 
0.032 
0.031 
0.012 
0.017 
0.030 
0.020 
0.033 
0.004 
0.014 
0.047 
0.026 
0.042 
0.044 
0.016 
0.016 
0.003 
0.024 


0.067+0.011 
0.1234-0.015 
0.033+0.008 
0.06520.012 
0.097+0.018 
0.0722-0.036 
0.08 +0.02 
0.22 +0.05 
0.30 +0.10 
0.081+0.014 
0.012+0.018 
0.046+0.018 
0.03824-0.005 
0.021+0.005 
0.049+0.007 
0.072+0.011 
0.022+0.009 
0.040+0.016 
0.012+0.024 
0.070+-0.02 


T:-T: “as ye)/ 
(kev) (all 40.006) Average [.0/D in 10°" cm 


D 


0.44 +0.072 
0.70 +0.085 
0.265+-0.064 
0.427+0.079 
0.55 +0.10 
0.34 +0.17 
0.642+0.16 
1.45 +0.33 
1.42 +0.48 
0.53 +0.09 
0.068+0.102 
0.30 +0.12 
0.305+40.040 
0.138+0,.033 
0.278+0.040 
0.34 +0.05 
0.17740.072 
0.263+0.105 
0.068+0.136 
0.40 +0.11 


average level spacings from 10 to 20 kev in these 
elements. The total cross section of strontium" meas- 
ured with 20-kev resolution shows a large resonance 
or group of resonances near 100 kev, as well as similar 
peaks at 330, 440, and 530 kev. If these results are 
indicative of the level spacing in Sr®, an energy spread 
of 100 kev may not produce a good average over levels. 

Transmission measurements with carbon were taken 
at average neutron energies of 120 kev and 160 kev. 
At both energies 7,— 7 was found to be 0.007+0.006. 
This is to be compared with a value of 7,—7,~0.001 
calculated using the known variation of the carbon 
total cross section with energy. Similarly, the fact that 
the level spacing in tantalum is less than the Doppler 
broadening above 100 kev leads one to expect no 
resonance effects in this energy region. For tantalum, 
values of 7,—T7, of 0.006+0.006 and —0.007+0.006 
were found at average neutron energies of 120 kev and 
160 kev, respectively. These results on carbon and 
tantalum indicate that no unexpected deviations from 
exponential absorption comparable with the expected 
effects occur. (See Table I.) 

Measurements taken on silver showed a slightly in- 
creased effect when the sample was cooled to liquid air 
temperatures, although the change was within the 
experimental error. 

In Fig. 1, values of (yo?)/D are plotted as a function 
of energy for five of the elements listed in Table I. The 
vertical lines give the magnitude of statistical uncertain- 
ties and the horizontal lines indicate the neutron 
energy spread in each case. According to the strong 
interaction theory (y0?)/D is independent of energy 
and atomic weight and is about 0.23X10-" cm if the 
kinetic energy of the neutron inside the nucleus is taken 
to be 40 Mev. On the complex square well model, 


4 Miller, Adair, Bockelman, and Darden, Phys. Rev. 88, 83 
(1952) 
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(y@)/D is not expected to vary rapidly with energy 
except for elements having a giant S-wave resonance 
in this energy region. For elements such as selenium and 
bismuth, whose atomic weights are not in the region 
of a low-energy S-wave giant resonance,‘ the com- 
plex square-well model predicts a (yo)/D of the order 
of 0.05 10-" cm. For nickel, zinc and cerium values of 
(yo?)/D several times larger than this are predicted.* 

The selenium results exhibit an unexpected behavior. 
Even after taking into account the uncertainties in- 
herent in this method, the values of (y@)/D at 160 kev 
and 230 kev are much higher than those expected on 
the basis of either the strong interaction theory or the 
complex square-well potential. The values of (y)/D 
for 160 and 230 kev are so large that Eq. (6) cannot 
be expected to be valid. The quantity of significance is 
O=(1—|(U(E))«|*), the cross section for formation 
of the compound nucleus by S-wave neutrons divided 
by +X*, and cannot be more than unity. The fact that 
the values of Q corresponding to the 160-kev and 230- 
kev data are 0.9 and 1.2, respectively suggests that at 
these energies an appreciable amount of P-wave in- 
teraction is taking place. Furthermore, there is a peak, 
presumably produced by P-wave neutrons,’ in the 
measured total cross section" of selenium at an energy of 
about 200 kev. It is possible® that (y;? Dis sufficiently 
large at these energies to account for the high values 
of Q. The observed level spacing in selenium is of the 
order of 1 kev, a fact which makes it unlikely that the 
large values of O at 160 and 230 kev are due to statis- 
tical fluctuations in (y)/D. 


5. DISCUSSION 


The results presented have shown the feasibility of 
obtaining average reduced neutron width densities by 
observing deviations from exponential attenuation of 
fast neutrons. However there are not enough data to 
provide definite conclusions about the behavior of 
(y@)/D as a function of atomic weight, and conse- 
quently one could not make a choice between the 
complex square well and strong interaction models on 
the basis of these data alone. The values of (y¢?)/D for 
nickel and zinc might be evidence for the peak in 
(ye)/D as a function of atomic weight predicted by 
the complex square-well and intermediate’ nuclear 


% Walt, Becker, Okazaki, and Fields, Phys. Rev. 89, 1271 
(1953 
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Fic. 1. Strength function (y*)/D) vs energy. The values were 
computed from the data by assuming that only S-wave neutrons 
interacted appreciably. 


models. The fact that (y@)/D does not change much 
over an energy range of nearly 200 kev for zinc, cerium, 
and bismuth seems to indicate only S-wave neutrons 
interact appreciably with these elements below 200 kev. 
The selenium data, on the other hand, suggest a contri- 
bution by P-waves. 

Deviations from exponential attenuation will affect 
measured average total cross sections. As has been 
pointed out, average cross sections computed from Eq. 
(3) will in general be too low unless the sample used in 
the transmission experiment is thin. This effect is 
pronounced in the case of selenium, where average 
total cross sections'® measured with samples giving 
about 45 percent transmission are about ten 
percent lower than the values obtained in the present 
experiment with samples of about 85 percent trans- 
mission. For all of the other elements used in this in- 
vestigation, previously published'* average total cross 
sections agree with the values found in this experiment 
within five percent. 
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New Isotope Manganese-53t* 
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Manganese-53 has been produced by the nuclear reaction Cr®(p,n)Mn® in the bombardment of enriched 
Cr® for a period of 8 hours with 9.5-Mev protons. Measurements of the decay and absorption data indicate 
that this nuclice is an orbital electron capturing activity without gamma rays or positrons. With the assump- 
tion that the cross section for the reactions Cr“(p,n)Mn®™ and Cr“(p,2)Mn® are the same, it is possible to 
calculate an approximate half-life of 140 years for this nuclide. These data together with those from previous 
measurements on the energy levels of Cr® indicate that Mn* probably decays from an Fy ground state 
to @ Psa Cr® ground state in an /-forbidden transition with a relatively high log ft value. 


L INTRODUCTION 


N reporting the nuclide Mn™, Livingood and Seaborg! 

found no trace of the nuclide Mn®. Batzel, Miller 
and Seaborg* observed the nuclide Mn* in the spallation 
of copper, but did not observe Mn®. Although nuclear 
systematics indicated that Mn®™ should be long-lived, 
the expenditure of the time necessary for the search 
for a long-lived activity did not seem justified until a 
careful search had been made for a short-lived activity. 
Accordingly, a betatron bombardment of elemental iron 
was undertaken at the University of Chicago betatron. 
The nuclear reaction expected was Fe*(y,p)Mn®. The 
sample in cylindrical form was mounted directly in the 
beam of the betatron in such a way that the axis of 
the cylinder was the axis of the beam. A Geiger tube, 
shielded from the beam with six inches of lead, was 
placed parallel to the beam and two inches from the 
beam center. The entire apparatus has been previously 
described.’ 

If a Mn® activity in the half-life region from 0.02 
second to several minutes were to be produced in this 
bombardment, it should have been observed. Only the 
half-life region in the vicinity of 9 minutes and 2 minutes 
is obscured by other activities. A similar type of bom- 
bardment with chemical separation of the manganese 
was undertaken by Marquez‘ to look for an activity in 
the intermediate half-life range. All of these results 
were negative. 

In view of these experiments and because shell closure 
occurs at 28 neutrons, it seemed probable that Mn®* 
would have a very long half-life, probably considerably 
longer than the half-life of Mn™. The need for a high 
cross section for the production of Mn® because of its 
probable long half-life and the necessity of keeping the 
contaminating Mn* activity at a minimum, seemed to 


t This work was supported in part by the U. S. Atomic Energy 
Commission 
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dictate low-energy proton bombardment of the enriched 
isotope Cr®. 
Il. EXPERIMENTAL 


A sample of Cr,O; containing 92.1% Cr®*, 5.7% Cr®, 
1.7% Cr, and 0.5% Cr was obtained from the Stable 
Isotopes Research and Production Division of the Oak 
Ridge National Laboratory. This sample was bom- 
barded in the 60-inch cyclotron at the University of 
California for a period of 8 hours with 9.5-Mev protons. 
The total beam current for the bombardment was 
29.03 microampere hours. The sample was dissolved in 
concentrated nitric acid to which a few drops of 30% 
hydrogen peroxide had been added. The solution was 
boiled to destroy the excess H,O, and 10 mg of man- 
ganese as Mn(NOs)» was added as carrier. The solution 
was brought to boiling and solid KCIO; added to pre- 
cipitate the manganese as MnQ». The precipitate was 
filtered, washed with concentrated HNO;, then with 
distilled water and redissolved in concentrated HNO; 
to which a few drops of 30% HO, had been added. 
The resulting solution was boiled to destroy the excess 
H.O; and holdback carriers of chromium, cobalt, and 
iron were added. The manganese was again precipitated 
from the boiling solution with solid KCIO;. The pre- 
cipitate was filtered, washed, and dissolved as before. 
Holdback carriers were again added and the manganese 
precipitated as before. This step was repeated twice 
more with the holdback carriers present and a final 
time without the holdback carriers. The final precipitate 
of MnO, was evaporated nearly to dryness on a hot 
plate and then placed in a plastic planchet and dried 


Taste I. Analysis of the long-lived components of manganese 
activity resulting from the proton bombardment of Cr®. 


Constant 
amounts 


of activity Half-time of 


subtracted remaining 
(in counts straight line Mean deviation 
Case No minute) (in days flog activity/day) 
1 10 360 0.02341 
2 20 312 0.02328 
3 30 200 0.02392 
4 He 210 0.02707 
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under an infrared light. The activity was then measured 
by means of an ordinary Geiger counter. 
Ill. RESULTS AND DISCUSSION ya 

The activity of the sample was very high at first due 
to the presence of 5.8-day Mn®™. After the Mn® activity 
had completely died away, there were at least two 
longer-lived activities present. These long-lived ac- 
tivities have now been followed for a period of 29 
months. 

In order to insure the purity of the sample after the 
observation of the long-lived activities, a second series 
of chemical separations similar to those already de- 
scribed were made. These chemical separations in no 
way affected the absorption characteristics or gross 
activity of the sample showing that the activities were 
manganese. 

To eliminate any chance of the longer-lived activities 
being influenced by the relatively large amount of the 
5.8-day Mn® activity, that portion of the decay curve 
resulting from the 100 days immediately following the 
bombardment was discarded and only the last 26 
months of the decay used in the analysis. This analysis 
indicates that there were only two long-lived activities 
present. One of these long-lived components was 310- 
day Mn* as indicated by decay and absorption charac- 
teristics. The other component was a much longer-lived 
manganese activity than Mn*™. 

Simple inspection of the decay curve also indicated 
that this long-lived activity is present in relatively 
small amounts. Accordingly, small constant amounts of 
activity were subtracted from the over-all decay curve 
and the best straight line, as determined by the method 
of least squares, drawn through the resulting points. 
A plot of these straight lines gave the results shown 
in Table I. 

As indicated in Table I, the mean deviation of the 
plotted points from the straight line was least for case 2 
and greatest for case 4. The half-time of the remaining 
straight line of 312 days in case 2 agrees most closely 
with the half-life of Mn™ of 310 days as determined by 
Livingood and Seaborg' and the most recent determina- 
tion of the half-life of Mn as 291 days by Backofen 
and Herber.® The fact that the mean deviation in case 2 
was the smallest precisely when the Mn* half-life 
agrees most closely with previous experimental results 
gave some credulence to the belief that we were actually 
observing a new manganese activity which was very 
long-lived in comparison to Mn. In particular, it 
would seem to be justified to assume no decay of this 
activity over a period of 26 months if it is formed with 
a cross section even remotely close to that with which 
Mn* is formed. However, the potential accidental 
coincidence between the best Mn*™ half-life and the 
mean deviation of the straight lines made it imperative 


* E. W. Backofen and R. H. Herber, Phys. Rev. 97, 743 (1955). 
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Fic. 1. Absorption curve of Mn™ and Mn*. Curve B is an 
expanded plot of the dotted area in curve A 


to justify the existence of a smal] number of long-lived 
manganese counts in some independent way. In order 
to attain this end as well as obtain a better value of the 
amount of activity of the longer-lived component, the 
absorption curve of the sample was compared with the 
absorption curve of Mn which contained less than 
1% Mn*. 

This sample of Mn™ was obtained from the Oak 
Ridge National Laboratory and a portion of the sample 
chosen to give approximately the same specific activity 
as that of the bombarded sample. The Mn™ was 
precipitated as MnO, in the same manner as the original 
sample and mounted in the same type planchet. The 
experimental conditions for the precipitations dupli- 
cated as closely as possible those of the precipitations 
of the original bombarded sample. The absorption 
curves of this Mn* and that of the original bombarded 
sample were taken and compared by normalizing their 
gamma ray components as shown in Fig. 1. The differ- 
ence between the activities of the two absorption curves 
when normalized is 19 counts/minute. 

The close agreement of the activity of 19 counts/ 
minute as obtained from the comparison of the ab- 
sorption curves with that calculated from the decay 
data justified the assignment of this amount of activity 
to a long-lived isotope of manganese. 

The difference between the absorption curve of Mn“ 
and that of the bombarded sample is the absorption 
curve of Mn®. This absorption curve is shown in Fig. 2. 
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Fic. 2. Absorption curve of Mn™ 


The half-thickness from this plot was found to be 5.0 
mg/cm*. This half-thickness is within the error of our 
experiments of the calculated value of the chromium K, 
x-ray of 4.8 mg/cm?*. Not only is the half-thickness 
5.0 mg/cm’, but there is a single component in the 
absorption plot. This indicates that there are no gamma 
rays present in the decay of the new long-lived man- 
ganese activity. 

It is established then that we have a long-lived 
gammaless orbital electron capturing isotope of man- 
ganese. In view of the isotopic composition of the 
enriched Cr* isotope used in the proton bombardment, 
the presence of an unassigned position in the nuclear 
periodic table at 25 protons and 28 neutrons, the 
unusual stability expected because of shell closure at 
28 neutrons, and finally, the fact that this is a proton 
excess nucleus since it is an orbital electron capturer, 
the only reasonable assignment of this long-lived man- 
ganese activity is Mn®*. 

From the Mn® activity of 19 counts/minute, the 
Mn™ activity remaining after the gamma-ray com- 
ponent has been subtracted, the isotopic composition 
of the enriched Cr* used in the bombardment, and the 
cross section for the production of Mn® (assuming it is 
the same as that for Mn* in the reactions Cr(p,»)Mn™ 
and Cr*(p,n)Mn®) it is estimated that the half-life of 
Mn® is 140 years. 
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Fic. 3. A decay scheme for Mn®. 


The data of McClelland ef al. and Stelson and 
Preston’ in studying the Cr*(p,n)Mn® threshold indi- 
cate that Mn™ should decay with an energy of 598-kev. 
The ground state of Cr® is known to be a ps,2 state, 
whereas the relative intensities of the Cr neutron- 
capture gamma rays® indicates that the first excited 
state of Cr® is probably p12.” Therefore, Mn® should 
decay into the ground state of Cr® only, whether the 
ground state of Mn® is F5;2 or fz/2. On the other hand, 
other experimental indications point fairly strongly to 
the correct spin and parity assignment for the ground 
state of Mn®. If the ground state of Mn® is F5,2, then 
a 5/2— -»3/2— Lforbidden transition with logft value 
from 5.0-9.0 would result in a half-life for a 598-kev 
orbital electron capture of 70 days to 500 years. How- 
ever, the second forbidden transition (log ft value= 13.0) 
expected if the ground state of Mn® is fz/2 would result 
in a half-life of ~10* years. In spite of the uncertainties 
involved in the half-life determination of Mn® as 140 
years and the assignment of logft values, it seems 
probable that the half-life is known sufficiently accu- 
rately to discriminate rather strongly against the f7;2 
assignment as the ground state of Mn®. 

On the basis of all of these considerations the decay 
scheme for Mn®* shown in Fig. 3 is proposed. 
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Long-lived AF** has been chemically purified from aluminum targets used in the 86-in. cyclotron. The 
main decay observed is through a 1.30+0.15 Mev positron in coincidence with a 1.82-Mev gamma ray. 
In addition, gamma rays of 0.717 Mev and 2.91 Mev have been found. 





INTRODUCTION 


ROM experimental as well as theoretical considera- 

tions, it has been suggested [Kavanagh et al.' give 
an excellent summary of these data] that the 6-second 
8*-emitting Al** is not the ground state. Recently, 
Simanton, Rightmire, Long, and Kohman? have isolated 
a small amount of a long-lived aluminum activity from 
a target of magnesium bombarded with 15-Mev deu- 
terons at the University of Pittsburgh cyclotron. From 
their very low intensity source, they were able to 
identify gamma peaks from the 0.51-Mev annihilation 
radiation, and evidence was found for a gamma ray at 
~1.9 Mev. In addition, alurninum absorption data 
showed the presence of ~1-Mev electron. These data 
were consistent with the postulated positron decay from 
the 5* level in Al** to the known 1.8-Mev excited level 
in Mg”. The half-life of such isomer should then be 
10*-10° years. 

At the Oak Ridge National Laboratory, there are 
available several old aluminum targets which have 
received many hours of proton irradiation. Al** could 
be produced by the (p,pm) reaction or (p,2m) to short- 
lived Si®* with decay to Al**, and these targets should 
be a source of a considerable amount of Al**. Several 
targets were obtained and were processed as described 
below. 

PREPARATION OF THE SOURCE 


These old aluminum test targets used in the ORNL 
86-in. cyclotron had received an unrecorded number of 
hours bombardment with 22.4-Mev protons. The target 
of solid aluminum, 6 in. X10 in., which was cooled by 
circulating water and slightly concave, was flattened 
and placed in a tray with the face in contact with con- 
centrated hydrochloric acid. Approximately 25 g of 
aluminum were removed from the face. Holdback 
carriers of suspected possible contaminants were added, 
i.e., Co, Fe, Mn, and Zn. Purification of the aluminum 
was accomplished by taking the hydrochloric acid solu- 
tion of aluminum and saturating it with gaseous hydro- 
chloric acid while cooling to a temperature of 15°C.! 


t Work performed under contract to the U. S. Atomic Energy 
Commission. 

' Kavanagh, Mills, and Sherr, Phys. Rev. 97, 248 (1955). 

*Simanton, Rightmire, Long, and Kohman, Phys. Rev. 96, 
1711 (1954). 

7W. F. Hillebrand and G. E. F. Lundell, Applied Inorganic 
Chemistry (John Wiley and Sons, Inc., New York, 1929), p. 392. 


A volume of ether equal to the volume of the liquid was 
added and gaseous hydrochloric acid passed through 
until the solution was saturated; this was noted by a 
disappearance of the two layers. After standing approxi- 
mately one hour, the supernate was discarded by 
decanting. The precipitate of AlCl; was washed with a 
solution composed of equal parts of hydrochloric acid 
and ether and saturated with hydrochloric acid gas at 
15°C. The precipitate of AIC]; was dissolved in approxi- 
mately 10.V HCl, by warming, if necessary. Reprecipita- 
tion of AICI; was repeated eight times. After a study of 
the gamma spectrum and coincidence measurements, 
the purification was repeated with eight additional 
AICI; precipitations followed by an acid sulfide pre- 
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Taste I. Radiation from AP*. 
Absolute 7 
intensity 
relative to 
total 8° Remarks 
Coinc. with 1.82- 
Mev +-ray 


E (Mev) 
0.51 2 


Type 


Annihil gamma 
0.717 0.01 
1.82 1 
2.91 0.004 

1.30+0.15 1 


Gamma 1 
Gamma 2 
Gamma 3 


feta Coinc. with 1.82- 


Mev y-ray 


cipitation using Cu as a scavenger. The solution was 
then evaporated just to dryness and further studies 
made. 

The supernate containing the impurities was col- 
lected and boiled just to dryness. A qualitative scheme 
separation of these impurities followed by a gamma-ray 
spectrum of the separated groups showed the presence 
of Na, Mn, Fe, Co, and Zn radioactivities. These 
activities were produced from impurities in the original 
aluminum target, or the target was contaminated with 
them during the various test runs. However, since a 
gamma spectrum of the final product did not show the 
presence of these impurities either before or after the 
final repurification, it is felt the final product is pure. 


MEASUREMENTS AND DISCUSSION 


The purified Al,O, (~50 grams) was placed on top 
of a 3 in. <3 in. crystal Nal gamma-ray spectrometer 
and the gamma-ray spectrum obtained. The Al,O; was 
dissolved, further purifications made, and the material 
re-examined using the 3 in. x3 in. Nal crystal gamma- 
ray spectrometer. The gamma spectrum was similar to 
that obtained previously indicating that the aluminum 
had been successfully decontaminated from other ac- 
tivities. Figure 1 is a plot of the gamma-ray spectrum 
of AP obtained using the 3 in. <3 in. Nal crystal and 
a thirty-channel analyzer somewhat similar to that 
described by Porter and Borkowski.‘ 

It is believed that the scattering of points from 
channel 20 to 38 (~0.86 Mev to ~1.5 Mev) is due to 
statistics. Besides the 0.51-Mev annihilation gamma, 
the spectrum shows the presence of 0.717-Mev, 1.82- 
Mev, and 2.91-Mev gamma rays. The peak at 2.33 Mev 


‘F. M. Porter and C. J. Borkowski, Nucleonics 12, No. 3, 53 
(1952) 
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is believed to be mainly due to summing of the coinci- 
dent positron and 1.82-Mev gamma ray. The peak at 
2.91 Mev is believed to represent a real gamma ray of 
this energy and not a scattering pile up phenomena. 
A source of Na® (8+ and 1.28-Mev y ray) of about 
twice the intensity of the Al** was examined for a peak 
at (1.02+1.28) Mev; such a peak would result from a 
pile-up scattering also if the Al** 2.91-Mev y ray was 
produced in this manner. There was no peak observed 
in this region with the Na™ source. The approximate 
relative intensities of the gamma rays was obtained by 
dividing by the photopeak efficiency obtained from 
known standards in the usual manner. These data are 
shown in Table I. 

Aluminum absorption data were obtained by using a 
source containing ~100 mg of the Al,O; and an end- 
window Geiger-Muller counter as detector. Comparison 
of the slope of the activity vs absorber thickness plot 
with plots made of known energy beta emitters mounted 
in a similar manner indicated the positron energy to be 
1.30+0.15 Mev. 

Gamma-gamma coincidence measurements were made 
by using a 1 in.X1.5 in. NaI crystal spectrometer set to 
accept only 0.51-Mev photoelectrons from the annihila- 
tion gamma as one detector, and the 3 in. x3 in. Nal 
crystal set to accept only 1.82-Mev gamma-ray photo- 
electrons as the other detector. These data indicated 
the positron decay is to the 1.82-Mev level. No sig- 
nificant coincidence data were obtained between any 
of the other gamma rays. 

From the approximate intensity measurements, it 
appears that the number of 8* and 1.82-Mev gamma 
rays are about the same; this is confirmed by ion 
chamber measurements. 

From the known energy difference, Al**”—Mg* 
=4.01+0.02 Mev,* it appears that the positron energy 
must be 4.01—1.83—1.02=1.16 Mev which agrees 
with the observed value noted above. The 1.83-Mev 
and 2.9-Mev levels in Mg” are known,® but no level at 
0.7 Mev has been reported; because of the exhaustive 
chemical treatment, however, it is felt that this level 
does occur in the decay of Al?*. 

The authors are indebted to F. M. Porter and C. J. 
Borkowski for permission to use the thirty-channel 
analyzer. 

*C. P. Browne, Phys. Rev. 95, 860 (1954). 

wei M. Endt and J. C. Kluyver, Revs. Modern Phys. 26, 95 
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Seven gamma cascades of s,Po** have been identified by means of coincidence scintillation spectrometry : 
gamma rays of energy 0.77, 0.93, 1.12, 1.24, 1.38, 1.52, and 1.85 Mev appear in coincidence with the 0.607 
Mev photon transition to the ground state. The existence of a weak beta transition to the 0.607-Mev level 


was also verified. 


Four other gamma rays, of energy 0.85, 1.77, 2.20, and 2.40 Mev, appear as direct transitions to the 
ground state. Both gamma-gamma and beta-gamma coincidences were employed to verify the suggested 


energy level scheme. 





I, INTRODUCTION 


LTHOUGH many reports'~* have appeared on 

the gamma-ray spectrum following the beta 
decay of s;Bi®*(RaC), the decay scheme has not yet 
been satisfactorily described. In view of the somewhat 
discordant reports,* an attempt has been made to 
clarify the problem by means of gamma-gamma and 
beta-gamma coincidence scintillation spectrometry. 


II. APPARATUS AND EXPERIMENTAL PROCEDURES 


Approximately 5X 10~* curie of RaCl in equilibrium 
with its daughters was used as the source of RaC’ 
gamma rays. This source was dried and sealed between 
two Mylar films (0.88 mg/cm?) to prevent escape of 
radon and to insure detection of most of the beta 
radiation in the beta-gamma coincidence experiments. 

Gamma-gamma coincidence spectrometry was per- 
formed with two Nal(TI) crystals, each 2} in. in 
diameter and 2} in. high. Their resolution was approxi- 
mately 8 percent at 661 kev, and the height of the 
Compton distribution was 20 percent of the photopeak 
height in the absence of any collimation. 

The pulse-height spectrum in coincidence with any 
one gamma ray was obtained by accepting from one 
crystal and its single-channel analyzer a narrow band 
of pulse heights corresponding to the gamma-ray 
photopeak and by gating with it the multichannel 
analyzer. The second crystal fed directly a 24-channel 
Marconi pulse-height analyzer, which had been modified 
by the addition of a coincidence gating circuit. 

The source was placed directly between the two Nal 
crystals, and a portion of the RaC’ gamma spectrum 
was recorded on the multichannel analyzer. Beta-ray 
detection was eliminated by shielding the source with 
1 mm of Pb. The gating crystal was then adjusted to 
cover each photopeak in turn, and the resulting coinci- 


t Work performed under the auspices of the U. S. Atomic 
Energy Commission. 

‘C.D. Ellis and G. H. Aston, Proc. Roy. Soc. (London) A129, 
180 (1930). 

2C. D. Ellis, Proc. Roy. Soc. (London) A143, 350 (1935). 

2R. M. Pearce and K. C. Mann, Can. J. Phys. 31, 592 (1953). 

4M. Mladjanovic and A. Hedgran, Arkiv Fysik 8, 49 (1954). 

*G. D. Latyshev, Revs. Modern Phys. 19, 132 (1947). 

*F. Demichelis and R. Malvano, Nuovo cimento 9, 1106 
(1952); 10, 405 and 1359 (1953); 12, 358 (1954). 
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dence spectrum obtained. Its interpretation was carried 
out by keeping in mind that the counts in the peak, as 
seen by the gating analyzer, were due to both the 
desired gamma rays undergoing full energy loss in the 
crystal and to those gamma rays of greater energy that 
lost in the crystal energies falling within the band 
under consideration. 

For beta-gamma coincidence spectrometry, one of 
the 2} in.X2} in. Nal crystals was retained to record 
the gamma spectrum on the multichannel analyzer in 
coincidence with the beta rays of the source, as detected 
by a suitable scintillator. For beta energies below 0.8 
Mev the latter consisted of a Nal crystal, yy in. thick 
and $ in. in diameter, sealed by a 0.001 in. thick nickel 
foil, and calibrated with the conversion line from 
Cs'*7 (0.63 Mev). For beta energies greater than 1 Mev, 
a y-in. thick plastic scintillator, 1} in. in diameter, 
was employed. In both instances, corrections were made 
for the gamma response of the beta-ray detector by 
interposing sufficient thickness of Al to filter out the 
hardest beta rays. If the residual response to gamma 
rays was at all appreciable, the resulting gamma- 
gamma coincidence spectrum was subtracted from the 
observed beta-gamma coincidence spectrum. The pur- 
pose of the beta analysis was to determine which of two 
gamma rays (not in coincidence) originated from the 
higher energy level and to thus provide an independent 
method of verification for the suggested energy level 
scheme. The beta-ray scintillator, connected to a singie- 
channel analyzer, opened the coincidence gate on the 
multichannel analyzer when a beta ray was detected 
in the energy band under consideration. By setting the 
lower energy limit of this band above the beta-ray 
end point of a transition to a high-energy level, only 
those betas were detected which represent transitions 
to lower energy levels. In coincidence with these betas 
were detected only those gamma rays originating from 
energy levels below the limit chosen. 

For all methods of detection, the false coincidence 
contributions were evaluated in an identical manner. 
The radium source was left between the two detectors, 
so that the gamma spectrum presented to the multi- 
channel analyzer would be unchanged in either rate or 
shape. The gating analyzer was turned off, after the 
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gating rate had been determined. An independent 
source of pulses was then applied to the gating circuit 
of the multichannel analyzer at the same rate obtained 
in the coincidence experiment. These random pulses 
originated from a weak radioactive source placed in a 


remote location. 


Ill. EXPERIMENTAL RESULTS 
A. Gamma-Gamma Coincidences 


The pulse-height spectra were investigated in three 
consecutive portions of the 0.5-2.5-Mev energy band, 
solid 


ind typical results are shown in Figs. 1 to 3. The 
y] 
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Fic. 2. The solid curve shows the pulse-height spectrum of the 
RaC’ gammas between the 1.12- and the 1 77-Mev photopeaks 
The dashed curve is obtained by gating the multichannel! analyzer 
with the 0.607-Mev photopeak. Both curves are normalized at 


the 1.12-Mev photopeak 


and broken lines denote respectively the ungated spec- 
trum and the spectrum gated by the 0.607-Mev line; 
in Figs. 1 and 2 the two curves have been normalized 
on the 1.12-Mev photopeak in order to estimate roughly 
the intensities involved. It is evident from these data 
that of the ten gamma rays resolved by the crystal in 
the ungated spectra, six are in coincidence with the 
0.607-Mev line. Their energies are 0.77, 0.93, 1.12, 
1.24, 1.38, and 1.52 Mev. In addition, the previously 
reported weak photon of 1.85 Mev,’ * overshadowed by 
the 1.77-Mev peak in the ungated spectrum, is clearly 
detected in coincidence analogous to the others. The 
small peak at 0.607 Mev, in Fig. 1, that occurs when 
the analyzer is gated by the 0.607 photopeak, is due to 
the fact that the coincidence gate may be opened by 
Compton scattered components of gammas harder than 
0.607 Mev, and that the 0.607-Mev gamma is in 
coincidence with some of these. 

By repeating this technique with each of the other 
photopeaks in turn, no other coincidence peak was 
revealed outside the 0.607-Mev line. 

The photopeaks of 1.77, 2.20, and 2.4 Mev do not 
appear to be in coincidence with either the 0.607-Mev 
gamma or any other gamma. From these data we have 
constructed the decay scheme as shown in Fig. 4. 


B. Beta-Gamma Coincidence 


Beta-gamma coincidences offered the possibility of 
confirming the existence of at least some of the energy 
levels assumed in Fig. 4. 

Thus, for the 0.77-Mev gamma to be in coincidence 
with the 0.607-Mev gamma, it must originate from an 
energy level at least 1.38 Mev above the ground state. 
Since the beta energy to the ground state is 3.17 Mev,’ 
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Fic. 3. The solid curve shows the pulse-height spectrum of the 
RaC’ gammas between the 1.77- and the 2.4-Mev photopeaks 
The dashed curve is obtained by gating the multichannel analyzer 
with the 0.607-Mev photopeak 
Physica 18, 1247 (1952 
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CASCADE 


the beta ray decaying to the level in question must have 
an end point of 1.79 Mev. When the plastic scintillator 
is biased to look at beta energies greater than 1.8 Mev, 
no coincidences with the 0.77-Mev gamma ray should 
appear if our decay scheme is correct. When this test 
was made, the beta-gamma coincidence spectrum 
showed two peaks, corresponding to the expected 
0.607-Mev gamma and to one at 0.85 Mev, as shown 
in Fig. 5. Hence, the assumption that the 0.77-Mev 
gamma originated from a level at least as high as the 
1.38-Mev level is correct. The appearance of the gamma 
ray at 0.85 Mev confirms the findings of Pearce and 
Mann,’ and the other at 0.607 Mev verifies the existence 
of a weak beta transition to this level as suggested by 
Wapstra’ and others,’ since residual gamma-gamma 
coincidences were duly taken into account. 

In a similar manner, each of the gamma rays appear- 
ing in coincidence with the 0.607-Mev line was verified 
to come from an energy level as indicated by the decay 
scheme. The beta-gamma coincidence technique was 
admittedly not as decisive as the gamma-gamma 
coincidence technique, but it appeared adequate to 
determine that the photons of 1.12, 1.24, and 1.77 Mev 
all came from nearly the same level; that those of 0.77 
and 0.93 Mev originated from below this level; and 
that those of 1.38, 1.52, 2.2, and 2.4 Mev came from 
above this level. 

Some of the 1.38-Mev gammas have been shown to 
be in cascade with the 0.607-Mev gamma by both 


Fic. 4. The energy 
level system of «Po*, 
as determined by Nal 
coincidence scintillation 
spectrometry. Only those 
gamma rays actually 
detected in this work 
are included in this level 
scheme 
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Fic. 5. The solid curve shows the pulse-height spectrum of the 
RaC’ gammas between the 0.607- and the 1.12-Mev photopeaks. 
The dashed curve is obtained by gating the multichannel analyzer 
with betas of energy greater than 1.8 Mev 


gamma-gamma and beta-gamma techniques. The latter, 
however, were not rigorous enough to exclude the 
possibility that some of the 1.38-Mev photons originate 
as an alternative to the 0.77-0.607-Mev cascade, 


IV. CONCLUSION 
The decay scheme as determined by gamma-gamma 
and in a sense verified by the beta-gamma 
describes satisfactorily the cascades and 


coincidences, 
coincidences, 
energy level origins of the more intense gammas from 
ssPo*, Pearce and Mann,’ and others,’ have reported 
some gammas below 600 kev. These were not seen in 
with the 0.607-Mev were not 
looked for in coincidence with the other gammas. It is 
assumed that they must be very weak. 

We were unable to confirm the coincidences between 
0.76-Mev and 
Demichelis and Malvano.* We have, however, verified: 
the other three pairs reported by them, namely those 
of 1.12, 1.38, and 1.52 Mev with the 0.607-Mev gamma. 


coincidence line but 


1.29-Mev gammas, as reported by 
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The gamma radiations of Y* have been investigated with a scintillation spectrometer. The Y* was 


produced in a cyclotron by 


a (da) reaction on zirconium and was not contaminated with Y" or Y® isotopes 


present in fission product solutions. Gamma rays of 0.21+0.01, 0.47540.02, 0.94+0.03, 145+0.10, 1.9 
+0.10, and 2440.10 Mev have been observed and both 8-y and y-y coincidences of the lower-energy 
lines tabulated. A decay scheme is proposed which is consistent with the experimental data and with recent 


data on Nb” and Nb” reported in the literature 


I. INTRODUCTION 


ECENT isotope tables and compilations of nuclear 
data'? reveal that several of the isotopes of 
yttrium have been carefully characterized and their 
decay schemes determined. Half-life and beta-decay 
data for Y” are also reported in these tables but no 
attempt has yet been made to formulate a decay 
scheme. This nuclide was previously observed by several 
workers as a fission product and also as a product of 
the (n,p) reaction on zirconium. Work in this labora- 
tory’ verified the mass assignment of this 3.6-hr activity 
to mass 92 by comparison of relative (dy) reaction 
yields on the stable zirconium isotopes. 
The half-life of Y was determined as 

hours by Ames and his co-workers.* Values of 3.4, 3.5, 
and 3.6 Mev' have been reported for the maximum §-ray 
energy of this nuclide obtained by absorption methods. 
Ames ef al.* studied this 8-ray spectrum with a magneti 
spectrometer and from their data postulated the pres- 


3.60+-0.05 


Tasie I. Nuclear characteristics for yttrium isotopes 


Energy 


0.485, 0.390 


with Srt= 


0.908 ~99", 
1.853 99 
2.76 ! 
0.913 


104 da 


14 sex 


61 hr 2.18 N 

51.0 min 0.551 

61 day 1.53 1.2, 0.2 
both 0.1 

3.60 hr 3.60, 2 0.7-1.1 

10.0 hr 0.7 


$1 
165 min 54 1.4 
10.5 min 


*1T «isomeric transition; EC electron capture 


* Present address: Phillips Petroleum Company, Bartlesville, 
Oklahoma 

t This work was partially supported by the U.S. Atomic Energy 
( ommussion 

' Hollander, 
409 (1953 

* Nuclear Daia, National 
499 (U.S. Government Printing Office, Washington, D. C., 
including supplements and cards bringing table up to date 

*G. L. Schott and W. W. Meinke, Phys. Rev , 1156 (1953 


* Ames, Bunker, and Starner as given by reference | 


Perlman, and Seaborg, Revs. Modern Phys. 25 


Bureau of Standards Circular No 
1950 


ence of three 8 rays having maximum energies of 1.3, 
2.7, and 3.60 Mev but do not give information regard- 
ing the relative intensities of these radiations. The 
y-ray energies for this isotope were estimated by 
Hoagland and Katcoff® to be between 0.7 and 1.1 Mev 
by lead absorption. A search of the literature up to 
January, 1955 has revealed no additional work on this 
isotope. A chart showing the isotopes of niobium, zir- 
conium, and yttrium given in Fig. 1 indicates the rela- 
tionship of the various isotopes which might be found 
in low-energy deuteron bombardments of zirconium. 
Further information' on the radiations of the yttrium 
isotopes is given in Table I. 


Il. EXPERIMENTAL METHODS*’ 


The yttrium was produced by bombardment of high- 
purity zirconium metal foil with 7.8-Mev deuterons in 
the University of Michigan cyclotron. This foil (having 
natural isotopic abundances) was obtained from the 
Foote Mineral Company, Philadelphia, Pennsylvania 
and spectrographic analysis revealed the chemical im- 
purities listed in Table II. The energy of the bom- 
barding deuterons was such as to produce only isotopes 
of niobium, zirconium, and yttrium by (d,xn), (d,xnp), 
and (da zirconium. Smaller 
amounts of other products of these reactions could 
be expected from the chemical impurities. It has been 
found experimentaily in this laboratory that the (d,qa) 
reaction is energetically impossible for 7.8-Mev deu- 
terons on an element of as high a Z as hafnium. For 
this reason no lutetium isotopes are present in the 
chemically separated samples in spite of the presence of 
several percent hafnium in the target material. For 
satisfactory characterization then, the yttrium products 
of the (dja) reaction had to be chemically separated 
from a hundred- or thousand-fold excess of (d,n) and 
(d,p) reaction products of zirconium as well as from 
products of these reactions on the impurity elements. 

E. J. Hoagland and S. Katcoff, Radiochemical Studies: The 
Fission Products (McGraw-Hill Book Company, Inc., New York, 
1950), Paper 73, p. 660, National Nuclear Energy Series, Plu 
tonium Project Record, Vol. 9, Div. IV 


* The equipment and techniques mentioned in this section are 
described in more detail in the doctoral thesis of W. A. Cassatt, Jr 


reactions on the 


(reference / 
Wayne A. Cassatt, Jr., Ph.D. Thesis, University of Michigan, 
September, 1954 (unpublished 
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Fic. 1. Chart of niobium, zirconium, and yttrium isotopes 


The zirconium target was dissolved in hydrofluoric sample was measured with a survey 8-ray spectrometer.’ 
acid containing niobium and yttrium carriers, the pre- This instrument is a variable-field, 180° magnetic-type 
cipitates digested, centrifuged, and washed. The spectrometer with a four-centimeter focusing radius 
yttrium fluoride precipitate was metathesized with and utilizes a thin-window Geiger-Mueller tube as a 
concentrated potassium hydroxide solution, the hy- detector. The yttrium sample was prepared by evapo- 
droxide precipitate washed three times with water to rating an aliquot of purified yttrium nitrate solution on 
remove the fluoride ion, and then redissolved in a a thin (0.00025-in.) Teflon film with the aid of an 
minimum amount of HCl. More zirconium and_ infrared heat lamp. The dry sample was then covered 
niobium carriers were added, the zirconium and _ with another thin Teflon film which was held in place 
niobium precipitated by the addition of concentrated with rubber cement. 
phosphoric acid and these phosphate precipitates centri- 8-y and y-y coincidence studies were also carried 
fuged out, leaving the yttrium in the supernatant solu- out on the 3.6-hr yttrium activity. The coincidence 
tion. This solution of yttrium was then recycled twice counter consists of two scintillation detectors feeding 
through the above procedure, the final hydroxide pre- through linear amplifiers (Atomic Model 204B) into 
cipitate dissolved in a minimum amount of concentrated — twin single-channel differential pulse-height analyzers 
nitric acid, and an aliquot of the purified yttrium (Atomic Model 510) which in turn trigger a coincidence 
mounted for decay measurements. analyzer (Atomic Model 502A). This setup makes 

The gross decay of the yttrium fraction was followed possible the study of the coincidences occuring between 
on both a scintillation well-type counter (Nuclear- various parts of the y-ray spectrum of a sample, or 
Chicago Model DS-3) and a 4x proportional flow between parts of the y-ray spectrum in coincidence 
counter similar to that described by Borkowski.* These with portions of the 8-ray spectrum when suitable 
detectors were used in conjunction with a scale of 128 _ scintillation crystals and/or absorbers are used. 
counting circuit. High-purity methane (99 mole percent In the 8-y coincidence measurements, a ,’g-in. thick 
minimum from Phillips Petroleum Company) was by 1}-in. diameter trans-stilbene crystal was used in 
used as a counting gas. one scintillation detector to detect 8 rays and a 1 in. 

A y-ray scintillation spectrometer was used to study 1} in. Nal(T1) crystal was used in the other scintilla- 
the y-ray spectrum of a purified yttrium fluoride sample tion detector to count the y rays. A beryllium absorber 
which was taken before the final hydroxide precipita- (2430 mg/cm*), thick enough to stop the most energetic 
tion. This instrument utilizes as a detector a sealed (3.6-Mev) 8 rays from the yttrium, was used between 
l-in. cube of Nal(Tl) coupled to a DuMont 6992 the sample and the Nal(T!) crystal. No absorber was 
photomultiplier tube. The scintillation pulse is am- 
plified by an Atomic Instrument Company Model Taste II. Chemical impurities in zirconium target foil 
204B linear amplifier and fed into a Tektronix 514D as determined by spectrographic analysis 
oscilloscope, where the lines are recorded by a Polaroid 
Land camera. Pictures were taken of the spectrum 
appearing on the oscilloscope at various times after Al 0.04-0.08 Mo 0.001 
bombardment. An alternate system fed the pulses Sn oon A aan — 
from the linear amplifier into an Atomic Instrument Cu 0.007 Sj 0.02 
Company Model 510 single-channel pulse-height = ayer on oo 
analyzer. The pulses selected by this analyzer trigger Me 0.003 Ww 0.001 
a counting rate meter whose output is plotted on a Mn 0.001 
Leeds and Northrup Speedomax strip chart recorder. 

For other data, the 8-ray spectrum of an yttrium 


Element Percent Element Percent 


* Meinke, Cassatt, and Hall, “A Variable Field Survey Beta 
*C. J. Borkowski and T. H. Handley, Oak Ridge National Ray Spectrometer,” AEC Nuclear Chemistry Project Report, 

Laboratory Progress Report ORNL-1056, April, 1951 (un University of Michigan, June 1954. Also Atomic Energy Commis- 

published), p. 1 sion, Unclassified Document AECU-2944 (unpublished ) 
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Fic. 2. Yttrium-92 > ray spectra Top curve was taken three 
and one-half hours after the end of bombardment and ten and one 


half hours before the lower curve 


used between the stilbene crystal and the sample. The 
base line and channel width of the single-channel pulse- 
height analyzer connected to the NalI(T]) crystal were 
adjusted so that this analyzer passed on to the coin- 
cidence counter only those pulses lying within the 
energy region of one of the photoelectric peaks. The 
8-ray spectrum was then scanned in discrete steps with 
the single-channel pulse-height analyzer connected to 
the stilbene crystal. At each step the coincidence count 
rate and the gross count rate in each detector were 
recorded. This scanning was repeated for each of the 
four y rays 

For y-y coincidence studies the stilbene crystal was 
replaced by a lin.xX1}in. Nal(TI 
beryllium absorber (2640 mg/cm’) was placed between 
this crystal and the yttrium sample. One of the single- 
channel pulse-height analyzers was set to count only 


crystal and a 


those pulses under a given y-ray photoelectric-peak. 
The y-ray spectrum was then scanned with the other 
pulse-height analyzer. The gross counts and coincidence 
counts were recorded for each setting of the latter pulse- 
height analyzer. To reduce false coincidences arising 
from 180° Compton scattering from one crystal to 
another, a }-in. lead absorber was placed midway 
between the crystals with a j-in. hole in the center so 
that the sample could “see” both crystals. 


Ill. RESULTS 


Resolution of the decay curves taken with thin 
samples on the 49 proportional counter showed clearly 
that only three components, 3.6-hr, 61-hr, and 105-day, 
were present. Curves taken with the scintillation well 
counter showed a definite 3.6-hour component but 
were less conclusive for components of several days be- 
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cause of interference from the bremsstrahlung of the 
B-ray emitting 61-hour activity. Isotopes with these 
half-lives can be produced only by a (d,a) reaction 
upon the natural zirconium isotopes shown in Fig. 1. 
The short-lived Y®™ [which might be formed by a (d,a) 
reaction on Zr" ] and Y™ isotopes were not observed in 
this work since they had decayed out before the meas- 
urements were begun. 

Analysis of the decay curves indicated that activities 
of intermediate half-lives were present in amounts 
less than a few percent as compared with the amount 
of the 3.6-hr activity. The absence of any 51-min, 10-hr, 
14-hr, 80-hr or 61-day components in the decay curve 
indicates that the (dam) reaction does not occur to an 
appreciable extent at this deuteron energy. It also 
insures that the Y” can be characterized without inter- 
ference from radiations of these intermediate half-life 
isotopes, some of which would be present in good yields 
in fission product solutions and which could be dis- 
criminated against only by careful “milkings” of the 
strontium fission product parents. The absence of other 
components in the decay curve is further taken as 
proof that the yttrium was satisfactorily separated 
from the contaminating bombardment products of 
other elements in the target and also that no lutetium 
was formed as the result of a (d,v) reaction on the 
hafnium present in the target (the chemical procedure 
would not differentiate between yttrium and lutetium). 

The y-ray spectra’ taken during the first few hours 
after bombardment show three strong peaks at 0.21, 
0.475, and 0.94 Mev. Three weaker photolines were 
also observed at 1.45, 1.9, and 2.4 Mev. Spectra taken 
several days after bombardment show only a 0.90-Mev 
line and 1.8-Mev line, corresponding to lines reported 
for the 105-day Y** isotope. These same two lines still 
persisted in the sample three months after bombard- 


TasLe III 
rays observed with scintillation spectrometers 
standard deviations.) 


Energies, intensities and +-y coincidences of Y* 
(Errors are 


y rays in 
Energy Rel. intensity “coincidence” 
(Mev) corrected) (Mev) 
y, 0.21 +001 1 0.48, 0.94 
y: 047540.02 1.1+0.1 0.21, 0.475, 
0.94 (weak) 
+, 094 +0.03 1.9+0.4 


ve 145 +0.10 ~1 
ys 19 +0.10 0.1 
»« 24 +010 ~A).02 


0.21, 0.475, 0.94 


Other reported values 
From Nb® *: 


y. 0.930 0.98 0.900, Zr x-rays 

y~, 0.900 0.01 0.930, Zr x-rays 

ye 1.83 0.02 Zr x-rays 
From Nb®* >: 

ya 2.35 








* See reference 12 
» See reference 13 


” Pictures of these spectra and coincidence spectra referred to 
later in the paper can be found in reference 7. 
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ment and had decreased in intensity by a factor of 
approximately two. 

Graphs of the lower-energy lines of the y-ray spec- 
trum of Y” are shown in Fig. 2. A comparison of the 
original curves which are redrawn for Fig. 2 showed 
that the three y-ray peaks at 0.21-, 0.475-, and 0.94- 
Mev decay with the same half-life. Oscilloscope pictures 
of these lines also show that the lower-intensity lines at 
1.45(?), 1.9(?), and 2.4(?) Mev decay with roughly the 
same half-life as the three lower-energy lines. As further 
proof, intensity measurements on the 1.9-Mev line 
show it to be at least twenty times more intense than 
the 1.8-Mev line ascribed to the 105-day Y* present in 
the sample. These six y rays in the chemically purified 
sample were thus assigned to Y” because they all ap- 
peared to decay with a half-life estimated to be be- 
tween 3 and 4 hours. 

The experimental energy and relative intensity 
values for the lines of Y” are listed in Table III. 
Estimated errors are reported as standard deviations. 
The relative intensities of y;, y2, and ys; were obtained 
by integration of the area under the photoelectric peaks 
after subtraction of the background and the Compton 
distribution of the higher-energy y rays. These areas 
were then corrected for the ‘photoelectric yield” of the 
crystal by use of the curves of McLaughlin and 
O’Kelley." Relative intensities for ys, ys, and ys were 
estimated from oscilloscope pictures and the same cor- 
rections applied. 

The negative 8-ray spectrum obtained approximately 
twelve hours after bombardment of the zirconium gave 
an end point of 3.6+0.2 Mev, while two days after 
bombardment it gave an endpoint of 2.2+0.1 Mev, 
characteristic of Y®. The counting rate at 2.3 Mev of 
this two-component §-ray spectrum was followed down, 
giving a half-life of 3.4+0.1 hours. Next, the counting 
rate at the peak of the longer-lived 8-ray spectrum re- 
maining was followed down to background, giving a 
single half-life of 61+0.5 hours. These half-life and 
energy data were taken as adequate proof for assigning 
the 61-hour 8 ray to Y” and the 3.4-hour 8 ray to Y”. 

A sweep of the positive 8-ray spectrum showed no 
detectable amount of activity. This is to be expected 
since the only positron emitter produced in yttrium by 
a (d,a) reaction on zirconium would be the 105-day Y® 
isotope which decays only 0.19% by 8+. The small 
number of disintegrations of this isotope would not 
have been detected by our equipment. 

Curves were taken of 8-y and y-y coincidences cover- 
ing the entire 8-ray spectrum and including all 7 rays 
except the weak ones at 1.9 and 2.4 Mev. All the ob- 
served coincidence data were corrected by standard 
methods for random or chance coincidences and back- 
ground coincidences due to cosmic-ray showers. These 
curves show the 0.475-, 0.94-, and 1.45-Mev ¥ rays to be 

uP. W. McLaughlin and G. D. O’Kelley, California Research 
and Development Company Report MTA-40, September, 1953 
(unpublished), p. 11. 
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Fic. 3. Proposed decay scheme for yttrium-92 


in coincidence with 8 rays beyond 1.3 Mev, while the 
1.45-Mev y ray is in coincidence only with 8 rays up 
to 1.3 Mev. Data on the 0.21-Mev y ray were in- 
conclusive. 

The results of the y-y coincidence experiments are 
shown in Table III. No curves were taken for the 0.94-, 
1.9-, and 2.4-Mev 7 rays. 


IV. DISCUSSION 


The y-ray energy and coincidence data obtained in 
this work should correlate with levels of Zr” reported 
in the work of other laboratories. Hayward, Hoppes, and 
Ernst” have recently reported the energies and abun- 
dances of three y rays of Nb” as shown in Table III. 
In addition, James” has reported a 2.35-Mev y ray 
associated with what he considers to be an isomer of 
Nb”*. 

The decay scheme shown in Fig. 3 is consistent with 
most of these experimental data. The §-ray energies are 
those listed by Ames ef al.‘ since their instrument 
apparently gave better resolution of the individual 
8 rays than did the instrument used in this work. The 
1.1-Mev #-ray transition suggested in this decay 
scheme was not observed. The large relative intensity of 
the 0.94-Mev photopeak, however, precludes the 
possibility of placing the 0.21-Mev y ray in cascade 
with the 3.6-Mev 8 ray. It would undoubtedly have 
been difficult for Ames ef al. to completely resolve two 
such low-energy 8 rays (1.0 and 1.3 Mev) in this com- 
plex spectrum. 

The width of the y2 and 7s lines in the y-ray spectrom- 
eter curves would seem to indicate that they might 
actually consist of two y rays each. From ‘2, there 
can be readily resolved two y rays of 0.46+0.02 and 
0.49+0.02 Mev energy. Similarly, from 7, there can be 

'® Hayward, Hoppes, and Ernst, Phys. Rev. 98, 231 (A) (1955). 

4 R. A. James, Phys. Rev. 93, 288 (1954). 
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resolved with difficulty two y rays of 0.92+0.03 and 
0.964+0.03 Mev. 

The 2 doublet appears to correlate best with the 
more precise energy values of Hayward et al."* if placed 
in cascade with the 1.45-Mev 7 ray. Their 1.83-Mev 7 
ray corresponds well with the 1.9-Mev y ray reported 
here and the 0.94-Mev line appears to be indeed a 
doublet. Their intensity ratio for the 1.83-Mev line 
relative to the 0.930-Mev line agrees quite well with 
that obtained from Y®. 

James" recently reported a new 13-hour activity in 
niobium which he assigned to an isomer of Nb”. This 
assignment was based primarily on the similarity be- 
tween the (p,pm) excitation function of this activity 
and that of the 10-day Nb”. He states that the isomer 
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emits K x-rays of zirconium and a 7 ray whose energy 
was determined to be 2.35 Mev by a scintillation spec- 
trometer. This y-ray energy fits well into the level 
scheme proposed in Fig. 3 and would seem to sub- 
stantiate the assignment of the 13-hour activity to 
Nb”. While one might expect that the 1.42- and 
0.47-Mev y rays would have been also reported as 
present, they may have been obscured by the 0.93- and 
1.83-Mev y rays of the more abundant 10-day Nb”. 
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Metastable States of Re", Ir”, Au’, Pb?", and Pb?°*+* 
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Ten elements of atomic number between 60 and 82 have been bombarded wit’ 31.5-Mev protons and 


examined for activities with half-lives between 0.5 and 200 seconds. None were « 
Lu, and Ta. Those produced in W, Ir, Pt, Au, and TI were investigated with scir 


served in Sm, Ho, Tm, 
uation and proportional 


counters. Isotope assignments were made on the basis of excitation function studies. Observed were Re!™" 


(145 seconds), Ir'®" (4.9 seconds), Au'™*" 
(0 seconds), and Pb™*" (6.7 seconds 


INTRODUCTION 


N agreement with considerations based on the shell 

model it has been observed that many isotopes in 
the region between atomic number 60 and 82 have 
low-lying metastable states. It has further been pointed 
out'# that there is a grouping within this region defined 
by closed nucleon shells: the density of cases of nuclear 
isomerism increases sharply at the upper end of the 
region, there being seven observed cases with Z=60 to 
72 and twenty-four, with Z=72 to 82. In order to 
determine whether this effect is due solely to insufficient 
study of the lower end of the region, a search for new 
cases of isomerism was undertaken. 

Ten elements have been bombarded with 31.5-Mev 
protons and examined for activities with half-life 
between 0.5 and 200 seconds. These experimentally set 
limits include the expected half-lives of M3 and E3 
transitions of energy <200 kev, M4 and E4 transitions 
of energy >500 kev and energetic beta-decay trans- 
itions. Since a number of nuclear reactions are possible 

t This work was sponsored in part by the U. S. Atomic Energy 
Commission 

* This work was made possible by the Sarah Berliner Fellowship 
(1953-54) of the American Association of University Women 

'M. Goldhaber and R. D. Hill, Revs. Modern Phys. 24, 179 


(1952) 
* J. W. Mihelich and A. de-Shalit, Phys. Rev. 93, 135 (1954) 


3.9 seconds), Au" (31 seconds), Au’™ (7.4 seconds), Pb®™ 
Decay schemes are proposed and some regularities are discussed 


at the maximum bombarding energy, excitation func- 
tion studies were performed to permit isotopic assign- 
ment of the observed activities. 


EXPERIMENTAL 
I. Bombardment and Counting Arrangement 


The ten targets which were bombarded are ¢2Sm 
(> 98% )3 esHo (>99% )3 sg 1m (>96% )3 7Lu 
(>98%),? 3Ta (>99%), uW (>99%), Ir (99.5%), 
mPt (>99°%), wAu (>99%), and s:Tl (99.8%). All of 
these were in the form of the metal and the numbers in 
the brackets indicate their elemental! purity excluding 
oxygen contaminations from the formation of oxide 
coatings. 

The bombardments were performed at the University 
of California Radiation Laboratory linear accelerator. 
The beam was focused into a spot ;% inch by inch 
by a strong-focusing magnet consisting of four quadru- 
pole lenses. In addition, to make certain that the beam 
did not strike the target holder, a collimator was placed 
immediately before the target position. The energy of 
the protons from the linear accelerator is 31.5+0.5 
Mev ; for excitation function studies the desired energies 


*On loan from Dr. F. H. Spedding, Ames Laboratory, Ames, 
lowa 
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were obtained by the use of appropriate absorbers 
placed directly in front of the collimator. The beam 
current was measured by a gas scintillation beam 
monitor designed and built by Kitchen,‘ the output of 
which was connected to a standard integrating elec- 
trometer-recorder. This monitor was placed in the beam 
path in front of the absorbers and calibrated against a 
Faraday cup placed in the target position for all 
absorbers used. 

Shielding, consisting of eight inches of paraffin and 
vs inch of cadmium, proved sufficient to minimize 
neutron activation of the NaI(TI) scintillation crystal 
used for gamma-ray studies. In addition two inches of 
lead were used to reduce the external gamma-ray 
background. During bombardment, the target holder, 
centered on the beam spot, rested between two vertical 
rails on a catch. At the end of bombardment the catch 
was solenoidally withdrawn and the target holder fell, 
guided by the rails, through a slot in the shielding to a 
position between a scintillation and a gas counter. 
Thus the lower limit on the half-lives observable was 
set by the time of fall, ~0.5 second, while the upper 
limit was set to minimize accelerator idle time. 


II. Counters; Electronics 


The scintillation counter was of conventional design 
consisting of a one-inch by 1}-inch diameter NaI(T]) 
crystal and a DuMont 6292 photomultiplier packaged 
in an aluminum housing and protected by a magnetic 
shielding and lead shield. Under standard operating 
conditions, the photopeak of the Cs'*’ 0.66-Mev gamma 
ray was observed with 8% resolution. 

The gas counter was a continuous flow type em- 
ploying a 90% argon-10°7, carbon-dioxide mixture. It 
was operated in the proportional region and used to 
detect electrons. Energy determinations were made by 
absorption studies. 

A two-pen, three-speed Brush Company recorder was 
used to record the data. Pulses from the scintillation 
counter, amplified by a standard University of Cali- 
fornia Radiation Laboratory nonoverloading linear 
amplifier, were placed into a scaler connected to one 
pen of the recorder. The other pen was used to record 
either the pulses from the gas counter followed by a 
preamplifier, linear amplifier and scaler, or the pulses 
from a second output of the scintillation counter linear 
amplifier followed by an A.I. Model 510 single-channel 
pulse-height analyzer and a scaler. All the scalers were 
gated off for the duration of the linear accelerator 
radio-frequency pulse. 

Gamma-ray spectroscopy was performed by using a 
grey-wedge pulse-height analyzer which has been 
described previously.* 


*S. W. Kitchen, Rev. Sci. Instr. 26, 234 (1955). 
* Vera Kistiakowsky Fischer, Phys. Rev. 96, 1549 (1954). 
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III. Method 


The control used to end bombardment by shutting a 
flip gate or dephasing the Van de Graaff and linear 
accelerator, simultaneously started the recorder chart 
drive. Thus the starting points of the recorder traces 
correspond to end of bombardment. At the same time 
the target was dropped. The decay after each bombard- 
ment was followed until the counting rate due to 
longer-lived activities and external background became 
constant enough to permit resolution of the decay 
curves. 

The spectra of gamma-ray energies were studied with 
the grey-wedge pulse-height analyzer by exposing a 
given negative for a time interval after bombardment 
in which pulses from the desired activity were predomi- 
nant. This was repeated until sufficient pulses for an 
intelligible spectrum were accumulated. The general 
method has been previously described.® Energy cali- 
brations were made at intervals throughout each series 
of bombardments. The relative intensities of observed 
gamma rays were determined with the single-channel 
pulse-height analyzer. Decay curves simultaneously 
recorded on the differential and integral counting rates 
were resolved and the components were extrapolated 
to the time at end of bombardment. The ratio of these 
extrapolated counting rates were plotted as a function 
of pulse-height analyzer setting. The heights of the 
photopeaks corrected by empirical counting efficiency 
factors and calculated absorption corrections gave the 
relative intensities, The K x-ray values were corrected 
for the Auger effect.® 

Absorption curve determinations were made of the 
electron energies associated with each activity. Ratios 
of gas counter to scintillation counter counting rates at 
end of bombardment were plotted as a function of 
absorber thickness, and these curves were resolved. 
Electron to gamma-ray intensity ratios were corrected 
by the factors mentioned for gamma rays, by electron 
absorption corrections, and for the geometries of the 
two counters. 

Relative cross sections for the excitation functions 
were calculated from the counting rates of components 
of the resolved scintillation counter decay curves 
extrapolated to the end of bombardment. These were 
corrected as previously discussed and also by a satura- 
tion factor calculated from the length of bombardment. 
Absolute cross-section values were obtained by applying 
additional corrections for geometry, isotopic abundance, 
and branching ratio and conversion considerations. 


IV. Results 


Bombardment of Sm, Ho, Lu, Tm, and Ta yielded 
only very weak traces of short-lived activities. The 
amounts corresponded to cross sections of at least a 
factor of 10° smaller than the compound nucleus 


*H. S. W. Massey and E. H. S. Burhop, Proc 
(London) 153, 661 (1935-36) 
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TasLe 1. Summary of results. 
Target Observed Gamma-ray Electron 
Ele half-life ener gies energies Assign- 
Z ment (seconds) kev (Mev ment 
74 W = 145+4[38] 880440 510420 11401 Re™ 
106410 65410 <03 
77 Ir 49140.14(55] 135410 65410 <03 Ir 
3.88420.25(69] 255420 70410 <03 Au™ 
78 Pt 30640.19[65) 20420 70410 <03 Au 
7.2340.28[40] 270420 130410 <03 Au” 
70+ 10 
79 Au 
30.041.74[24] 200420 70410 <03 Au 
6.7342044[68)] 860440 75410 <10 Pb™= 
81 TI 
1+44[42}) 6584380 75410 <10 Pb™= 


formation cross sections for the given target and energy. 
The characteristics of the activities in so far as they 
could be determined indicated that they probably arose 
from oxygen and other low-Z elements. 

Table I summarizes the results with the other five 
targets. The half-lives quoted represent averages of 
those determinations which satisfied certain statistical 
criteria; the errors are their standard deviations. The 
number of determinations represented by each value 
is given in the brackets. No quantitative attempt to 
estimate systematic errors was made. However, the 
internal consistency between different runs under vary- 
ing conditions indicates that they are not more than a 
few percent. In the fourth column, listing the observed 
gamma-ray energies, the 65-75-kev radiations observed 
in all cases are probably K x-rays. The errors given are 
estimated experimental errors. The electron energies as 
measured by the absorption studies are given in the 
fifth column. The only case where a good end-point 
determination was possible was wolfram. In all other 
cases only upper limits could be set. 

The last column of Table I gives the assignments 
which were made for the observed activities on the basis 
of the excitation functions given in Figs. 1 and 2. In 
these the ratio of the experimentally determined cross 
section to the compound nucleus formation cross 
section’ (ro= 1.310" cm) is given as a function of 
the energy of the bombarding proton in the center of 
mass system. The uncertainties in energy of the points 
include the uncertainty concerning the energy of the 
initial beam and the spread due to target thickness. 
The uncertainties in cross section include an estimate 
of the experimental errors but do not include uncer- 
tainties in some of the factors involved in calculating 
the absolute cross sections. A downward pointing arrow 
indicates that the activity was not observed and only 
an upper limit could be set. 


*J. M. Blatt and V. F. Weisskopf, Theoretical Nuclear Physics 
(UJohn Wiley and Sons, Inc., New York, 1952) 
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INTERPRETATION OF RESULTS 
I. Gold 


Two short half-life activities were observed in the 
gold bombardments. One has a half-life of 7.2 seconds 
with which are associated 130- and 270-kev gamma 
rays, K x-rays and electrons. This is readily identified 
with the well-known metastable state of Au'’.* The 
second activity has a half-life of 30 seconds with which 
is associated a 260-kev gamma ray, AK x-rays and 
electrons. These values agree with those previously 
found for a metastable state of Au’ *"° which emits 
56.5- and 261.6-kev gamma rays. The 56.5-kev gamma 
ray is very highly converted and therefore would not 
have been observed in the present study. The experi- 
mentally determined intensity ratios for both isotopes 
agree very well with the known conversion coefficients. 
Previously proposed *- decay schemes for both isomers 
are given in Fig. 3. 

The observed excitation functions are given in 
Fig. 1(a). Curve A corresponds to the reaction, 
Au"’(p,p’)Au’", and curve B, to the reaction, 
Au’(p,p2n)Au"™, The values of the ratio o¢x,/o. 
are small at all energies, the experimental cross section, 
Texp being only a few percent of the compound nucleus 
formation cross section, ¢,. The total] inelastic scattering 
cross section for 31.5-Mev protons in gold has been 
shown" to be 0.29 barn, giving oexp/o7-=0.26, and 
and the cross section for the reaction Ta'*'(p,pn)Ta'™ 
with 23.4-Mev protons gives o¢xp/¢-=90.1." Both of 
these values represent upper limits for the formation 
probability of any excited state in the product nucleus 
and thus a o¢x,/o- of a few percent would be expected 
for such a reaction. The (p,p’) curve, curve A, rises 
with increasing bombardment energy to 15 Mev, the 
height of the potential barrier in gold. Then it drops 
off due to the increasing probability that the residual 
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Fic. 1. Excitation functions. (a) Activities produced by bom- 
bardment of gold with protons; A: 7.4-second half-life; B: 30- 
second half-life. (b) 4.9-second half-life activity produced by 
bombardment of iridium with protons. 


* J. W. Mihelich and A. de-Shalit, Phys. Rev. 91, 781 (1953). 

* Huber, Halter, Joly, Maeder, and Brunner, Helv. Phys. Acta 
26, 591 (1953). 

* Grillon, Gopalakrishnan, de-Shalit, and Mihelich, Phys. Rev. 
93, 124 (1954) 

“RM. Eisherg and G. Igo, Phys. Rev. 93, 1039 (1954) 

® Cohen, Newman, Charpie, and Handley, Phys. Rev. 93, 1039 
(1954). 
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nucleus will still have sufficient excitation energy to 
emit another particle. The (p,p2n) curve, curve A, rises 
sharply above 20 Mev which is approximately the 
threshold for emission of three particles from the 
compound nucleus. 


Il. Platinum 


Of the two activities observed after the bombardment 
of platinum, the one with 30.6-second half-life can be 
immediately assigned to Au'*™ on the basis of half-life, 
gamma-ray energy and K _ conversion coefficient. 
Furthermore, the excitation function for this activity, 
Fig. 2(a) curve B, is what would be expected from the 
sum of the reactions Pt" (p,n)Au™™, Pt'*(p,2n)Au™, 
and Pt'**(p,4n)Au’™. Both curves in this figure have 
not been corrected for isotopic abundance and ¢ex»/¢- 
would be approximately one at lower energies if this 
correction were made. In this atomic number region 
such a value indicates that the decay mode of the 
compound nucleus leading to the isotope in question 
does not involve charged particle emission. The shape, 
first constant and then falling off after 20 Mev, indicates 
that (p,m) and (p,2n) but not (p,3m) contribute, while 
the upward turn at 30 Mev can be explained by a 
(p,4n) contribution. 

Curve A is the excitation function for the production 
of the 3.88 second activity. On the basis of similar 
arguments it is assigned to Au" produced by the 
reactions Pt™(p,2n)Au™", Pt'*(p.3n)Au™™, and 
Pt'*(p,4n)Au™™. The initial rise in the curve indicates 
the absence of (p,) contribution. This isomer was 
observed to emit a 255-kev gamma ray with ag=0.4+0.1 
and K/L~2. Comparing these numbers with the theoret- 
ical ax values given by Rose ef al.” and the empirical 
K/L curves given by Goldhaber and Sunyar," the tran- 
sition is found to be M1 with possible £2 admixture. 


® Rose, Goertzel, Spinrad, Harr, and Strong, Phys. Rev. 4, 
1056 (1951 
“ M. Goldhaber and A. W. Sunyar, Phys. Rev. 83, 906 (1951) 


Thus the multipole order of the gamma ray is definitely 
too low to account for the half-life and some other tran- 
sition must be rate-determining. 

Grillon et al." have discovered a metastable state in 
Au following the electron capture decay of Hg" 
whose half-life they were not able to determine. They 
observed conversion electrons corresponding to 31.9- 
kev (£3), 257.9-kev (M1) and 291-kev (weak) gamma 
rays. The 257.9-kev gamma ray and the 260-kev gamma 
ray observed in the present study are presumably 
identical. The other two would not have been observed. 
Thus the decay scheme given by Grillon e al.,” Fig. 
3(c), is assigned to the 3.88-second Au'™™, 


III. Iridium 


Figure 1(b) shows the excitation function obtained 
for the production of the 4.91-second half-life activity 
in iridium. The o.x,/o- values are of the order of 
magnitude expected for reactions involving emission of 
charged particles from the compound nucleus. The 
shape of the curve indicates contributions from (p,p’) 
and (p,p2n) but not (p,pn). Therefore this activity is 
assigned to a metastable state in Ir™ produced by 
Ir (p,p’)Ir'™™ and Ir (p,p2n)Ir'™. Assuming all K 
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Fic. 4. Typical decay curve for Ir". The points are experi 
mental and are resolved into two components, (A) 4.9-second 
half-life, (B) background. The insert gives the distribution of 
values determined for the half-life 


x-rays and electrons to arise from the conversion of the 
observed 135-kev gamma ray it is found that ax=2.7 
t0.5 and K/L~0.08. 

A 129.1-kev gamma ray going to the ground state of 
Ir™ has been observed both from the decay of Os! '*-" 
and of Pr ,°.» T 
= 2.2 and thus the transition is a mixture of M1 and £2 
Identifying this with the observed gamma ray, the 
discrepancy in K/L ratios would be explained by a 
highly L-converted gamma ray corresponding to the 
rate determining transition. A reasonable choice for this 
would be the 41.7-kev gamma ray observed preceding 
the 129.1-kev gamma ray in the decay of Os'.'*~ Its 
Ly: Liy ratio is compatible with assignment to an £3 


he gamma ray has ax=2.1 and K/L 


transition 

In two recent papers, experiments are reported in 
6.8+1.0 and 5.6+0.4 
seconds have been observed for a metastable state of 
Ir which emits a 130-kev gamma ray. In one of 
them, Mihelich, McKeown, and Goldhaber™ give a 
very convincing argument for the same decay scheme 
suggested here and illustrated in Fig. 3(d). Figure 4 
shows a typical decay curve and, in the insert, the 


which half-lives of seconds! 


distribution of values obtained for the half-life in this 
experiment 


IV. Thallium 


Figure 2(b), curve A, shows the excitation function 
obtained for the 60-second activity produced by bom- 
bardment of thallium. It has both the magnitude and 


‘J. B. Swan and R. D. Hill, Phys. Rev. $8, 831 (1952 

FE. Kondaiah, Arkiv Fysik 3, 47 (1952 

7S. A. E. Johansson, Arkiv Fysik 3, 533 (1952 

“RD. Hill and J. W. Mihelich, Phys. Rev. 89, 323 (1953 

“FF. McGowan, Phys. Rev. 93, 163 (1954 

*® Cork, Brice, Schmid, Hickman, and Nine 
1218 (1954 

* Mihelich, McKeown, and Goldhaber 
(1954 

#=R. A. Naumann and J 


(1954) 


Phys. Rev. 94, 
Phys. Rev. 96, 1450 


B. Gerhart, Phys. Rev. 96, 1452 
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shape expected for a (p,3m) reaction. Curve B, that 
for the 6.7-second activity observed, has a shape 
resembling a (p,m) curve at low energies and (p,3n) at 
high, with no (p,2n) component. Thus the 60-second 
activity has been assigned to a metastable state of 
Pb™ from TP (p,3n)Pb™'™ and the 6.7-second activity 
to a metastable state of Pb™ from Tl*™(p,n)Pb™™ and 
TI*(p,3..)Pb™". Hopkins* also bombarded thallium 
with protons and observed 50-second and 5.6-second 
half-life activities which he identified as Pb™'™ from 
TP (p,3n)Pb”"™ and Pb” from TP?(p,2n)Pb™™. The 
second assignment was based on observing the activity 
with a bombarding energy of 22 Mev but not with 17 
Mev.” This was not the case in the present work, as 
seen in Fig 5 which shows a typical decay curve 
obtained with bombarding energy <15.2 Mev. Figure 
6 shows a typical decay curve from maximum energy 
bombardment, with an insert which gives the observed 
distribution of half-life values. An explanation for the 
discrepancy between the 6.73-second half-life observed 
in this experiment and the 5.6-second value previously 
obtained has not been found. 
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It was found in the present study that a 0.86-Mev 
gamma ray with ax=0.13+0.06 is emitted by Pb”. 
This is in best agreement with the theoretical value of 
an M4 transition.” The ground state of Pb” has been 
found to be /s)2 from its electron capture decay scheme.”* 
This and the shell model suggest that the state is 13/2 
as illustrated in Fig. 7(a). Using the semiempirical 
formula given by Goldhaber and Sunyar" for the mean 
life, r,, of an M4 transition: 


ty=1X10(2i+1)/A°*E’, 


where is the spin of the initial state and E, the energy 
of the transition in Mev, an expected half-life of 7.2 
seconds is calculated for Pb™™, in excellent agreement 
with the experimental value. 

In the present work, Pb”'™ was observed to decay 
with a 60.1-second half-life emitting a 0.65-Mev gamma 
with ax=0.75+0.25. This is in best agreement with 
the theoretical value for an M4 transition.” Hopkins™ 

™N. J. Hopkins, Phys. Rev. 88, 680 (1952) 


* N. J. Hopkins (private communication, 1955 
* J. Varma, Phys. Rev. 94, 1688 (1954) 
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reported a 56-second half-life and 0.67-, 0.42-, and 
0.25-Mev gamma rays. More recently his work has 
been repeated and the two lower-energy gamma rays 
were not observed.* The half-life calculated for this 
transition using the Goldhaber-Sunyar equation" is 61 
seconds, again in good agreement with the experimental 
value. Thus the decay scheme shown in Fig. 7(b) is 
proposed for Pb®'™ in analogy to that for Pb™*. 


V. Wolfram 


Figure 2(c) shows the excitation function obtained 
for the 145-second activity produced in wolfram. The 
order of magnitude of the maximum value and the 
shape of the curve assign the activity to the product of 
a (p,3n) reaction alone. Thus it must be Re! from 
W'"(p,3n)Re™. The contribution from W'™(p,)Re!™ 
is not seen because of the 0.135°7, abundance of W'™. 

Gamma rays with energies of 880 kev, 510 kev, and 
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Fic. 6. Typical decay curve for Pb®'" and Pb™*". The points 
are experimental] and are resolved into three components: A, 
6.7-second half-life; B, 60-second half-life; C, background. The 
insert gives the distribution of values determined for the shorter 
half-life 


106 kev; A x-rays; electrons and a beta-particle group 
of maximum energy 1.1 Mev were observed from the 
decay of this isotope. It is calculated from the semi- 
empirical mass equation® that the ground state of 
Re’ is unstable by 2.8 Mev with respect to the ground 
of W'™, suggesting that the 1.1-Mev beta particle is a 
positron. That this is the case and that the 0.51-Mev 
gamma ray is annihilation radiation is confirmed by 
the ratio of their intensities, Vg. 1.1 mev/\+y,0.51 Mev=9.7 
+0.4. The theoretical ratio of K electron capture to 
positron emission is found to be fx/f,=50 from the 
curves of Feenberg and Trigg?’ and it is calculated that 
log fts+x=4.0. A correction for L electron capture 
raises this to log fts+ «= 4.1. 

The ratio of the intensity of the 1.1-Mev positron- 


* N. Metropolis and G. Reitwiesner, “Table of Atomic Masses,” 
Atomic Energy Commission Report NP-180, 1950 (unpublished). 

17 E. Feenberg and G. Trigg, Revs. Modern Phys. 22, 399 (1950). 

* M. E. Rose and J. L. Jackson, Phys. Rev. 76, 1540 (1949) 
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electron capture decay branch to that of the 0.88-Mev 
gamma ray is [(/,+fx)/ f+ JN 8.1.1 Mev/N'y,0.88 Mew= 10 
+4. Thus these transitions are not in sequence and the 
0.88-Mev gamma ray probably follows an electron 
capture decay to an excited level in W'™. If one assumes 
that the energy of this transition is (£s++1.0)—E, 
=1.2 Mev, it is found that log /t=4.6. When log fts*, x 
is corrected for this branching, it is still 4.1. This 
suggests that there must be a third competing decay 
mode and an obvious choice, in view of the radiations 
observed, is that electron capture and positron decays 
proceed from a metastable state of Re'®, The 106-kev 
gamma ray is possibly emitted in this suggested iso- 
meric transition. However, Brown ef al.” observed a 
level of W'® 102 kev above the ground state. By 
analogy to Hf'® and all other stable even-A wolfram 
isotopes which have 2+ rotational states at about 100 
kev,” this is probably an £2 transition. The observed 
106-kev gamma ray may also be partially or completely 
due to this transition and a number of decay schemes 
are possible as indicated in Fig. 8. 


CONCLUDING REMARKS 


Of the ten targets studied, only those at the upper 
end of the atomic number region gave observable 
activities. In view of the limitations of the experiment, 
this is not conclusive but it does substantiate the 
previously mentioned effect. There are now seven known 
cases of isomerism between Z = 60 and 72, and twenty- 
seven between Z=72 and 82. Goldhaber and Hill' and 
Mihelich and de-Shalit® have suggested that the absence 
of odd-proton isomers in the lower region can be 
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* Brown, Bendel, Shore, and Becker, Phys. Rev. $4, 292 (1951) 
*N. P. Heydenburg and G. M. Temmer, Phys. Rev. 93, 906 
(1952) 
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explained by the destruction of the metastability of 
the expected single-particle levels through the inter- 
vention of low-lying levels of the coupled system. 
Mihelich and de-Shalit? have pointed out that the 
transition matrix elements, | M ?, for the M4 transitions 
between ijz2 and fs. states in odd-neutron Pb, Hg, 
and Pt isotopes show a dependence on nucleon number. 
M |* is defined as the ratio of the mean life for the 
transition calculated as in Blatt and Weisskopf’ to the 
experimental value corrected for conversion. Table II 


Taste II. Values of |.M |? for M4 transitions 


115 


combines the values for Pb®™" and Pb™* observed in 
the present study with those previously given? It 
again emphasizes that | M |? increases as the nucleon 
numbers of the isomers approach closed shells. The 
observation however, that this increase is less than a 
factor of two accounts for the success of Goldhaber 
and Sunyar"™ in fitting an expression to the observed 
half-lives without considering closed shell effects. 

The E3 transitions between /,,;2 and dsy2 levels in the 
odd-neutron Au and Ir isomers might be expected to 
show similar behavior. Since accurate values for the 
conversion coefficients of low-energy £3 gamma rays 
are not yet available, be said about 

M \?-'M'\*(1+a), where a is total conversion 
coefficient, is plotted against transition energy in Fig. 9 
and is seen to be a smooth and rapidly decreasing 
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Fic. 10. Energy separation of ij3/, and {5/2 levels in odd-A Pt, 
Hg, and Pb isotopes (a) as a function of neutron number, (b) as 
a function of proton number. 


function. If one assumes that | M |? does not vary by 
large factors as is the case in the M4 transitions dis- 
cussed above, then the curve is essentially the energy 
dependence of (1+-a). 

It has been shown? that the energy separation of the 
tia/2, fez, and pyy2 levels changes smoothly with neutron 
number in odd-neutron Pt and Hg isotopes. In Fig. 
10(a), the energy separation of the 3/2 and fs2 levels 
in Pb, Pt, and Hg isotopes is plotted against neutron 
number. The values for Pb”'™ and Pb™ were those 
observed in this experiment while those for the other 
isomers were taken from the article by Mihelich and 
de-Shalit.2 Figure 10(b) shows the energy separation 
plotted against proton number for neutron number 119 
and 117. In both cases the level separation is seen to 
increase smoothly as expected as the nucleon number ap- 
proaches a closed shell value. 
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K*° Branching Ratio 


A. McNarr, R. N. Grover, anp H. W. Witson 
Department of Natural Philosophy, The University, Glasgow, Scotland 
(Received April 11, 1955) 


The ratio of gamma to beta transitions occurring in the decay of K® has been accurately determined by 
two different counting methods, yielding the ratios 0.124+-0.002 and 0.121+0.004, respectively. 


T is generally accepted that the isotope K® decays 
to A® by electron capture followed by a gamma ray 
and to Ca® by beta emission.'? Two methods have 
been used to measure the branching ratio for the decay: 
(a) The ratio of gamma (or electron capture) to beta 
transitions, with suitable corrections, is determined by 
counting methods. (b) The ratio is inferred from the 
quantity of argon, or calcium, or both in a potassium- 
mineral of known age. Disagreement between the 
results obtained by the two methods? justified another 
careful study of the branching ratio by method (a). 
Two different procedures were followed. The ratio of 
the number of gamma to beta transitions occurring in 
the decay of Co was compared with the corresponding 
ratio for the K® decay, thus avoiding, to a first order, 
calculations of the efficiencies of the beta and gamma 
detectors. The ratio is given by the expression 


YK Beco 


YCo 


’ 


DK 


where yx, Yco are the directly measured gamma 
counting rates and 8x, 8c, are the beta rates. Had the 
two beta spectra been identical and had the gamma 
transitions been of equal energy, a very precise value 
of R would have followed directly. As it was, various 
corrections, mentioned later, had to be made. 

The gamma detector consisted of a cylindrical Nal 
crystal (2 in. longX? in. diam.) placed coaxially within 
a vessel of approximately 200 cc capacity into which 
could be poured the solutions under test. There was 
sufficient absorber to prevent the detection of the beta 
particles. The vessel and crystal were mounted on an 
E.M.I. type 6262 photomultiplier and the whole sur- 
rounded by a 4-in. lead screen. The solutions were 
water containing Co”Cl, and KOH (~493 g K/liter) 
the latter giving ~700 cpm above background (~80 
cpm). Calibration effected with the 46.7-kev 
gamma rays of RaD. A cylindrical proportional counter 
was used as a beta detector, and large source areas 


was 


'H. E. Suess, Phys. Rev. 73, 1209 (1948). 

?W.H. Johnson, Phys. Rev. 88, 1213 (1952) 

*G. A. Sawyer and M. L. Wiedenbeck, Phys. Rev. 79, 490 
1950); Inghram, Brown, Patterson, and Hess, Phys. Rev. 80, 
916 (1950); Russell, Shillibeer, Farquhar, and Mousuf, Phys 
Rev. 91, 1223 (1953); G. J. Wasserburg and R. J. Hayden, Phys. 
Rev. 93, 645 (1954); Shillibeer, Russell, Farquhar, and Jones, 
Phys. Rev. 94, 1793 (1954); H. A. Shillibeer and R. D. Russell, 
Can. J. Phys. 32, 681 (1954) 


~ 


(~1000 cm*) yielded reasonable counting rates even 
with thin sources of K*. 

The measurement had to be corrected for (i) coinci- 
dent detection in the crystal of both Co gamma rays, 
(ii) absorption and scattering of K® gammas by the 
potassium hydroxide solution, (iii) slight difference in 
the crystal detection efficiency for K® and Co gamma 
rays, (iv) counts due to bremsstrahlung in the gamma- 
detector especially in the case of K®. The fraction of 
electrons reflected at the source support in the propor- 
tional counter was found by a separate experiment to be 
the same for Co and K® beta particles. These correc- 
tions will be discussed more fully elsewhere. The ob- 
served value of yx/8x was 0.124+0.002, or 


YK (Sx+y7kx) = (,110+0.002. 


The second method eliminated many of the correction 
factors involved in the first. The gamma-ray spectra 
of Na* (1.38 Mev and 2.76 Mev) and of K® (1.46 Mev) 
were measured by using a large (2 in. longX2 in. 
diam.) Nal crystal mounted on a DuMont type 6292 
multiplier associated with a kick-sorter. By measuring 
the areas under the peaks of the 1.46-Mev and the 
1.38-Mev gamma rays and comparing the beta counting 
rates, an estimation of the ratio may be made. No 
correction for the scattering and absorption of gammas 
by the KOH solution is required if the Na™ is added to 
the potassium source. Also there is no correction for 
bremsstrahlung since the beta energies (1.36 Mev and 
1.39 Mev for K® and Na™, respectively) are close to 
the gamma-ray energies. Allowance is made for (i) the 
effect of coincident detection of the 1.38-Mev and 
2.76-Mev gammas of Na™ and (ii) the slight difference 
in gamma detection efficiency. The relative source 
intensities are determined by comparing the beta 
activities in the proportional counter. The ratio y«/8x 
observed was 0.1214-0,.004. 

These results are in agreement with the previous best 
physical measurements, but rather higher than the 
value (0.09) reported from recent geological deter- 
minations. 

Fuller details of the methods will be given elsewhere 
together with the results of coincidence studies, absolute 
counting-rate and half-life determinations, and of 
experiments on the reflection of electrons. 

We wish to thank Dr. S. C. Curran for frequent 
helpful discussions during this investigation. 
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Energy Eigenvalues for a Spherical Well with an Exponentially Diffuse Boundary* 


Avex E. S. Green anp Kivck Leet 
Department of Physics, The Florida State University, Tallahassee, Florida 
Received March 23, 1955) 


The discrete energy eigenvalues of a spherical well with an exponentially diffuse boundary are obtained 
to a good approximation for a range of well parameters of interest in nuclear physics. The method used in 
volves replacing the centrifugal energy in the exponentially diffuse region by an approximate expression 
which leads to analytic solutions of the wave equation. The matching of the internal and external wave 
functions is then accomplished by the use of specially prepared graphs and tables. The eigenvalues and 
eigenfunctions are thought to be of interest in connection with studies of the independent particle model 


of the nucleus 


1. INTRODUCTION 


NUMBER of recent studies'* have stimulated 

interest in the problem of a single particle in a 
central field with a diffuse boundary. While most of this 
interest has been in connection with the positive energy 
states of the continuum, nevertheless the bound states 
are also of considerable importance. In this paper, an 
approximate method is developed which appears to be 
adequate for the range of well parameters encountered 
in nuclear physics. 

The sotution of the square spherical well eigenvalue 
problem is an essential preliminary phase of the approxi- 
mate method of solution of the diffuse boundary 
problem. Accordingly, this older problem, which has 
been solved earlier in the literature,‘ will be considered 
briefly first. 


2. EIGENVALUES FOR THE SQUARE 
SPHERICAL WELL 


The radial wave equation for the /th state of orbital 
angular momentum for a central field characterized by 
the potential V(r) may be placed in the form 


&G/dP-+ (2m/#) W— V (r)—#1(1+-1)/2mr G=0, (1 


where G=rR and R is the radial wave function. For 
the study of the spherical well of depth Vo and radius a, 
it is convenient to let a serve as a unit of length, 
Ey=h'/2ma® serve as a unit of energy and to define 
the dimensionless parameters : 


W/ Eo, (2) 
t= Vo/ Eo, 


and 
¢* = ey’ — €,,’. (4) 

* This investigation was supported by grants from the U. S 
Atomic Energy Commission and Florida State University Re 
search Council 

t On leave from the Seoul University, Seoul, Korea. This work 
wil] serve as a portion of a dissertation to be submitted by Kiuck 
Lee in partial fulfillment of the requirements for a Ph.D. degree 
at the Florida State University 

'R. D. Woods, dissertation, University of California, August, 
1954 (unpublished ) 

?D. M. Chase and F. Rohrlich, Phys. Rev. 94, 81 (1954 

* Feshbach, Porter, and Weisskopf, Phys. Rev. 96, 448 

*H. Margenau, Phys. Rev. 46, 613 (1934 


1954 


Letting p=r/a, the radial wave equation becomes 


G’+[¢2—Wi+1)p? 1G=0, 


p<il (5) 
and 


G" —[e2+1(l+1)p?* G=0, p>1, (6) 


where prime denotes differentiation relative to p. The 
internal solution which is well-behaved at p=0 is 


G:=A p*Ji44(€p), (7) 


where J denotes the usual Bessel function and A, 
denotes a normalization constant. The external solution 
which is well-behaved as p—>x may be expressed in 
terms of modified Hankel functions. Denoting these 
functions by K;,, the external solution may be written as 


G.=A p'K 1,4 (€0p). (8) 


The «,. eigenvalues are obtained without considera- 
tion of the normalization constants by imposing the 
requirement that at the boundary, 


p=1, —G//G.=—-G//G, or Ii(e)=Ex(e.), (9) 


where /,(e’) and E,(e,.) are defined as the negatives of 
the logarithmic derivatives of the internal and external 
radial wave functions. 

To facilitate the solution of this transcendental 
equation subject to the condition imposed by Eq. (4), 
tables and graphs of J; and E, have been prepared. In 
this effort, use was made of the recurrence relations: 


T(x) =l—(2/Tiit+), (10) 
E,(x)=1+ (27/E:._1+)), (11) 


which follow from the usual! recurrence relations between 
Bessel functions. Using Eq. (11) and 


E,(x)=x, (12) 
the higher integral order E,(x) were generated. To 
obtain higher order /,(x) including nonintegral orders 
which are needed in Sec. 3, tabulated Bessel functions 
for orders between —} and +4 were first used to 
generate the corresponding /, functions. Then Eq. (10) 
was used to generate the higher order functions. In Fig. 
1 and Fig. 2 the values of various /;(x) and E(x) are 
plotted at abscissas corresponding to x*. These graphs 
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Fic. 1. The function /;(x) plotted against 


y/ j 


tpi yh tL 


x? 





‘® 


x*, Labels within the graph denote /. The second set of curves 


which start at / = +20 correspond to the right scales 


greatly facilitate the task of obtaining functional rela- 
tions between ¢,,2 and ¢,? for various /’s which simul- 
taneously satisfy Eq. (4) and Eq. (9). 

Figure 3 contains the results of the work with the 
square well potential. The form of presentation of the 


eigenvalues follows that of Moszkowski® who has pre- 
pared a similar graph for a somewhat narrower range 
of the well range parameter. Essentially, Fig. 3 repre- 
sents the energy eigenvalue in units of Ey measured 
relative to the bottom of the well. For a given state 
this parameter has a far smaller range of variation as 
«> is changed than ¢,” which corresponds te the actual 
energy. Furthermore, these ¢ values go over to the 
results of the infinite spherical well as ¢«° goes to 
infinity. The ¢? eigenvalues for the infinite spherical 
well case are obtained simply by imposing the require- 
ment that J,,,(e')=0. These ¢? eigenvalues for the 
infinite case results are shown on the right side of Fig. 3. 
Some noteworthy points which are apparent in Fig. 3 
are the 3s—1h and 1j—2g cross-overs as well as the 
fact that the approximate equality in spacing of the 
low-lying levels breaks down above the lg state. 

3. SPHERICAL WELL WITH AN EXPONENTIALLY 

DIFFUSE BOUNDARY 

In this section, a continuous central potential is 

assumed which changes at r= a from a constant — Vo to 


V (r) = — Vo exp (a—r)/da }. (13) 


The dimensionless parameter 6 characterizes the ‘“‘short- 
ness” of the exponential! “‘tail’’. The case 6=0 is simply 
the case discussed in the previous section. The form of 


*S. A. Moszkowski, Phys. Rev. 89, 482 (1953 


the interior radial wave equation and its solutions are, 
of course, unaltered from those developed in the 
previous section; however, the dimensionless radial 
equation for p>1 in this case is 


GC" +(e? exp(1—p/5)—1(1+-1)p*— «2 G=0. (14) 
Because of the presence of both the exponential and 
p* terms, Eq. (14) cannot be reduced to any of the 
well-studied differential equations. It however, 
known that for s states, i.e., when the p~? term vanishes, 
Eq. (14) can be transformed into Bessel’s equation.* 
One approximate procedure which has been used’ to 
overcome the difficulty for other than s states is equiva- 
lent to replacing p~* by 1. The centrifugal energy can 
then be taken together with ¢,” and solutions can be 
obtained in terms of Bessel functions. This approxima- 
tion, however, is fairly crude and the chief concern 
here shall be to improve upon it. The improvement 
considered here is based upon the assumption that 


18, 


p*=a’+ (1—a’) exp[ (1—p)/8], (15) 
where the constant a’ is chosen to accomplish the best 
match of the function on the right to the function on the 
left over the external region of importance. Thus, the 
“centrifugal” energy in the external region is absorbed 
into the exponential tail and the total energy. The 
external radial wave equation now becomes 


49°G" +{# exp[_ (1—p) 5] -~nj\G=0, (16) 
*P. M. Morse and H. Feshbach, Methods of Theordical Physics 
(McGraw-Hill Book Company, Inc., New York, 1953), Part II, 
Chap. 12 
7B. J. Malenka, Phys. Rev. 86, 68 (1952) 
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Letting 
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the radial equation becomes 
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PG" + 2G' + (x2? — n*)G=0, 


- ——— 
—- 


Se ee SS en ae 


‘s 
A 
10 «6@00CM0 sO 6800 «6200'@ 
: 
etn" y, 


2040 €0 680 


Fic. 3. Energy eigenvalues for the square spherical well (i-e., 5=0 
The right scale gives the infinite spherical! well eigenvalues 


AND K. LEE 

where the prime here denotes differentiation relative 
to x. The solution of this equation which is well behaved 
as p>, i.e., as x0 is 


G.=AJ.(kx)=A JS a{k exp[(1—p)/26]}. (21) 


The negative of the logarithmic derivative of the ex- 
terior function at p=1 is thus 


—G!/Ge= kJ 9! (k)/28T »(k) 
=4[m—kI nsi(k)/Ja(k)]}. (22) 


Introducing v=n—}4, the negative of the external 


logarithmic derivative takes the form 
E,(k,6)= —I,(k)/26—1/48, (23) 


where /,(k) is precisely the function introduced in 
Eq. (9). The eigenvalue equation for the present case 
thus becomes 


T,(e') = —(T,(k)/26 }— (1/48). (24) 


The parameters involved in this equation are subject 
to the requirements imposed by Eq. (4), Eq. (17), and 
Eq. (18). These may be combined into 


-4)°/48°+1(1+1). (25) 


For a given 6, /, and k, Eq. (24) and Eq. (25) may be 
regarded as two simultaneous equations for the deter- 
mination of ¢ and v. Actually, for the application to 
which these solutions have been applied, 6 and / are first 
chosen in accord with the states under study and » is 
taken in accord with the orders of tabulated or graphed 
I functions. Then, Eq. (24) and Eq. (25) are solved 
simultaneously for ¢” and k’. Since y* fixes ¢,”, and ¢” in 
conjunction with ¢,,” determines ¢,’, it is possible to gen- 
erate the curves relating ¢’? to e? throughout the range 
of interest 

For the purposes of solving Eq. (24) and Eq. (25) for 
e and k*, the graph of the values of / functions may 
be utilized in the following way. According to Eq. (25), 
¢” is a linear function of k® with the slope (1/46). If a 
compressed scale is prepared such that one unit on the 
€ scale corresponds to (1/46?) units of ¢’? on the com- 
pressed scale, then for chosen values of v and / the 
compressed scale may be positioned so that any ¢? on 
the compressed scale corresponds directly to k® on the 
basic scale. This may be accomplished simply by 
aligning the value of (y+ 4)? on the regular scale next 
to /(/+-1) on the compressed scale. Next, a compressed 
vertical scale is prepared with an offset index so that 
as the index point is slid along the center axis of the 
horizontal scale the readings of the curve correspond 
directly to E,(k,6) given by Eq. (23). Now to solve 
simultaneously for the values of ¢? and & the special 
vertical scale is moved in relation to ¢? values listed 
on the horizontal scale and readings of the yth curve are 
taken. At the same time, values of /;(¢’) are read at 
the corresponding ¢” of the basic scale. Proceeding in 
this way, one finds readily the ¢? eigenvalues. Having 











ENERGY EIGENVALUES 


generated all the « (and &*) values for a given » and /, 
one advances to the next » for the same / and repeats 
the procedure. In this way, a series of relationships be- 
tween €? vs » for each / is developed. 

It is noteworthy that the values of e” so obtained 
do not depend upon the constant a*. However, to 
translate from e” and & into e* and ¢,”, a value of a 
must be established. 


4. ADJUSTMENT OF a’ 


The form chosen for Eq. (15) insures the agreement 
of the right and left sides at p=1. Clearly, therefore, 
a may be related to a second point at which agreement 
between these functions is imposed. Denoting this point 
by pi, Eq. (15) may be placed in the form 


a’ =[p;*—exp(1—p,/5) //[1—exp(1—p:/8) ]. (26) 
Thus, the adjustment problem has been reduced 
essentially to the problem of arriving at a prescription 
for the second cross over point between the functions 
characterized in Eq. (15). 

The procedure used in this study takes advantage 
of the fact that the case 6=0 can be solved exactly, as 
well as by the approximation method. Therefore, this 
case was studied carefully in an effort to find how best 
to accomplish the adjustment of a* for the small values 
of 6 which may be of interest in nuclear physics. 

Equation (17) and Eq. (18) indicate that as 6-0 
both the order, n, and the argument, &, of the external 
radial function vanish. Since J;(0)=0 and Jo(0)=1, it 
follows immediately from Eq. (22) that 

—G./G.= [ee +l(l+ 1a}. (27) 
To obtain a reasonable value for a’, the right side of this 
equation was equated to the function E,(¢,) derived 
in Sec. 2. When solved for a’, Eq. (27) then becomes 


a =[ EP (ee) — €e? |/i(I+1). (28) 
Substituting into this for a range of values for ¢,? and 
lit became clear that the values of a so obtained varied 
only slightly (in the range from 0.8 to 0.9). The final 
constant, 

(29) 


o'=0.82645 for 6=0, 


was chosen as an appropriate one. This corresponds 
to a second cross-over point at 


p=1.1=1+0.1 for 6=0, (30) 


This choice was made not only because of its con- 
venience but also because it works particularly well for 
small values of ¢,”, the region for which, Eq. (27) is 
most sensitive to a*. This region of ¢,” values is particu- 
larly of interest in applications of these results to the 
study of particle binding energies and nuclear transi- 
tions. Accordingly, it would seem best to favor this 
region in an adjustment. 
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TaBLe I. The values of a*(6). 


01 0.2 0.3 04 0.5 
0.6466 04744 0.3349 0.2214 0.1280 


6 0 
a 0.8264 


For nonzero values of 4, the rule 


oi =1+6+0.1 (31) 


was chosen as the simplest result which goes over to 
Eq. (30) for 5=0. This simple rule is admittedly some- 
what arbitrary ; however, since only a small correction 
is involved here, it is difficult to see how Eq. (31) can 
lead to appreciable errors. Most certainly this procedure 
represents an improvement over the usual approxi- 
mation of replacing p~* by 1 which is equivalent to 
making the second point of agreement at infinity. In- 
serting Eq. (31) into Eq. (26) leads immediately to the 
function a*(4). Values of this function are given in 
Table I. 
5. RESULTS AND DISCUSSION 


re 


The ¢? vs v and /, and & vs » and / relationships 
arrived at by the procedure described in Sec. 3 may 
now be translated into ¢? vs e? relationships for com- 
parison with Fig. 3. These are shown in Figs. 4, 5, 6, and 
7 for 6=0.1, 0.2, 0.3 and 0.4, respectively. For case 
6=0, the eigenvalues arrived at by the approximate 
method rarely deviate by more than a line width from 
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the curves shown in Fig. 3 It must be remembered that 
the results for #0 are exact for s states but are approxi- 
mate for p,d,. . . f. By first-order perturbation theory 
the error of the energy eigenvalue in natural units may 
be estimated to be 


f GA p*—a’— (1—a’) exp(1—p/5) \dp 
i 


Ac,?=1(1+1) 


x 


f Gedo f GJdp 
0 i 


By virtue of the vanishing of the perturbation at p=1 
and p= 1+45+0.1, the factor in the bracket is less than 
0.05 in the intermediate region, which is the region 
within which the external wave function is significantly 
large. Accordingly the error is expected to be less than 
0.05/(1+-1) f, where f is the probability for the particle 
being found beyond p=1. Since f is expected to be 
considerably less than 1, the error in «,” due to the 
method of approximation is expected to be considerably 
less than unity. Quantitative estimates using numerical 
integration substantiate this statement. At the present 
stage of our knowledge of the nucleus the approximate 


(32) 


eigenvalues given in Figs. 3-7 should be sufficiently 


accurate so that their further refinement at this time 


is unnecessary. If these approximate eigenvalues and 


cin y 


Fic. 5. Eigenvalues for 6=0.2 
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the corresponding analytical eigenfunctions prove help- 
ful in resolving nuclear problems, further efforts toward 
refining them would certainly be warranted. In many 
instances refinements may be accomplished by the 
direct use of available tables of Bessel functions.** As 
an illustration of such a calculation it can be shown that 
the critical €) values at which various s states of binding 
set in, satisfy 


jile ) jo(€)= €o t— Js (25€) J o(2b¢e0), (33) 


where j; and jo are spherical Bessel functions and J, 
and J» are ordinary Bessel functions. Using the graphical 
results to locate the approximate ¢o values, it is rela- 
tively simple to refine them to four or even five sig- 
nificant figures by interpolation. The results of this 
particular calculation are given in Table II. These 
€) values are listed because of their possible usefulness 
in connection with the interpretation of the low 
velocity maxima in the Barschall neutron cross section 
surface.” On the “diffuse-cloudy crystal ball” model of 
neutron scattering the observed low velocity maxima 
at A=11, 55 and 150 would be expected to correspond 
to the 2s, 3s, and 4s critical €9 values for the appropriate 
diffuseness parameters, hence the “well strengths” in 








Fic. 6. Eigenvalues for 6=0.3 


* Tables of Spherical Bessel Functions (Columbia 
Press, New York, 1947), Vols. 1 and 2. 
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” H. H, Barschall, Phys. Rev. 86, 431 (1952) 


University 





ENERGY 





Taste II. The critical « values for the s states. 








cy ee(15) €e(2s5) eo(3s) eo(4s) 
0 1.571 4.712 7.854 10.996 
0.1 1.428 4.272 7.084 9.825 
0.2 1.307 3.855 6.204 8.370 
0.3 1.202 3.454 5.371 7.324 
04 1.111 3.081 4.747 6.554 
0.5 1.031 2.761 4.280 5.896 


































any one column are effectively equivalent from the 
standpoint of these observations. 

In a number of other instances, it is possible to 
arrange the calculations to take advantage of existing 
tables of Bessel functions for the refinement of the 
approximate eigenvalues presented in Figs. 3-7. How- 
ever, with the advent of high-speed digital computers, 
the best way of refining the eigenvalues would probably 
be to solve the exact radial wave equation directly 
by numerical methods. Here again, the eigenvalues 
shown in Figs. 3-7 should be helpful by providing 
starting points which will greatly speed up the calcula- 
tions." Indeed one might expect that this family of 
eigenvalues and their analytical eigenfunctions might 
provide good initial approximations for the investiga- 
tion of any other potential functions similar in general 
shape to the exponentially diffuse spherical well cases 
treated here. 

In conclusion, it is important to note that the infinite 
spherical well eigenvalues provide a poor representation 
of the finite spherical well eigenvalues in the range of 
€o’ values of interest in nuclear physics (certainly less 
than 200). When the boundary is made diffuse to a 
moderate degree the infinite spherical well eigenvalues 
are hopelessly inaccurate. Thus the numerous theoretical 
results in the nuclear literature which are based upon 
the infinite spherical or cubic well approximations must 
clearly be treated with great care. Even the finite square 
spherical well eigenvalues differ considerably from the 
diffuse boundary eigenvalues, particularly in the region 
of small energies, which is the region of greatest in- 
terest in nuclear physics.” Accordingly, one might 
'! The writer is indebted to Dr. Ward C. Sangren of the Oak 
Ridge National Laboratory Mathematics Panel for an illuminating 
discussion relative to this point 

In examining the influence of an increase in the diffuseness 


parameter 4 one must, of course, reduce the radius parameter a 
(hence increase the natura] energy unit Ey) and the well strength 
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hope that some of the well-known difficulties of the 
independent-particle model based upon square well 
eigenvalues and eigenfunctions might be removed by 
the use of the diffuse boundary eigenvalues and 
eigenfunctions. 
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parameter ¢ in order to preserve an effective radius and an 
effective well strength defined by a particular set of experimental 
observations. Similar considerations are applied in the so-called 
shape-independent treatment of two-nucleon systems in which the 
critical 1s well strengths of various types of potentials are placed 
in correspondence. In the study of complex nuclei, the best pre 
scriptions for a(é) and (4) will depend upon the intended 
application 
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The quadrupole moments of odd nuclei are calculated from the standpoint of configuration mixing. The 
calculations are based upon the simple perturbation theory. The quadrupole moments of odd-neutron nuclei 
are due to the excitation of one or more protons. The quadrupole moments of odd-proton nuclei also contain 
the quadrupole moments of the initial configuration. The agreement between the calculated and observed 
values are fairly good except for the nuclei with very large quadrupole moments. 


I. INTRODUCTION 


HE fact that the quadrupole moments of nuclei 

containing one proton outside a closed shell are 
negative and those of nuclei lacking one proton to a 
closed shell are positive is a simple consequence of the 
shell model.'? Further, if » is the number of protons 
in the shell with total angular momentum jh, the 
quadrupole moment of the j” configuration (p odd) and 
spin J= 7 becomes in this model 4: 


Q=(0,(2j+1—2p)/(2j—1), (1) 


where Q, is the quadrupole moment of the nucleus with 
a single proton in the orbit 7 outside a closed shell: 


QO j;= — (27—1)/ (234-2): (r*);. (2 


r*), is the expectation value of r° for the proton in the 
outermost orbit j. Thus, quadrupole moments are 
negative for less than half-filled shells and positive for 
more than half-filled shells. The observed signs of quad- 
rupole moments are, in general, in agreement with this 
rule. 

The quadrupole moments of some nuclei with an odd 
number of protons lying between the magic numbers 
50 and 82 are so large that one cannot expect to explain 
them by the shell model. The collective model ascribes 
these very large quadrupole moments to core defor- 
mation.** According to this model, the magnitude of 
the quadrupole moments of closed shell + one proton 
considerably larger 
than the observed values.*.? These are usually two or 
three times larger than the values given by the simple 
shell model. 


nuclei should also be very large 


Quadrupole moments of several odd-neutron nuclei 
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show a similar variation with the number of neutrons 
in the not-closed shell to that shown by odd-proton 
nuclei with respect to the number of protons. This might 
be explained by the collective model. Again this model 
gives too large quadrupole moments for nuclei with a 
closed shell + one neutron. On the other hand, the 
usual shell model gives zero quadrupole moments for 
odd-neutron nuclei, since the neutrons carry no charge 
and since the effect of the recoil of the core is negligibly 
small except for extremely light nuclei. 

We consider the effect of configuration mixing which 
explains the deviations of magnetic moments of odd 
nuclei from the Schmidt lines in a reasonable way.® As 
the starting configuration, we adopt again the con- 
figuration given by the single-particle model, i.e., 
assume that the even particles couple to angular 
momentum zero and the state of the odd particles is 
that of lowest seniority consistent with the observed 
spin. Thus, for some of our wave functions the isotopic 
spin is not a good quantum number. However, intro- 
duction of the isotopic spin does not improve the agree- 
ment with respect to quadrupole moments’ and its use 
does not change the wave function for medium heavy 
and heavy nuclei. 


Il. THE QUADRUPOLE MOMENTS DUE TO THE 
EXCITATION OF PROTONS 


In the shell model with strong spin-orbit interaction, 
even and odd numbers of nucleons in the same orbit 7 
couple in such a way that the resultant angular mo- 
menta are J=(0 and J= j, respectively.’ Although there 
are a few exceptions under this rule for an odd number 
of nucleons, it does hold in most cases and will be 
adopted as the starting point for our considerations. 
As was mentioned before, if one disregards the inter- 
mixing of configurations, the quadrupole moments of 
odd-proton nuclei in the j” configuration is given by 
(1). The quadrupole moments of odd-neutron nuclei are 
zero in this model. 

Let us consider the effects of configuration mixing 
on quadrupole moments of odd nuclei. If we assume 


* A Arima and H. Horie, Progr. Theoret. Phys. 12, 623 (1954) 
*M. Umezawa, Progr. Theoret. Phys. 10, 505 (1953). 
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that the admixture of excited configurations to the 
original one is so small that the effects proportional to 
the square of the admixture coefficients can be neglected, 
only the contributions from the nondiagonal elements 
of the quadrupole moment operator between the excited 
and ground configurations need be considered. Let us 
denote the ground configuration given by the shell 
model by Vo( jm). Let ¥,,(jm) be a typical excited con- 
figuration; 7 and m are the angular momentum and its 
z-component, respectively, for these states. Then the 
whole wave function is given by 


Wmixed (jm) =Wo(jm)+ > n anVn (jm), (3) 


where the a are the coefficients of mixing. The expecta- 
tion value of the quadrupole moment operator for the 
state represented by the first term of (3) with m=j 
gives the value (1) of the single-particle model, while 
the main correction caused by the addition of the other 
terms is given by the cross terms between the first and 
later terms with m= j. Thus, the quadrupole moment 
caused by the configuration mixing is given by ex- 
pressions of the form 


50= 2ai(Wo( 77), Qop¥1(j7)), (4) 
where Q,, represents the quadrupole moment operator 


Zz 
Qup=% er 2(3 cos*#;—1). (5) 


v=] 


r; and 6; are radial and angular variables of the ith 
proton. The excited configuration ¥,;(jm) must not 
differ from the original one Vo( jm) by more than one 
orbit in order to have a nonvanishing 60 in (4) because 
the quadrupole operator Q,, is a one-particle operator. 
It is also evident that either the orbital angular momenta 
of the orbits in which W» and W, differ must be equal, 
or their difference must be + 2. The coefficient of mixing, 
a, is given by perturbation theory in terms of the non- 
diagonal element of energy matrix: 


a= —(% (jm), > > Via! jm)) AEF, (6) 
i<k 


where Vy is the interaction between the ith and kth 
nucleons and AE is the energy difference between the 
first and second configuration. We assume, for the sake 
of simplicity, that the radial dependence of the inter- 
action has delta-function character. 

There are several modes of excitation of the proton 
group which will give rise to quadrupole moments. 
First of all, we consider the excitation of a proton from 
one of the orbits filled with an even number of protons 
to another orbit which is not filled, due to the interac- 
tion with the odd nucleons” in the outermost orbit. We 
represent the zeroth-order state of the nucleus given by 


In an odd nucleus which has an odd number of protons, the 
protons are the “odd nucleons.” Similarly, the neutrons will be 
called “odd nucleons” if their number is odd. This notation 
facilitates the discussion 
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Taste I. The values of the square of Clebsch-Gordan coefficient 
(jr $ 20] jr 272 4). 








Hi\js 1/2 3/2 $/2 7/2 9/2 11/2 13 
1/2 2/5 3/5 vee 

wa 6 Ufe oe 3/35 18/35 . 

$/2 1/5 2/35 8/35 4/105 10/21 

7/2 9/35 1/35 5§/21 5/231 5/11 wee 
9/2 ees = 2/7 4/231 8/33 2/143 64/143 
11/2 - : 28/65 7/715 35/143 5/429 
13/2 -:> eee oo see 36/85 8/1105 16/65 


the single-particle model as 
Vo( jm) =¥(j1"(0) 7?(j); jm), 


where nucleons in the orbit j; are protons and » is an 
even number not larger than 2),+1; p is the number 
of nucleons in the outermost orbit. Then a sequence of 
excited states in which one proton in j, orbit jumps to js, 


Ws (jm)=¥ Cj (j 2.5); im), 


can interact with the above state.'' J is restricted by 
the condition | j;-- j2} <J <jit-j2. However, it can 
easily be seen that only the state with J=2 gives non- 
vanishing 6( by (4) and the orbital angular momentum 
of j2 must be equal to that of /, or differ from it by two 
units. Hence, the mixed configuration which can give 
rise to the quadrupole moment is expressed as 


Y(j:"(0) 7?(J); jm) +a¥ (ji! (i) ja J(2) 7?) ; jm). 
(I) 


After a straightforward calculation following the pro- 
cedure (4) and (6) which is given in Appendix I, 40 is 
obtained as 
801 = — nf (2j-+1—2p)/ (27-42) ] (is 20] jr Qin 9)? 
((—V,J)/SE_ for odd-proton nuclei 
X (isle? | j2)4 (—4V.—-§V OI/AE (7) 
| for odd-neutron nuclei, 


where (j; } 20! j; 2j24)* is the square of the Clebsch- 
Gordan coefficient, the values of which are shown in 
Table I, and V, and V, are interaction strengths in the 
singlet and triplet states, respectively. (j;|r*| j2) is a 
matrix element of r? between the radial wave functions 
of j; and j, orbits: 


(hil?) Ja -f R(ji)rR(j2)rdr, (8) 


and / is a Slater integral for a delta-function interaction 


n 


I= if R°( 7) R(js)R(j2)r*dr. (9) 


0 


The R are radia] wave functions; their phases do not 
affect the signs of 6Q since each radial wave function 
appears necessarily an even number of times in Eq. (7). 

4 The case that j, coincides with j in odd proton nuclei will 
be considered later in the excitation (IT) 
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Although it was assumed that the zeroth-order state 
contained no proton in the orbit j2, (7) will be valid 
also when there are m protons in the orbit j2 (m even) 
and if they couple to an angular momentum zero, 
except that the right side must be multiplied by 
(2j2+1—m)/(2j:+1). Equation (7) and the equation 
modified in this way are applicable for both odd-proton 
and odd-neutron nuclei and they correspond to Table I 
of reference 8 for the case of magnetic moments. 

For odd-proton nuclei, there are two other con 
figurations which give a quadrupole moment. In one of 
these, j2 coincides with 7 in (I) and the corresponding 
mixed configuration is 


W(j,"(0)7"(j); jm) 


tL Bj (CG) j7?"U); jm), (UI 


where 8, is the coefficient of mixing for each J and 
J=2,4,---,2j—1 so that j”*'(/) represent the states 
of seniority two."-” The derivation of the quadrupole 
moment caused by the configuration mixing (II) is 
somewhat more complicated than that of (I). However, 
by making use of the average value of the reciprocals 
of the zeroth order energy differences between the first 


and each of the second configurations as (1/AE), we 


obtain a formula for 60 which is similar to (7) (see 
Appendix B): 
bi = — nl (27—p)/(2j74+2 

XK (jr 4 20) 7, 2724 Gil r?| j2)(—VL)U/AE). (10 


The integral I is obtained by putting 72= 7 in (9). The 
factor (2j7— ) in (10) reflects the fact that this mode 
of excitation cannot take place in those odd-proton 
nuclei in which a single proton is missing from the 
outermost orbit. 

In the other configuration which must be considered 
for the quadrupole moments of odd-proton nuclei the 
number of protons in the outermost orbit j is larger 
than 1. It corresponds to the inverse case of the excita- 
tion mode (II) and is expressed as 


¥(7,"(0 y (7); jm) 


+> oy ys Ci" PCJ); jm), (II 


where the even number m may be equal to zero, and 
yz is the coefficient of mixing. The quadrupole moment 
caused by the excitation (IIT) is 


bins = (p— 1) (2 jr t1—n)/ (27:42 


(fr } 20) 1 27 Ale? V,I)(/SE), (11 


where I is similar to the corresponding integral in (10 
Equations (10) and (11) correspond to (11) and (14) 
of reference 8, respectively. 

In addition to the three modes of excitation which 
were described above, the state j,"(0) (m even) of 
protons can be excited into a state /,"(/). The lowest 
excited states 7,"(J) are usually assumed to be those oi 
63, 367 (1943 
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seniority two. Again only the state with J=2 can con- 
tribute to the quadrupole moment in our approxima- 
tion.“ This type of excitation may be taken as a 
degenerate case of (I) in which j2 coincides with j1, so 
that the result is obtained at once by putting j2=/; in 
(7) and multiplying a factor (2j,;+1—n)/(2j:—1) 
which comes from the coefficient of fractional parentage. 
Hence, the excitation 


V(j1"(0) j?(j) jm) +-0'V(j1"(2) j?(j) jm), (IV) 
gives 
bOry = — nf (2j1:4+1—n)(274+1—2p)/(2j:—1)(2j+2)] 
X (ji 3 20) fr 291 3)? (fil*| ji) 
(—V,J)/AE; for odd-proton nuclei 
X34 (-—43V.—3V)I/AE2) (12) 


for odd-neutron nuclei. 


Thus, the corrections to the quadrupole moments in 
the approximation here considered are given by the 
sum of (7) and (12) for odd-neutron nuclei, and the 
sum of (7), (10), (11), and (12) for odd-proton nuclei. 
They depend on the number of nucleons in the outer- 
most orbit linearly. Furthermore, the contributions 
given by (7) and (12) depend on p in the same way as 
the single-particle model’s expression (1). This applies 
also for odd-neutron nuclei. The other corrections to 
the odd-proton nuclei, given in (10) and (11), have a 
different dependence upon p. The former vanishes at 
the end of the subshell while the latter vanishes at the 
beginning of the subshell. 


III. COMPARISON WITH THE OBSERVED VALUES 
i) Determination of the Parameters 


In order to compare the theoretical values for the 
quadrupole moment, obtained in the preceding section, 
with the observed values it is necessary to estimate the 
quantities which appear in (7), (10), (11), and (12). 
First of all, we assume that the interactions between 
nucleons are attractive and the attractive force in the 
triplet state is stronger than in the singlet state so that 

V,|=1.5/V,|. Although this agrees with the experi- 
mental data of two-nucleon systems at low energy, it 
remains an assumption since the interactions in larger 
nuclei might differ from those in two-nucleon systems. 
It is possible, in fact, that the integrals J and the 
matrix elements of r*? become negative in some cases. 
It is necessary, therefore, to obtain a somewhat more 
accurate estimate of these quantities than was neces- 
sary for the calculation of the magnetic moments. We 
assume that the wave functions for nucleons are those 
of a harmonic oscillator’®: 


Ri (r)= Nn, exp(— v9? /2)r'vai(r). 


“4 This type of excitation does not contribute to the magnetic 
moment in the approximation of reference 8, since there is no low 
excited state with J=1 

* For example, 1. Talmi, Helv. Phys. Acta 25, 185 (1952). 
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N,. is a normalization constant and ?,;(r) is an asso- 
ciated Laguerre polynomial 


Pai(r) = Dayt ya 2 (yr*). 


The constant v is determined by evaluating the diagonal 
elements of r*. For n= 1, these are (1/|r?| 12) = (2/+-3)/2v. 
If one assumes a uniform nuclear density, the average 
value of r? is (r?)= (3/5) (1.45A!*)?K 10-** cm?, A being 
the mass number. Thus, putting 1/2»=c,A?’8, the order 
of mzgnitude of c; becomes 1 to 1.8 times 10-?? cm? 
(assuming = 2~5). Furthermore, the matrix elements 
of r? become 


(jal r?| f2)= f(j15 f2)/ (20) = caf (ji; f2)A*"*, 
where f(j1; j2) does not depend on the mass number, 
and they can be obtained by straightforward integration. 

The integrals J are inversely proportional to the 
mass number A since they involve four wave functions. 
For harmonic oscillator wave functions, they have the 
form 

T(jj15 jj2)=3F Gis; Jj2) (7/4) ”, 
where F(jj1; jj2) does not depend upon » or A, while 
the factor »*? provides an A~ dependence because of 
the proportionality of vy to A~*’*, The average value of 
V,I can be estimated from the difference of binding 
energies of odd and even nuclei':* to be —25/A Mev. 
Hence, we obtain from 

VI (jj15 §72)= — oF (ji; fj2)/2A, 
200 to 300 Mev for the order of magnitude of cz at 
A~200 because the values of F for 2d, 1g, and 1h 
orbits are 0.260, 0.213, and 0.176, respectively. This 
gives the estimate ¢,c.= (0.3 to 0.6)X10™* cm? Mev. 
Actually, the value c,c2=0.5X 10-* cm? Mev was used 
in the calculations. 


(ii) Determination of the Energy Denominators 


The energy difference AE consists of two parts. One 
is the difference between the single-particle levels in 
which the ground and excited configurations differ, and 
the other is that between the energies caused by the 
interaction between nucleons in each configuration. The 
estimate of the latter is complicated and it will be 
ignored in the actual calculation. Even if we restrict 
ourselves only to the energy differences of the single- 
particle levels, it is not easy to determine completely 
on the basis of conventional potentials, spin-orbit 
interactions, and the observed values of nuclear spins. 
The oscillator potential gives strongly degenerate states 
with different principal and azimuthal quantum 
numbers, and the square well potential with finite or 
infinite well depth does not always provide the order 
of levels which, together with plausible doublet 
splittings, would yield the observed values of the 
nuclear spins. Therefore, we attempted to construct 
a level scheme by using both empirical data and 
theoretical information. 
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TABLE II. Doublet splitting assumed in the calculation. The 
splitting 1dx.2.—I1ds. is taken from the experimental data on 
O"."" The others are estimated by the formula by determining the 
proportionality constant by the doublet splitting of O”. 


AF doubters in Mev A 
I pire Pave 3 17 
Idsa—ds2 5 eee 
1 fyre—frre 3 0 
2pie— parr 1.5 60 
l gra Sore 2.5 105 
2dsi2— ds 1.5 120 
lho fie 2 200 
2fua—fr 1.5 200 
3 Pie Pare 0.5 200 
lisse tiare 2 200 


First of all, the doublet splittings are estimated by 
the simple formula of Inglis'*: AF goubiee= K (2/+1) A", 
where A and K are the mass number and a propor- 
tionality constant with the dimension of energy. If we 
employ the observed value"? of the splitting 1d5;2—1ds3,, 
in O'’, we obtain K=6.6 Mev. However, the doublet 
splitting was assumed to be constant for a subshell and 
the mass number A adopted for calculating it was the 
average A of those nuclei the observed spins of which 
indicate that they contain this subshell partially filled. 
The assumed doublet splittings obtained in this way 
are given in Table II and the above-mentioned mass 
numbers are shown under A. The values adopted will 
be seen to be considerably in excess of the excitation 
energy of isomeric levels. This was not considered to 
be an inconsistency because the isomeric levels are 
probably not single-particle levels but result from 
many-body effects. 

The position of the 1s level relative to the 1p levels 
cannot be obtained directly from the experimental data. 
However, as the contribution from the excitation of a 
1s proton can be seen to be small, the estimate obtained 
from the square well potential’ was considered to be 
sufficiently accurate. The spacing is given as 15.5 Mev 
and 9.2 Mev by the potential with infinite depth if one 
assumes a mass number 17 and 37, respectively (and 
corresponding nuclear radii). These figures are the two 
extreme mass numbers in which the 1s level plays a role 
in our calculation. Therefore, we assume the 1s—1p 
energy difference to be 12 Mev. Then the 15/2 level is 
assumed to be lower than the center of gravity of the 
ip levels by 1 Mev and the Ipi2 higher by 2 Mev. 
These numbers were obtained by dividing the doublet 
splitting 3 Mev in the ratio 1 to 2. 

The observed levels of C¥ and N™ give the spacings 
between 11/2 and 1d5/z as 3.86 Mev and 3.56 Mev, re- 
spectively.’? We assume the 1d5/2— 11/2 spacing to be 
3 Mev for nuclei, the mass number of which are larger 
than 20. The position of the 251/, level relative to the 
1ds/2 is assumed in accordance with the observed levels 


* D, R. Inglis, Revs. Modern Phys. 25, 390 (1953) 
 F. Ajzenberg and T. Lauritsen, Revs. Modern Phys. 27, 7 
(1955). 
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Taste III(a). Spacing of even-parity levels which was used in 


our calculation 


Ids 4 Ids Igs lg lders 2ds 5 Isis Isvaye 
Is 17 22 32 33.5 <-- 
Ida 1 5 12 14.5 15 16.5 16.75 
2s 4 14 15.5 
Ida/2 7 95 10 11.5 11.75 ° 
les 2.5 3 45 475 85 10.5 
Igzia te 2.25 6 8 
2d, eo ieee 
2dirr 0.25 
bs 
Nhiare 2 


Taswe III (b). Spacing of odd-parity levels which was used in our 
I 


calculation 


ipyel pan 1 ? thuys th 2ps p 
I parr $3 13 15.5 16 17 24.5 26 26.75 27.25 
I pur 12.5 13 23 23.75 . 
Ifin St ee 9 11 11.5 13 13.75 
2ps2 aS a5 . 9 10.5 11.25 11.75 
1 for I 6 8 85 10 10.75 11.25 
2pir 9 9.75 
lh , ee 475 5.25 
hor 05 2 2.75 3.25 
2 fie LS: Rae ae 
Zhan 0.75 1.25 
3p 05 


for O"’ so that the 2s level is higher than the 1ds,. by 
1 Mev."? The spacing between 1 f7/2 and 1d3,2 is assumed 
to be 2 Mev, since the corresponding spacings of S®* 
and K* appear to be 2.85 Mev and 1.37 Mev, respec- 
tively.'* Although the spacing between the 23,2. and 
1 fz/2 levels seems to be 2 Mev from the observed data 
on Ca*, we use the value of 2.5 Mev for this spacing in 
order to bring the 23,2 level close to 1/f,,2. It is known 
that 2ps,2 and 1/f5,2 are close to each other from the 
change of spins in Rb isotopes. 

The pair of levels 2p;/2 and 1g9/2 often change position 
in isomeric nuclei. However, the inversion seems to 
take place on account of the large pairing energy of the 
1go/2 nucleons. Hence we adopt the energy difference 
observed in »Y™® which might be free from this effect. 
The observed data indicate that the 1gy/2 is higher than 
2piy2 by 0.913 Mev," and we assume the spacing as 
1 Mev. The situation is similar with respect to the 
lgzy2 and 2ds,2 levels. Fortunately, as the contribution 
to the quadrupole moment from the jump of a proton 
between these levels is much smaller than the con- 
tribution trom (see Table I), the 
relative position of these levels does not influence the 
calculated results critically. We assume on the basis 
of the observed energy differences of 0.66, 0.15 and 
0.33 Mev for Mo”, Sb" and Sb™, respectively,” that 
the 2ds,2 level lies 0.5 Mev above the 1g7,/2 level. 


other excitations 


‘P.M. Endt and J. C. Kluyver, Revs. Modern Phys. 26, 95 
1954 

 M. Goldhaber and R. D. Hill, Revs. Modern Phys. 24, 179 
(1952 
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The spacings between 1441/2, 2d3/2, and 3s are known 
to be small from isomeric transitions. It was pointed 
out by Mihelich and de-Shalit® that it is uncertain 
whether the isomeric transitions between these states 
are “particle transitions” or “hole transitions.” For- 
tunately, the energy differences 2d3,2—1hi1;2 and 
3s—1hy1/2 do not affect the calculated values of the 
quadrupole moments. We assume that the 1/112 level 
is lowest, the 2d3;2 second, and the 35,2 level highest, 
and that the spacing 2d3;2—1hi1;2 is 0.5 Mev and 
3s—2ds;2 is 0.25 Mev. The order of magnitude of the 
former is inferred from the level of Ba'*’ at 0.66 Mev 
and the latter is taken from the 0.26-Mev level” in 
Au'®, 

The spacing between 1hg,2 and 2/7/2 levels is expected 
to be small but no experimental data are available. 
Since the spin of s;Bi® is 9/2, we assume that /y/2 is 
slightly lower than 2f7/2; the spacing is tentatively 
assumed to be 0.5 Mev. We note in passing that no 
case is known in which a hg;2 proton jumps to the 2f7/2 
level. 

The position of the 2/52, 1113/2 and 33/2 levels must 
be determined for estimating the contribution of the 
excitation of protons from lower levels even though 
these levels appear only as the neutron levels in actual 
nuclei. Therefore, we obtain their relative positions 
from the levels of odd-neutron nuclei. The analysis of 
isomeric states” of Hg, Au, and Pt indicates that 1213/2 
is higher than 2/s/2 by about 0.5 Mev and that 33,2 is 
higher than 2fs,2 by almost the same amount; the 
spacing 3p3/2—11,3;, is assumed as 0.25 Mev. It might 
be mentioned that this level scheme is somewhat dif- 
ferent from that obtained recently* for Pb®’. However, 
our results are not seriously affected by our assumptions 
concerning the positions of these levels. 

The assumed position of all the levels is summarized 
in Tables III(a) and (b). The former gives the spacings 
between levels with even parity and the latter of those 
with odd parity. The values given in these tables are 
assumed to give the energy differences between levels 
for all nuclei, regardless of their masses. This might 
seem to be a crude approximation because the level 
spacings decrease with increasing A. However, only 
limited numbers of level spacings affect the calculated 
values and most level spacings have very little effect 
on our results. The uncertainties which appeared in the 
determination of high levels might give rise to some 
ambiguities in the calculated quadrupole moments of 
heavier nuclei, but it is not likely that our results could 
be changed substantially by assuming different level 
spacings. 

For the excitation modes (II) and (III) the average 
value (1/AE) would be needed. These are assumed to 
be equal to 1/A£ for the sake of simplicity. On the 
other hand, the AZ, in the excitation mode (IV) is the 


® J. H. Mihelich and A. de-Shalit, Phys. Rev. 93, 135 (1954). 
"1D. E. Alburger and M. H. L. Pryce, Phys. Rev. 95, 1482 
(1954) 
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energy difference between J=0 and J=2 states of the 
jx" configuration (n=even, 0<n<2j,+1). Theo- 
retically, this energy difference does not depend upon 
the numbers » of nucleons” and we estimate it from the 
experimental data near the closed shell. It decreases 
from 2 to 0.5 Mev as the mass number increases.*-™ 


(iii) Comparison with the Observed Values 


The calculation of the quadrupole moments was 
carried out only for the nuclei with normal coupling; 
the quadrupole moments of Na™, Mn**, Se”, and Eu'® 
were not calculated.‘ Those nuclei with mass numbers 
less than 16 were also omitted because the approxi- 
mation adopted might break down. The observed 
values for the quadrupole moments were obtained from 
the compilations of Klinkenberg® and Murakawa and 
Kamei” and the configurations adopted are based upon 
the tables of Klinkenberg,”® unless otherwise stated. 
The results for odd-neutron nuclei are given in the 
fourth column of Table IV. The fifth column of this 


TaBLe IV. Calculated and observed values of quadrupole 
moments of odd-neutron nuclei. ¢,¢:=0.5X10™™ cm? Mev. The 
Qs «.’s are the hydrodynamical estimate of the collective model 
(reference 6). 


Configuration 


Nucleus proton neutron Qobs Ocale Os 

Pel Wa dus —0.004 —0.04 —0.16 

165” bbe dais — (0.064 —0.09 —0.22 

1658 (dare? 0.045 0.09 0.22 

Ge" o (pire)? go —0.2+0.1 —0.43 1.2 
(e012)? 0.27 . 

wKr® (fsr2)4 (eor2 0.15 0.28 

sXe! (g7/2)* d; —0.12 —0.26 

goEr'* (Aya) (fra 10.2 0.70 


table gives the hydrodynamic estimates of the collective 
model (reference 6, Table IX). Our calculated values 
are for odd neutron nuclei (except for Er'*’) in general 
somewhat larger than the observed values. For O'’, the 
assumption that the interaction has delta-function 
character might not be valid. Two zeroth-order con- 
figurations are tried for Ge” because there is a com- 
petition between the 1/2 and gy/2 neutron levels. The 
calculated values of the magnetic moment following 
the treatment of reference 8, are — 1.72 and —0.76 nm 
for the configurations (1/2)* gsj2 and (gg/2)*, respec- 
tively. The observed value is —0.88 nm. Hence, the 
latter configuration gives better agreement both for 
magnetic and quadrupole moments. The large quad- 
rupole moment of Er'®’ cannot be explained by the 
present calculation. Some remarks concerning such 
large quadrupole moments which appear also in odd- 

2 C. Schwartz and A. de-Shalit, Phys. Rev. 94, 1257 (1954) 

% G. Scharff-Goldhaber, Phys. Rev. 87, 218 (1952) 

* P. Stahelin and P. Presiwek, Nuovo cimento 10, 1219 (1953) 

% PF. A. Klinkenberg, Revs. Modern Phys. 24, 63 (1952) 

**K. Murakawa and T. Kamei, Rept. Inst. Sci. and Technol., 
Univ. Tokyo 7, 219 (1953) 








NUCLEI 783 


proton nuclei will be given in the next section. The 
detailed contribution of each type of configuration 
mixing is shown in Table V for S*® as an example. The 
largest contribution comes from the excitation mode 
(1d5/2)* —> (1d5,2)* 1goy2 for protons and the proba- 
bility of this excited configuration is 2.8%. This jus- 
tifies the use of the first order perturbation theory; the 
reduction of the zeroth order configuration is negligible 
at least in most cases. 

For odd-proton nuclei, we obtain the values listed in 
Table VI. The value of the parameter c,; was assumed 
to be 1.210-*? cm? for the calculation of the quad- 
rupole moment (1) due to the normal configuration. 
The only nucleus for which the calculation gives a 
quadrupole moment with the wrong sign is V"'. How- 
ever, if the normal configuration is assumed to be 
(d3;2)~*( fz/2)° in this case, the calculated value becomes 
positive in agreement with the observed value. It might 
be recalled that the (d3;2)~*(f7/2)* proton configuration 
gives a much better value than the (/7,2)' configuration 
for magnetic moment of Sc. However, this con- 
figuration assignment is difficult to reconcile with the 
magic character of nuclei with 20 protons. For Te”, 
the value calculated for the configuration (g 9/2) is 
much smaller than the observed value. The experi- 
mental moment is, however, somewhat ambiguous. Two 
configurations are examined for Pr'*'. One of these gives 
a large negative, the other a small positive quadrupole 
moment. Therefore, it is likely that the zeroth-order 
wave function is a mixture of both. The observed value 
is obtained by assuming that the main configuration 
is (ds/2)* with a small admixture of (g7/2)*d5/2. This is 
consistent with the value of the magnetic moment 
Mobs = 4.0, since the (d5/2)* and (g¢7/2)* ds/2 
give 3.95 nm and 4.53 nm, respectively. From Eu'® to 
Re!*?, 
calculated values, just as in the case of Er'®, The values 
given by the collective model are in general much 
one 


configurations 
the observed values are much larger than the 
larger than the observed values for the shell + 

nuclei for both odd-proton and odd-neutron nuclei, 


Taste V. Contributions from the individual mode of excitation 
of protons for the quadrupole moment of S*®. The zeroth-order 
proton configuration is (1s )?(1far2)*(1pira)®(1dera)* (28? 


Excitation modes of protons 0 
(1s? —» (1s) Idave — (0.004 
(1 pare)* —> (pare? 1 fore — 0.007 
(1 par2)* > (Lpare? 1 fora 0.001 
(1 paya)* —> (1 pare) pare 0.001 
(1paye)* —+ (1 pare? 2pue 0.001 
(1 pie —> (pure) fers —0.005 
(lpia? —> (lps) 2pare 0.001 
(1dsr2)* —> (1dsi2)* Idave —0.015 
(1dgrz)® —> (1dere)* lgers —().042 
(Iduiz)® —> (1dgie)® Iga ~—0.003 
(lds 2 e—» (1ds/2)* 2dsia 0.004 
(1ds2)* > (1d, 2)* 2daia 0.001 
(2s? —» (25) Ida —~O.021 
Sum —0.090 
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Taste VI. Calculated and observed values of quadrupole 
moments of odd proton nuclei. ¢;=1.2K10°*? cm? and ¢\c,=0.5 
x10 cm? Mev. 0,, and Og. are the values given by the 
single-particle model and the hydrodynamic estimates of the 
collective model (reference 6), respectively 
Prot 
le figura Oote 0 Usa 
sAP? (ds) 0.156 0.16 0.04 0.30 
; 3 
d 0.07894 0.08 —0) 04 0.26 
t 2 
i7f d 0.06213 0.08 —0.04 ~). 26 
+ ) 
aV™ (fon? 03 0.03 ~0.03 
+2 
Co* 0.5 0.19 0.11 
+2 
of u* p 0.157 0.11 —() 07 0.48 
oof u* ft 0.147 0.11 0.07 0.48 
Ga* 0.2318 0.15 0.07 053 
. 
Ga (p ‘ 0.1461 0.15 0.07 0.53 
+ 15 
Ac? (/ : 0.32 0.18 0.08 
+ 5 
Br” 4/ 0).2¢ 0.19 0.08 
% 
Rr 4 0.21 0.19 0) OX 
+ 7 
a ND . 04 0.33 0.20 
al n 0.34 O03 O00 
+17 
wl (s 1.144 0.41 0.22 24 
wl , 1.161 0.42 0.23 24 
s! i 0.52 0.26 018 —15 
+10 
S 067 ) 39 0.22 2.1 
4-10) rr 
j" 072 41 0.19 
9 
['s s 143 )42 0.22 
+15 
La" { 09 044 0.24 
‘ 
»Pr’ j O5 0.30 0.20 
0.02 OOo 
al 1.2 0.36 0.21 
Lu . S90 0.74 ().28 
la 6 0.65 0.28 
Re i 2.8 0.39 0.24 
Re'* 26 040 0.25 
Ir 10 0.40 0.18 
Ir'™ / 10 040 0.18 
oAu” 0.56 0.29 0.18 
a3 Bi™ 04 0.53 0.39 5.6 


IV. DISCUSSION AND CONCLUSION 


There are isotopes with equal spins but somewhat 


AND A. 


different quadrupole moments. These will not be dis- 
cussed in detail; one can explain such a situation by 
ction. 


The 


configuration interaction of this kind has been discussed 


assuming a mixture for the zeroth-order wave fur 
This was shown for Pr' in the preceding section 


concerning beta transitions with anomalous ff values 


and the first excited states of even-even nuclei by other 


M27 


authors. 


che Shalit and M Gok haber Phys Rev 92. 1211 (1953 
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The harmonic oscillator wave functions might not be 
the appropriate nucleon wave functions in the heavy 
nuclei. The wave functions for potentials similar to the 
square well will presumably give larger quadrupole 
moments for heavier nuclei by virtue of the increased 
matrix element of r*. In general, our calculated values 
for odd-neutron nuclei are somewhat larger, those for 
odd-proton nuclei somewhat smaller, than the observed 
values. This holds even for closed shell + one nuclei. 
It is likely that this discrepancy is due to our assump- 
tion concerning the interaction between nucleons. The 
quadrupole moments due to the excitation of the 
proton group of odd-neutron and odd-proton nuclei are 
proportional to 3(V,+3V,) and V,, respectively, if a 
delta-function interaction is assumed. Hence, a better 
agreement could be obtained by decreasing V;/V,. 
However, one cannot determine this ratio exactly, 
although some indications have been obtained from 
the ground-state spins of odd-odd nuclei.” 

The treatment by first-order perturbation theory 
appears justified, at least in most cases. This was shown 
in the example of S*. However, it should be noted that 
the estimate of the energy denominators is not suffi- 
ciently accurate. The observed level spacing between 
J=0 and J=2 states of even-even nuclei decreases to 
as little as 0.1 Mev in heavy nuclei between the magic 
numbers. If this is true also for the states of the even 
groups of odd nuclei, the treatment by perturbation 
theory will break down. The large quadrupole moments 
in the rare earth region, which cannot be explained by 
the present treatment, may be caused by such a 
mechanism. In order to interpret the large quadrupole 
moments in this way, it will be necessary to investigate 
the level spacings given by the model underlying the 
present article. 

It follows from the calculations here presented that 
the quadrupole moments of odd-neutron nuclei can be 
explained as resulting from the excitation of the proton 
group and that the additional quadrupole moments of 
odd-proton nuclei due to the same cause are rather 
large. The agreement between the calculated and ob- 
served values of the quadrupole moments of odd nuclei 
is fairly good except for nuclei with very large quad- 
rupole moments. 
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— 


a 


Schwartz, Phys. Rev. 94, 95 (1954 














QUADRUPOLE MOMENTS OF 


APPENDIX A. DERIVATION OF EQ. (7) 


The derivation of (7) is given only briefly since the 
derivation of a similar equation for magnetic moments 
has been given before.* The methods of Racah”-™ are 
employed for the calculation of the various matrix 
elements. 

The matrix element in (4) can be expressed in terms 
of the double-barred element 


(j1"(0) ?(4); 77 Qow| C41” (i) je] (2)9"(); FD) 
=[j(2j—1)/(j+1)(2j+1)(2j+3)}! 

X (f1"(0) 7?(9); Gl] Qopl|L9"1-* (hx) jo (2) 9?(J); J). 
The double-barred element is reduced to that of the 
single particle by making use of the coefficients of frac- 
tional parentage and Racah coefficients: 


(51"(0) j?(3) ; 7) Qop!! C41" (is) 2 (2) 99); 
=[m(2j+1)/5(2j:+1) }'(j1!7 (3 cos*@—1)|! 7). 
One can show in general that 
(7"}C || 7) = (—1) AL (27 +1) (27’+1)/ (2k4+1)]! 
x (j' 7-4] 7’ jkO), 


where C,“? is an unnormalized spherical harmonic: 
C, =[4xr/(2k+1) }}O(kg)b(q), and the difference of 
the orbital angular momenta of j and 7’ must have the 
same parity as k. In our case, because of 3 cos*#—1 
=2C,)*), the double-barred matrix element of the last 
equation can be given in terms of a Clebsch-Gordan 
coefficient with k= 2. 

The calculation of the nondiagonal matrix element 
of the interaction in (6) is somewhat lengthy. The 
matrix element between many-particle configurations 
can be expressed in terms of matrix elements for two- 
particle configurations: 
sjm|> Veal [ji” 


vk 


(i:"(0) 7? *(j1) j2.}(2)j?(j); jm) 
=((2j+1—2p)/(2j-—1)]x[Sn 
XD (I+ WW (Sj 522; jj 


Racah, Phys. Rev. 62 


2j+1 


(jrjJ iV) jepJ). 


(27,4 1) }! 


#G 438 (1942) 
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The summation over J extends herein over the possible 
angular momenta of the j;j and jj configurations. 
The matrix elements of the interaction between two- 
particle configurations can then be obtained in a 
usual way. The assumption of the delta-function inter- 
action makes the calculation relatively simple and the 
summation over J can be carried out without difficulty. 
If the particles in the orbits j and 7, are both protons, 
the exclusion principle must be taken into account. 


APPENDIX B. DERIVATION OF EQ. (10) 


For the wave function (II), the matrix element of 
the quadrupole moment operator becomes 
(41"(0) j?(J) : di Qop| ji” 1(j,) j?* (J): jj) 

=[2nj(2j—p)(2I+1)/ (j+1)(2j+3)(2frt+1)}! 

X (Gi (3 cos*O— 1)! 7) KW (jij jj; J2). 

The explicit formulas for the coefficients of fractional 
parentage were used when deriving this equation. The 
phase factors are cancelled by the phase factors in the 
following formula. The nondiagonal energy matrix 
element for the delta-function interaction is*® 


(j1"(0) 7?(9); jm |S Veal A GP"); jm) 
i<k 


= (—1)*4,[2n(2j—p)(2J+1)/(2j—1) 
XK (274+1) (27141) GjajJ| Vj 7J). 
If the energy denominators are replaced by their aver- 
age value and factored out, the summation with respect 
to J in (II) can be carried out by means of the property 
of Racah coefficient and the delta-function character 
of the interaction: 
Y (2+ DW (frjiji; J2)GjjI\N 
= V JL (2ji:4+-1)(27+1)*}! 
x (ji— hi} 


j7J) 


j1j20) (74 7-4) 7720)/ 20. 


The J in this formula run over the allowed states of 
j?** configuration with seniority two and restricted by 
|ji-j| SJ <jit-j. The derivation of (11) is quite 
similar. 
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Resonant Capture of Protons by Fluorine in the Energy Range 0.5 to 2.2 Mev 
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The energy of a proton beam from a pressurized electrostatic generator was measured absolutely by 
means of an electrostatic analyzer, and used to irradiate thin targets containing fluorine. The y-ray yield 
was observed as a function of proton energy and the energies for resonant proton capture were determined 
to an accuracy of one part in a thousand in most cases. The width of each resonance at half-maximum 


yield was also measured. 


1. INTRODUCTION 


HE y-ray yield from a F™ target irradiated by 

protons has been observed by several workers 
previously, using nonabsolute methods of beam energy 
measurement. An absolute determination of the lowest 
very strong resonance was made by Herb, Snowden, 
and Sala,’ using an electrostatic analyzer, and Ajzenberg 
and Lauritsen* have corrected the values obtained by 
earlier workers, using this determination as a calibration 
point. Their values were drawn from several sources, 
and it seemed possible that experimental errors involved 
were to some extent cumulative when intermediate 
standards were used. The values also depend on the 
linearity of the energy measurements. 

It was therefore decided to make a survey of the 
y-ray yield in the energy range 0.5 to 2.2 Mev by using 
an absolute electrostatic analyzer. It was also hoped 
that the high-energy resolution would enable more 
accurate determinations to be made of the half-width 
of the resonance, and that the high target currents 
available would enable a search to be made for previ- 
ously undetected weak resonances. 


2. BEAM ENERGY MEASUREMENT 


The energy of the proton beam from a pressurized 
electrostatic generator’ was determined by an absolute 
electrostatic analyzer of deflecting angle 63.2° which 
has been described in detail elsewhere.* The energy 
resolution of the instrument was one part in 1200, and 
the uncertainty in the estimation of the mean proton 
beam energy is estimated to be about 5/10*. The 
linearity of the voltage scale determined by this instru- 
ment has been checked by observing the 874.5-kev 
resonance using mass 1, mass 2, and mass 3 components 
of the beam. The signals from the exit-slit jaws of the 
analyzer were used to stabilize the voltage of the 
electrostatic generator by controlling the magnitude of 
an electron beam up the accelerator tube.® 

The electrostatic analyzer was followed by a magnetic 


! Herb, Snowden, and Sala, Phys. Rev. 75, 246 (1949 
* F. Ajzenberg and T. Lauritsen, Revs. Modern Phys. 24, 321 
(1952) 


*D. R. Chick and D. P. R. Petrie, Proc. Inst. Elec. Engrs 
(to be published) 
‘Hunt, Petrie, Firth, and Trott, Proc. Inst. Elec. Engrs. (to 
be published 
* B. Millar and R. Bailey (to be published) 
/ 


deflector of angle 26.8°, which separated out ions of 
unwanted mass. The distance between the exit-slit 
jaws of the electrostatic analyzer and the deflecting 
magnet was equal to the focal length of the magnet so 
that a parallel horizontal beam was obtained at the 
exit of the magnet. This beam was used to irradiate 
the target. 

Currents of up to 25 wa were obtained immediately 
after the electrostatic analyzer, and proton currents of 
up to 10ya were recorded on the target after the 
magnet. These currents proved to be excessive for much 
of the present experiment and were reduced by the 
deliberate misalignment of the analyzer and magnetic 
deflector. 

These high target currents (with high-energy resolu- 
tion) were due in part to the angle of deflection of the 
analyzer which focused a parallel incident beam in the 
plane of the exit slits, and in part to the high speed of 
the machine voltage stabilizing circuits. 


3. EXPERIMENTAL PROCEDURE 


The targets were evaporated ‘‘in vacuo” on to carefully 
cleaned and polished copper backings. Those most used 
had a thickness in energy units of 1 kev for a 1-Mev 
incident proton beam. Some determinations were also 
made by using targets of thickness 2 and 3 kev. The 
targets were heated to 200°C during irradiation and a 
liquid nitrogen trap was installed immediately in front 
of them to prevent the deposition of carbon. By 
repeated determinations of one of the strongest and 
narrowest resonances, it was shown that less than 1 kev 
of carbon had been deposited on the target surface 
after twenty hours of irradiation. 

The y-rays were detected by means of a Geiger- 
Miiller counter with a lead radiator placed immediately 
behind the flange supporting the target. The current 
falling on the target was fed into a beam current 
integrator® which, in conjunction with a standard 
timer, was arranged to switch off the scaler recording 
y-ray counts when a charge of 10 wcoul had fallen on 
the targets. Over regions of special interest and for 
weak resonance observations higher target charges 
were used (Figs. 2 and 3). For most of the irradiations 

* J. L. W. Churchill and W. W. Evans, Electronic Eng. (to be 
published, 1955) 
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target currents of between 1 and 5 wa were adequate. 
Higher currents produced overheating of the target 
and very high counting rates at the peak of the stronger 
resonances. The consequent counting losses would 
have led to errors in the estimation of the half-widths 
of the resonances. 

In general, the beam energy was varied in steps of 
2 kev, but in order to estimate the peak and half-widths 
of narrow resonances, these steps were reduced to 200ev. 
Each of the resonances was determined several times, 
and the determinations quoted are the mean values 
after correction for target thickness, relativity effects 
and the small angle of inclination of the incident beam 
to the normal to the entrance plane of the analyzer. 
This latter correction was determined by rotating the 
analyzer through an angle of 180° about a vertical axis 
and redetermining several of the stronger resonances 
throughout the energy range.‘ 

In order to check that the resonances were due to 
fluorine they were observed on both calcium fluoride 
and lithium fluoride targets, and an additional irradi- 
ation was made of a clean copper backing. Radiation 
from the copper backing became detectable at about 
1 Mev and increased to 5000 counts/10 wcoul at 2.2 Mev. 
This background is shown in Fig. 1 and has been 
subtracted from the resonance curves. 

The background of the Geiger-Miiller counter due to 
cosmic radiation and x-radiation from the machine was 
determined by intercepting the beam some distance 
from the target. This proved to be negligible compared 
with the true counting rate for all machine energies up 
to 2.2 Mev. 


4. RESULTS 


The resonances observed are shown in Fig. 1. To 
show the weaker resonances clearly, additional plots 
have been made on which the vertical scale is divided 
by the factor indicated, and to accommodate four of 
the stronger resonances the vertical scale has been 
multiplied by a factor of two. 

The mean resonance determination and half-width 
measurements are shown in Table I; the values of 
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Taste I. Resonant energies and half-widths 
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Values in present work 


Reso- Reso 
nant Half Method of nant Half 
energy width energy energy width 
kev kev Observer measurement kev kev 
224.2 1.0 Hurt and Absolute 
Jones electrostatic 
analyzer 
340.4 2.8 Hunt Absolute 
electrostatic 
analyzer 
483.1 2.2 Hunt Absolute 
electrostatic 
analyzer 
598 37 Bonner and Magnetic 596.8 300+ 3 
Evans* analyzer +1.0 
669 7.5 Bonner and Magnetic 671.6 60+ 0.7 
Evans* analyzer +07 
780.3 7.64 1.0 
+08 
831 8.3 Bonner and Magnetic 8348 654 10 
Evans analyzer +0.9 
873.5 5.2 Herb eal. Absolute 874.5 54+ 03 
electrostatic +09 
analyzer 
900 48 Chao e al Electrostatic 902.3 5.14 1.0 
analyzer +0.9 
935.3 8.0 Chaoeal. Electrostatic 935.1 86+ 0.5 
analyzer +09 
1092 1.2 Bonnerand Magnetic 1090 0O.7+ 0.3 
Evans analyzer +1.0 
1123 22 +5 
+2.0 
1137 4.1 Bonner and Magnetic 1140 2.54% 5 
Evans analyzer +1.0 
1176 ~130 Bonner and Magnetic 1189 110+20 
Evans analyzer +7.0 
1290 19.2 Chaoeal. Electrostatic 1283 18.64 1.0 
analyzer +14 
1355 8.6 Chaoeal. Electrostatic 1348 5.64 0.5 
analyzer +1.3 
1381 15.0 Chao eal. Electrostatic 1375 110+ 1.0 
analyzer +14 
1007 604 1.0 
+1.6 
1690 30.0 Willard Magnetic 1694 = 35.04 3.0 
eal analyzer 1.7 
1940 15 Willard Magnetic 1949 40 +10 
et al analyzer +2.5 
2030 wo Willard Magnetic 2030 120+ 20 
+3.0 


eal 


analyzer 


* All values obtained by Bonner and Evans were multiplied by 873.5/862 


in order to agree with Herb's absolute determination. 


Ajzenberg and Lauritsen are also shown for comparison. 
For completeness, three resonances in the lower-energy 
scale measured at this laboratory using a smaller 
generator and absolute analyzer are included. Reso- 
nances observed at 780.3 kev and 1.607 Mev are shown 
separately on Fig. 2. The yield in the energy range 
1 Mev to 1.35 Mev appeared to be of particular interest 
and has been shown separately in Fig. 3. 

The standard deviations of several determinations of 
each of the resonances were less than five parts in 10° 
of the mean values, except for the very broad peaks. 
These variations are produced by random errors, one 
of which is the uncertainty in determining the peak 
from an observed resonance curve. This uncertainty is 
proportional to the half-widths of the resonances and 
inversely proportional to the yield, and becomes the 
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Fic. 2. The 780.3-kev and 1.607-Mev resonances 
main source of error for extremely broad resonances 
such as that at 1.189 Mev. 

The errors quoted in Table I were obtained by adding 
the standard deviation of the results obtained to the 
errors in the measurements of 


estimated systematic 


the beam energy.‘ 


5. DISCUSSION OF RESULTS 


On irradiating fluorine with protons, y rays 
produced by three processes, F’ pray 0”, F® p py Fs 
and F” P.Y Ne 


to distinguish between the y rays from each of 


No attempt was made in this work 
these 
reactions 

The f the lowest 
strong resonance at 874.5+0.9 kev is in good 
with Herb’s value of 873.5+0.9 kev. Except for the 
1.189-Mev resonance, for which uncertainties are 


absolute determination « 


present 


igreement 


large 


because of the large half 
+} 


width, the agreement with 


values based on e determinations of Bonner and 


Evans is in general! better than three parts in a thousand 
th 


1lousanda 


Our determinations are about five parts in a 
lower than those obtained by Chao et al. for the higher 
but the 


resonances, agreement is better in the lower 


voltage range 
+} 


is only 


the results of Willard ef al 
+} 


Comparison with 


possible over a limited energy range, but the discrep- 
ancy is not greater than the limits of accuracy to whic! 
Willard quotes his results. Our estimates of the half 
two higher resonances, however, are 


width of the 


appreciably greater than those of Willard. They were 


made by fitting two Breit-Wigner curves to the observed 


AND K. 


FIRTH 


yield curve, the errors are comparatively large because 
of uncertainty in estimating the contribution from 
higher resonances. 

Resonances at 780.3 and 1607 kev were not observed 
by earlier workers, but were observed independently 
by Barnes’ in the F'(p,p’y)F™ reaction while the 
present work was in progress. 

A resonance at about 1120 kev has previously been 
observed by Devons et al.* for the emission of electron- 
positron pairs from the 6.06-Mev excited state of O'* 
formed by the F"*(p,a)O'™ reaction. Annihilation radi- 
ation from these pairs may account for the resonance 
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Fic. 3. y-ray and 1.3 Mev 


yield curve between 1 Mev 
(40-pcou! target charge 


peak in the present measurements, Devons also ob- 
served a slight pair peak at about 780 kev. 
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Quadrupole Moments of Ta™ and Lu’”® 
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The hyperfine structure of the spectrum of Ta t was studied by means of a hollow-cathode discharge tube 
and a Fabry-Pérot étalon, in order to determine the quadrupole moment of Ta. The calculation was 
carried out for the quadrupole coupling constants of the levels *Fy/2, ‘Paya, *Fs2, “FP ry_ and ‘Fy of the con 
figuration 5d* 6s*, in which the three 5d-electrons are combined by an intermediate coupling. This yielded 
the result that Q(Ta!®) = (+4.3+0.4) X 10™ cm’, in which the polarization correction (due to Sternheimer 
is taken into account. The value of Q(Lu'”) was calculated from the data given in the literature, and was 


found to be (+5.7+0.3) X10™ cm? 


I. INTRODUCTION 


6 hex quadrupole moment (() of Ta'*' was estimated 
by Schmidt! from the hyperfine structure (hfs) 
of some Tat lines. The values of Q obtained from 
various levels were, however, not so consistent. Brown 
and Tomboulian? tried to determine Q(Ta') by study- 
ing the hfs of some Ta m lines. However, it subsequently 
turned out that the level from which they deduced the 
value of Q was perturbed and therefore their Q had to 
be withdrawn.’ 

In the present work, the hfs of the spectrum of Ta 1 
was measured more accurately than in the previous 
work and the value of Q was calculated with wave 
functions that are more accurate than those of Schmidt.’ 


Il. EXPERIMENTAL PROCEDURE 


A hollow-cathode discharge tube was used as a light 
source and a Fabry-Pérot étalon was used in order to 
resolve the hfs. 

Schmidt! determined the hfs of the ground level *F 3/2 
from the line 4280. This line is, however, weak and 
has strong neighboring lines which disturb the measure- 
ment. In the present work, the hfs of the same level 
was deduced from the strong green line \5403 that can 
be measured easily. 
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Fic. 1. Hfs of the lines Ta 1 45403 and Ta 1 A5419 
The measurement of Schmidt is shown as $ 


T. Schmidt, Z. Physik 121, 63 (1943 


*B. M. Brown and D. H. Tomboulian, Phys. Rev. 88, 1158 
(1952). 

*B. M. Brown and D. H. Tomboulian, Phys. Rev. 91, 1580 
(1953 


Ill. RESULTS 


The observed hfs is shown schematically in Figs. 1~4. 
From the measured hfs the interval factors A and the 
quadrupole coupling constants B of the final levels were 
deduced as shown in Table I. The nuclear spin of Ta™ 
is known to be 7/2.4~* The value of 0 can be calculated 
by the fundamental formula 


Z*H 
Q=—B— I(2T—1)J(2J—1) 
£303 cos’®— 1) 
XK (14+-4)1.988 Kk 10°"! cm?, 


in which the symbols have their usual meanings. A is 
the polarization correction factor introduced by Stern- 
heimer.’ We will put w= 3 cos*#—1 for brevity. 
Published term tables* of Tar show that the con 
figuration 5d*6s* is not of LS-coupling.’ In order to 
calculate }°a, we have to express the intermediate 
coupling wave function in terms of LS-coupling wave 
functions. For that purpose, we need the solution of 


Tal 24314 [Sa'6e “F; -5a'6s("F )6p'F,) 
° 


j j . ° 
oO e n | vy u 
P41 ete m f 
= =335 < =. (= 0 .050, 
-432 ~360 -267 “129 
Fic. 2. His of the 5: -M9 -353 -2% -380 -130-076 0~.051 _, 
line Ta 1 A4314 F yas 
The measurement of : 
Schmidt is shown as | 
. * 
Sd'6s6pF; ae : BY 
es {p66} 
abcdefghijhkimnop 
[ $to _ 
5462, 4 ; 
as i 
1 “(030 


‘ J. H. Gisolf and P. O. Zeeman, Nature 132, 566 (1933 

*N_S. Grace and E. McMillan, Phys. Rev. 44, 949 (1933) 

*J. H. Gisolf, dissertation, University of Amsterdam, 
(unpublished 

7 R. M. Sternheimer, Phys. Rev. 80, 102 (1950); $4, 244 (1951 
86, 316 (1952 

*Van den Berg, Klinkenberg, and Van den Bosch, Physica 16, 
861 (1950); 18, 221 (1952) 

* This fact was also pointed out by R. E. Trees, Phys. Rev 
92, 308 (1953 
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Tape I. The hfs constants A and B of the configuration 5d* 6s? 
and the values of Q(Ta™) derived from each B 


FP ays ‘f Foy 


10.8 2 R79 


10.4 4.6 


—0.013; 
~O.01 


0.05 0.030 


0.06 


+44 5 +40 


+0).8 + 1.0 


matrix of d* in 
used. The 


and F, were determined so that the 


matrix of 5d*. The 
Marvin 


the energy 
LS-coupling published by 


energy 
was 
parameter {, F; 

solutions fit the observed positions of the levels* as 
, and the 


578 and 


accurately as possible (least squares method 
following values were obtained: f= 1650, F, 
F,=00. 

A wave 


denoted 


function in intermediate coupling will be 


prime. Putting the above-mentioned 


and F, in the energy matrix of d* and 


with a 
values of ¢, Fe, 
using the usual procedure, we get 
PF yya’ = Ky 8 PF yot+Ke*Dao*+ Ky ?*Doj2" 
+Ke*Pa2t+K,*P 
0.1576, Ky 0.2272, 
K,=0.05398, K, 
o4Ks2Dys? 
+Ky*Pyot+K,*P 
0.1242, K; 0.1710 
K,=0.8516, A 


0.9561, Ke 


0.08103 


LK.’D 


0.1479, Ky 


0.4563 


Tal AS341 [Sd'62"F; - Sd’65('F )6p Gy) 
t 


” H. H. Marvin, Phys. Rev 935).G 
University of ved am, 1951 
matrix given by Marva but this modifi 
to his musinterpretatior 
63, 367 (1943!) The 
t Sd? 6s* giver 


therefor 


| dissertalior 
modified the ene rey 
is apparently incorrect, owing 
article of G. Racah [Phys Rev 
the composition of the states of Ta 
is based on Van der 
Marvin’ 


Berg’s calculation, and is 
sais our? 


rOHRU 


KAMEI 


*PsjotKeo*F 524K; *Ds5/2* 
+Ko*Dso+Ks5'*Pss, 
K;=0.07904, 
K,=0.02751. 


‘PF. /=K, 


= 0.04646, 
K, = —0.1450, 


o = Ky *Gr2tKe Fret K3*F 72, 
K,=—0.2175, K2=0.9705, K;= 
Foye = Ky *Ho2+K2 Got K3 ‘Fy 

K,=0.1637, K».=—0.3956, 


K,=0.9848, Kz 


0.1025. 


",= 0.9038. 


wave functions in 
formulas for 


>a can be calculated by using the 
the MsM; and the fundamental 
d-electrons that were given by Schmidt 


-scheme 
and corrected 


Tal eee ~Sd'64 (F)6p ‘D,!| 
Ts 
j Pp 
n 
of fs ah Lely 4 H 
41 060, cm! 


dio ost ie 058; y— 
Tal AS157 5a'6i‘F, -Sd'6x("F)6p‘Gy ay 
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aie | 


lines Ta 1 45461 and 


4. Hfs of the 


* Murakawa.'" Then we have 


Fyy3! || *Fyo’) = KF a : 
+ K#(*Day2*|w|*Dya*) +> = +K EP ays 
+ 2K Ko(*F y2| w|*Days*) ++ +2KKo(2P ya] w| Pa), 


and similar expressions for the other levels. The matrix 
elements of w for LS-coupling levels for J= 3/2 are'?" 


‘F’3)2\ w| 4F 8/875) (13R,'+14R,”—12S;), 
*Daj*\w\*Ds 
w|*D 


-112R,'+ 96S 
: 4Ro'+5R.” 

w|?P 5)(—4R2'+7R,"+12S,), 

w|*D ~4R,'+7R,"—352), 


133R,"— 


+6585 ae 


Z£/8id 


(Japan) 9, 391 (1954 
w!*Fs) was published by 


K. Murakawa, ] 

2 The expression f 
reference 1 

‘The wave function for @‘P,.1 published by 

i therefore his (*Ps. w | *P; 


rroneous, and 


Schmidt 


Schmidt is 
is invalid 








QUADRUPOLE 


(*F 3)2|w|2Ds/2") = (10)4(2/625) (4Ry’ — Ro” —3S:), 
(4F yy2|w!| *Psy2) = (21)!(8/ 2625) (6R2'+-7R2” +253), 
(4F 3)2|@|*Pyy2) = (15)4(16/ 13125) 

X (—3Ro'+7R2"—4S), 
(21)#(1/175)(—8Re’—7R2""), 


Ml 


(?Ds; 2* Ww 2D; 2°) 


(2?D3/2*| w|*P 32) = (10)#(4/125)(— 2Re’+ R2”+S2), 
(2Dyy*| w|2Pay2) = (14)*(1/175) (4Re' +7 Re” +452), 
(?Dsy2®| w | P52) = (210)3(2/18375) 
x (—12Ry’+35Rz—235:), 
(2Ds2” | w|*P 3/2) = (6)4(1/2625) (84R2’—91R,” —685;), 
(*Pyyo|w|*Pa/2) = (35)*(4/ 1875) (4Re! — Re” —3S:). 
R,', R;"’ and S; are the relativity correction factors for 


d-electrons given by Casimir.'* The matrix elements of 
w for other levels can be calculated similarly. 

The numerical value of Q was calculated, putting'® 
R' =1.05, Ro!’=1.17, H=1.02, {4= 1650, Z4*=73—20 
= 53, and A=0.103.7 The value of Q calculated in this 
way for each value of B is shown in Table I. 

In Table I, the values of B for the levels *F3,. and 
‘Ps. have the greatest accuracy and therefore the 
values of 0 deduced from these levels have the greatest 
accuracy. 

In the above calculation, it was assumed that the 
effect of the perturbation of the configuration 5d? 6s? 
by 5d‘ 6s is negligible. The error caused by neglecting 
this effect was estimated to be about one percent. 

The weighted mean value of ((Ta!*) is 


4 cm’. 


O= (+-4.3+0.4) x 10 


4H. B. G. Casimir, Verhandel. Teylers Tweede Genootschap, 
Haarlem, 1936 
i } 


‘8 The screening correction was calculated by 


K. Murakawa [Phys. Rev. 98, 1285 (1955) ] 


the method 


of 


MOMEN 


TS OF Ta!t*' AND Lu!*#8§ 791 
Schmidt' obtained Q=6X10~* cm? without the polar- 
ization correction. 

Huus and Zupandit'* obtained the intrinsic quadru- 
pole moment’? Qo(Ta'')=7xX10~*% cm? from the 
Coulomb excitation experiment for tantalum. If we 
assume a strong coupling between the unbalanced 
nucleon and the nuclear surface, our spectroscopic 
quadrupole moment yields (according to the formula 
given by Bohr'’): Qo(Ta'*!)=9X 10-" cm*. This value 
is in good agreement with that obtained by the afore- 
mentioned Coulomb excitation experiment. 


IV. QUADRUPOLE MOMENT OF Lu'’”* 


Gollnow'® studied the hfs of Lut lines and deduced 
A=+4.6210™ cm™, B=+0.114K10™ cm™ for the 
level 5d 6s**D5;2 of the isotope Lu'® (J=7/2). He 
assumed that the screening correction for the d-electron 
is 11 (Z4*=71—11=60), and got Q(Lu'”) = +4-5.98 
X10-** cm? without the polarization correction. In the 
present work we use a more accurate value!’ Z,*=71 
—20=51, and take into account the polarization 
correction (A=0.107), and get 


QO(Lu!”) = +5.7X 10-4 cm?, 


which is probably accurate to 5 percent. This is defi- 
nitely larger than O(Ta!*). 
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\ plified method of obt ug the direct interaction between two identical nucleons in rag nuclear 
shell model is given for the special case of singlet forces tion interaction is included in the method 
A se €r al analysis simple two and three pa 1uclear spectra is outlined which enables one 
to determine properties he tw 00 yeTturbing ir tion vided many body forces are negugidie 
oupling to the nuclear surface is weak. Corrections to the singlet force formalism due to tri plet central 
sor forces are sed. Formulas are given for magnetic dipole and quadrupole moments and 
agnetic dipole transition rates tor iXet irticie configurations The effect of weak surfac e€ coupung 
article g give r II of this series. A detailed discussion of the spectra of 

wi Lopes caici give pape Li] 

IL. INTRODUCTION ation interaction is of substantial importance. de-Shalit 
CCORDING to the simplest picture of the nuclear 224 Gol lhaber®? have emphasized some eapert ant 
shell model. nucleons move independently within ComSequences of configuration interaction, and Redlich! 
the nucleus subiect only to the force of a common 45 shown that a mixture of configurations considerably 
“ese : by . eer icuintesl’ 3F sealue of tha tenatts 
central potential and to a spin-orbit force.! Wh improve the calculated ft value of the transition 
degeneracies of this idealized model have been ener F'*(8*)O'*, as compared to any single configuration 
by an assumed “‘pairing energy then the model has !culation. Among the many efforts to explain the 
surprisingly great success in affording a qualitative eviations of nuclear magnetic moments from the 
« . . . , ° hmidt line« > he > an Ost 2 . 
explanation for most of the low renetey properties of ( — lines, one of the simplest and mo beeper is 
nuclei? (with some notable exceptions associated with ¢™mbodied in the work of Blin-Stoyle and Perks," who 
iu ; ‘ ’ ai us if i as» at vWeatil - 

' fnd that the dire ' of macnitude of the 
collective nuclear motion).* This w jalitative success has “"@¢ ‘ that the direction and order rm magnitude “ the 
ed to efforts to refine the shell model to the point where deviations can be accounted for in terms of simple 
t may yield quantitative agreement with experiment. ter onfigurational mixing. Collective effects may also 
Chis ME cree has at first taken the form of adding play an important role in the magnetic moment devi- 

. rl rc 4 , general > lect} 12 ac le 
to the independent particle Hamiltonian a direct two- @"0NS, but ke Seneras Survey of this question has led 
body interaction among the nucleons outside of closed ‘© the conclusion that in addition to surface effects, 
shells. Kuratl lalmi.* Flowers and Edmonds.’ and ‘there must be another and at least as large an effect 
Prvce* have studied the effects of various assumed Producing an inward deviation of the moments from 
rh , » the Schmidt lines. This extra effe s first interprete 
formsof this perturbing interaction on the energy levels of | ¢ Schmudt lines. This extra effect was first interpreted 
two-. three-. and four-particle configurations. Although i" terms of a quenching of the anomalous moment of 
’ ; uli ") ai u ) ‘ ‘ mug ‘ > ; iv? ly : 
confeuration interaction was neslected their work. the nucleon, but now appears to be more reasonably 
the predicted level ordering was in accord with exper ttributed to the Blin-Stoyle and Perks effect of con- 
‘ } Ca | i inp i in iW per ‘ 3 
ment where comparison could be made guration ig. Other recent attempts have been 

n MEhp aah : Mat il ‘ . : 

As one might expect from the strength of the nuclear ™ade to take into account both collective and con- 
forces. the in ain of perturbing inter-particle forces "guration mixing effects‘’* on nuclear magnetic mo- 
in the shell model leads to the prediction that configur- ™ents More recently Elliott and Flowers'* have had 

detailed quantitative success in the analysis of simple 

° ‘ ' ' » grant fr } ‘ } P . . - . 

;, " = : & gant 5 he Na ai science ~—=_ Configurations just beyond the O'* core, using a Rosen- 
Foundatio iin . ¢ “< : ? re : 
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INDEPENDENT 


lead to a quantitatively correct nuclear model. Either 
many-body forces or collective nuclear motions, for 
example, could require large corrections. Indeed the 
comprehensive work of Bohr and Mottelson* and 
others'* has shown that at least in certain regions of 
the periodic table, coupling of nucleons to the nuclear 
surface and the contribution of the nuclear core to the 
motion are of dominant importance. These collective 
effects can be taken account of, however, as a further 
refinement of the shell model, and indeed the form of 
the particle-to-surface interaction used by Bohr'’ de- 
pends essentially on the zero-order assumption of 
independent particle motion in the nucleus. 

Possible many-body forces cannot be taken into 
account with equal ease, but the “pair damping” 
postulated by Drell and Henley,'* and Brueckner and 
Watson,” in the pseudoscalar meson theory would tend 
to make many-body forces in the nucleus much less 
important than two-body forces. At the present stage 
of understanding of the nuclear forces, however, the 
role of many-body forces in determining low-energy 
nuclear properties must be deduced primarily from the 
indirect evidence of the validity of calculations which 
ignore such forces. The work of Brueckner, Levinson, 
and Mahmoud” on nuclear saturation with two-body 
forces, for example, provides indirect evidence of this 
kind. The shell model calculations of Elliott and 
Flowers“ and our calculations on the isotopes of 
calcium (paper III of this series”) further strengthen 
the conclusion that many-body forces are not of much 
importance for the low-energy properties of nuclei. 

The theoretical® and experimental evidence accumu- 
lated to date favors the idea that the independent- 
particle model is a good starting point for any attempted 
quantitative theory of nuclei in the ground state and 
low excited states. The work reported in this and the 
succeeding two papers was motivated by a desire to see 
to what extent the independent particle model, modified 
by spin-orbit coupling, by direct interparticle coupling, 
and by particle-to-surface coupling, could be made to 
yield quantitative results. These three added inter- 
actions have previously been shown separately to be 
necessary in special cases. Altogether, the model to be 
tested is represented by the Hamiltonian 


H=H,+¥. Vi;(p)+H.(a) +E Vis), 


>/j i 


in which H, represents the average central field together 
with a one-body spin-orbit coupling, V«;(p) represents 

‘* 1D. L. Hill and J. A. Wheeler, Phys. Rev. 89, 1102 (1953). 

‘7 4. Bohr, Kgl. Danske Videnskab. Selskab, Mat.-fys. Medd 
26, No. 14 (1954). 

*S. D. Drell and E. M. Henley, Phys. Rev. 88, 1053 (1952). 

*K. A. Brueckner and K. M. Watson, Phys. Rev. 92, 1023 
(1953). 

* Brueckner, Levinson, and Mahmoud, Phys. Rev. 95, 217 
(1954). 

"C_ A. Levinson and K. W. Ford (to be published) 

® Brueckner, Eden, and Francis, Phys. Rev. (to be published). 
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the direct two-body interactions among particles outside 
closed shells, H,(a) represents the energy of collective 
motion (restricted in practice to the five degrees of 
freedom of ellipsoidal deformations), and V,(s) repre- 
sents the particle-to-surface interaction derived from 
the linear dependence of particle kinetic energy on the 
deformation of the average potentia! well. 

The primary interest in this work was divided be- 
tween the nature of the interparticle forces themselves 
within condensed nuclear matter and the general 
validity of the independent-particle model as a basis 
for quantitative calculations. 

Some important questions that naturally arise are: 

(1) To what extent can interparticle forces in nuclear 
matter be treated as two-body forces? 

(2) What is the relative importance of surface cor- 
rections and interparticle force corrections to the 
independent-particle model states? 

(3) What is the magnitude of the energy shifts due 
to configuration interaction? 

(4) Are the “interparticle forces” that act between 
particles in a nucleus equivalent to the nuclear force 
between two nucleons in a vacuum? 

In this paper (I), a general discussion is presented 
of the shell-model assumptions and the nature of the 
particle and core forces neglecting the surface forces. 
In paper II,™ there is included a discussion of weak 
surface coupling and idealized calculations of the effect 
of one and two excited phonons on two- and three- 
particle configurations. In paper III,” the techniques 
developed in the previous papers are applied to the 
energy levels of Ca® and Ca® and to the magnetic 
moment of Ca“. On the basis of this limited calculation 
one can give tentative answers to the above-listed 
questions. 

In this paper, we discuss properties of the shell model 
modified by direct two-body forces only. Previous 
applications of such a model have utilized specific 
assumptions about the two-body forces which in genera] 
do not accord with current ideas about the nature of 
the nuclear force as deduced from theory™- or from 
nucleon-nucleon scattering experiments.** In any case, 
the question whether the forces in the nucleus are the 
same as those in the “vacuum” is not answered for 
certain. Consequently we emphasize a semiempirical 
approach in which very few details of the nuclear forces 
are assumed. But the model discussed in this paper 
does assume the following: (a) A double closed-shell 
nucleus, or nuclear core, may be replaced by a one- 
particle potential well plus spin-orbit coupling. The 
levels in this well are determined empirically by the 
nucleus containing only one nucleon beyond the closed- 
shell core. (b) Extra-core nucleons moving in this well 
interact with each other via two-body forces. (c) These 


™K. W. Ford and C. A. Levinson (to be published). 

“M. M. Levy, Phys. Rev. 88, 725 (1952); Abraham Klein, 
Phys. Rev. 91, 740 (1953); 92, 1017 (1953) 

% See references 35, 36, and 37. 














794 Cc 


interactions mix configurations as well as split con- 
figurations, and this mixing must be taken into account. 
(d) For configurations of identical! particles (all neutrons 
or all protons) the forces are predominantly singlet. 
This assumption can be tested since the nucleon-nucleon 
interaction is sufficiently well known from analysis of 
scattering experiments at the energies important in a 
nucleus. Of course, in applying such a test one must 
verify that question four has an affirmative answer. 

The calculation of the matrix elements of the inter- 
particle interaction is considerably simplified if one 
uses methods developed by Bacher and Goudsmit,”* 
Racah,”’ and others. It can be shown that the matrix 
elements involving n particles can be computed from 
those involving n—1 particles, where n2 3. Therefore, 
the main physical problem is the determination of the 
two-particle matrix elements. If the two particles are 
both neutrons or protons, then two simplifying features 
enter the calculation: (1) the forces are approximately 
singlet, and (2) the Pauli principle restricts the number 
of possible states. In order to treat the effect of various 
two-particle configurations of identical particles, the 
Schrédinger equation is algebraically manipulated so 
that the calculation can be done simply. This avoids 
the more clumsy matrix approach, and makes it 
possible to determine the matrix elements of the inter- 
action from the empirical two-particle level structure 
including the effects of configuration interaction. 

The three-particle problem is then set up as a matrix 
diagonalization problem, the matrix elements being 
derived from the two-particle elements. Hence the 
three-particle energy levels and wave functions are 
logically tied to the two-particle matrix elements. This 
enables one to make an empirical analysis of a two- 
particle configuration, and then make predictions for 
the three-particle problem. In this manner, one does 
not have to know the exact nature of the interparticle 
forces in order to test the model under consideration 
If the model can be verified in this way, one can then 
test various possible interparticle potentials to see if 
they give the correct matrix elements. The theory in 
the present paper is therefore directly applicable only 
to special configurations of identical particles, and is 
not explicitly carried beyond the point required for the 
applications discussed in paper ITT.” 


Il. HAMILTONIAN WITH PARTICLE FORCES 


To zero order one assumes that the particles move 
independently in the potential of the double closed-shell 
core in states given by the independent-particle model 
The “particle” can in fact be a neutron, a proton, a 
neutron hole, or a proton hole. The levels of these 
particles are given by the core-plus-one-particle nuclei 
Table I, and are not 


The nuclei are listed in very 


* R. F. Bacher and S. Goudsmit, Phys. Rev. 46, 948 (1934 
7G. Racah, Phys. Rev. 62, 438 (1942); 63, 367 (1943); 76, 
1352 (1949 
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numerous. Without experimental data on these nuclei 
one cannot analyze in a completely empirical way the 
effects of configuration interaction, since these nuclei 
give the relative spacing of the various configurations. 
It is possible, of course, to make reasonable guesses in 
some cases of the zero-order level spacings. Also it 
should be mentioned that there may exist closed 
subshells which to a fair approximation may be incorpo- 
rated in the cores. For example, Zr” with 40 protons 
and 50 neutrons shows some of the properties of a 
double closed-shell nucleus. 

The zero-order assumption certainly is not rigorously 
true. For instance, as pointed out by Blin-Stoyle and 
Perks," the explanation of the deviation of the magnetic 
moment of Bi®™ from the Schmidt value (Au= 1.4 n.m.) 
is that the odd proton is not in a pure hg,2 state, but 
other configurations involving the /;/2 protons in the 
core are admixed. This effect should be most significant 
when there are orbital states in the core identical to 
orbital states of the extra core particles, i.e., when the 
core is “‘j-j magic’? but not “Z-—S magic.” Single- 
particle levels in the core field are not quite the pure 
single-particle states predicted by the independent- 
particle model. This effect of admixed states of core 
excitation is not ruled out even for L—S magic nuclei, 
but if its effect on the one-particle energy spacing is 
small, then its effect on the two- and three-particle 
analysis will be small, independent of its effect on the 
one-particle wave function. 

The coherent nuclear model” has provided a theo- 
retical justification for the concept of the effective core 
field. Calculations of this average potential are now 
being performed. 


Interparticle Forces 


There are two fundamental difficulties concerned 
with the choice of the two-body forces acting between 
the particles moving in the core field. (1) It is uncertain 
how much these forces within the nucleus differ from 
the vacuum nuclear forces. Some difference is predicted 
by the coherent nuclear model,” but details about the 
difference are still under study. (2) If the effective 
forces within nucleus possess repulsive cores as indi- 
cated by theory’** and experiment® for free nucleons, 
then perturbation theory with independent particle 
wave functions is not appropriate. The first difficulty 
we avoid by not specifying the forces in advance, but 
letting matrix elements of the interaction potential 
appear as parameters in the theory. Only through the 
simplifying assumption of singlet forces between iden- 


TaBLe I. Double magic cores and single-particle or 
single-hole configuration nuclei 
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tical particles are the forces in nuclei and in vacuum 
assumed to be similar. The second difficulty we do not 
strictly avoid, but rather ignore. The effect of a repul- 
sive core on the radial parts of the wave function and 
short range correlations of nucleon positions is not taken 
into account. There is theoretical evidence™ that the 
independent particle picture is approximately correct 
at low energies in spite of such correlations, but the 
final test of this approximation must come through the 
success or failure of calculations which start with the 
independent particle assumption. 

Most workers have assumed a Gaussian radial 
dependence for the interparticle potential for conveni- 
ence, but have assumed a variety of exchange mixtures. 
Based on a comparison of the Gaussian and Yukawa 
radial dependence, Talmi® has stressed the fact that pre- 
dicted relative energy spacings are sufficiently sensitive 
to the shape of the potential that detailed conclusions, 
such as the point of crossing of two levels, should not be 
drawn for any specific assumed shape. 

For identical particles, there are only two independent 
central force exchange mixtures, which can be conveni- 
ently taken to be of singlet and triplet character. In 
Figs. 1 through 3 we give the diagonal matrix elements 
of the energies of the two-particle configuration (/7/2)" 
as a function of the range of the forces for three different 
assumptions about the shape of the potential and for 
the singlet and triplet exchange character, in order to 
give a qualitative illustration of the roles of range, 
shape, and exchange character in the relative level 
spacings. Figure 1 is based on the Gaussian potential, 
V=V,exp(—r*/r?). Energies are calculated by the 

‘method of Talmi® with oscillator wave functions, which 
contain the factor exp(—r?/r,”). The relative range is 
defined by \=ro/r,, and the abscissa is taken as 
n=\?/(1+2"), which varies between 0 and 1 as the 
range, ro, varies from 0 to «. The “correct” range can 
be found by fitting the Gaussian potential to an effective 
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Fic. 1. Diagonal energy matrix elements for an (/7)2) con- 
figuration (J=0, 2, 4, 6) for a singlet central (S) and triplet 
central (7) Gaussian well in units of the singlet spin zero matrix 
element. 9, the range parameter is defined in the text. 9=0 
corresponds to a zero range interparticle force and 4=1 corre- 
sponds to an infinite range interparticle force. 
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Fic. 2. Diagonal energy matrix elements for a modified Gaussian 
well plotted as in Fig. 1. 


range of 3X10-" cm and to a bound state at zero 
energy in order to approximate the low-energy singlet 
well. One finds Vp= 25.8 Mev and rp=2.09X10~" cm. 
For calcium, Kurath gives as a reasonable value of r,, 
2.9K 10™" cm, which leads to \=0.72. All energies on 
the vertical scale are normalized to a value of —1 for 
the energy of the spin-zero state with an attractive 
singlet force, and are plotted relative to the configur- 
ation energy in the absence of the perturbing forces. 
The short-range limit shows the characteristic large 
depression of the spin-zero state (seniority zero) relative 
to the state of spin 2, 4, and 6 (seniority two) for singlet 
forces, with of course no energy shifts for triplet forces. 
In the long-range limit, the singlet energies are propor- 
tional to [const+J(J+1) ], while the triplet spacings 
are equal and opposite to the singlet spacings. For a 
“reasonable” range, AS0.72 720.34, the singlet 0-2 
spacing is larger than the 2-4 spacing, and the triplet 
splittings are small compared to the singlet splittings. 
One is therefore qualitatively closer to the short-range 
than to the long-range limit. 

In Fig. 2, the effect of a sharp attractive singularity 
in the potential is demonstrated. The potential is 
chosen (for convenience) to have the form, 


V=Vor* exp(—r/r?). 


The result is that the level splittings remain for all 
ranges qualitatively very similar to the short range 
limit, with the singlet spin zero energy depression being 
large compared to all other energy shifts. As will be 
brought out in Paper ITI,” this behavior associated 
with the strong singularity at the origin is inconsistent 
with the experimental evidence. 

Although a repulsive core potential cannot be taken 
account of properly with independent-particle wave 
functions, the central repulsion can be simulated by 
cutting off the potential to zero value at the origin. In 
Fig. 3, energies are plotted, as in Figs. 1 and 2, for 
such a potential, chosen to be, 


V=V oe" exp(—r/r?). 


The short- and long-range limits agree with those of 
the Gaussian potential, but the intermediate region of 
“reasonable” ranges is substantially different. The 0-2 
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acing, due to singlet forces, decreases rapidly as the 
range is increased from zero: the 0-2 and 2-4 spacings 
become equal at 70.33 (A=0.71), and the 0-2 singlet 
spacing becomes zero at n-—~<0.5 (A~1.0 As with the 


energies show 





ind small splittings in the neighborhood of equal 0-2 
il ! 2 } B t with this nar core”’ 
potential the triplet splittings become inverted and 
quite appreciable for \20.9 


The qualitative differences among the diagonal energy 


3 are sufficier lesirable the 


kind of empirical approach to the diagonal matrix 
The 


figures also suggest that a sufficiently refined treatment 





elements is outlined in the next section 


of the spectra of some simple nuclear configurations 
may provide evidence on the shape of the interparticle 
potential 


It should be stressed that these figures are plotted 


for equal range and strength of the singlet and triplet 


potentials. Differences in range 
be taken 


splittings from different abcissas, and by multiplying 


ind strength may easily 
account of by reading singlet and triplet 


the singlet or triplet energies by a suitable scale factor. 


Coulomb Forces 


In case one has to deal with proton configurations or 
to compare the level structure of similar neutron and 
Coulomb 

This 
l'almi® 

rhe 


proton configurations, the contribution of 


forces to the level splitting must be calculated 


mav be done readily following the method of 


for oscillator wave functions of the nucleons 


Talmi radial integrals for the Coulomb force are 


[y= (E12'*"/ (214-1) ! eo, 
2/+-1) !!=1-3---(2/+1 


where , and the energy unit is 
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The nuclear size parameter, r,, enters only in the 
energy unit. For a particular configuration, it is neces- 
sary to express the Slater integrals, F*, in terms of the 
Talmi integrals, J;, and then to express the energies 
E, in terms of the F*. Coulomb energies obtained in 
this way for the configurations (f7,/2)* and (f7/2)* are 
giver in Table IT. The long range Coulomb force splits 
the levels by a lesser amount than it shifts the center 
of gravity. For both (/7/2)* and (f7,2)’, the total level 
splitting is about 0.3¢. For A=40, «0.3 Mev; 
therefore, the total level splitting due to Coulomb 
forces in about 0.1 Mev; an amount small compared 
to the splitting produced by the nuclear forces. 


Il. TWO-BODY PROBLEM WITH SINGLET 
Forces 


Let Hy be the zero-order Hamiltonian of average 
central core field plus spin-orbit force; V, the sum of 
two-body interactions among particles outside the core; 
E, the correct nuclear energy; and |y), the “correct” 
nuclear state vector. 

The Schrédinger equation can be written 


(E—H,) |y)=V |y). (1) 


Now introduce a representation |a@) such that Ho is 
diagonal, in this case a 77 coupling representation: 


Ho |a)= Hp (a) | a). (2) 


The energies Ho(a) are given empirically by the levels 
of the nucleus with a single nucleon outside the closed- 
hell core. 


In the |@) representation, (1) can be written: 


a|y)=————(a| V |). (3) 
E— H)(a) 

convenient for 

expressing the matrix elements of V. Multiplying both 


One now introduces a representation | 8 


sides by (3'a’) and summing, we get 
4 Bia’)(a’ lV vy) 
> (8 a’) (a’ ¥)=(6 y) a 


al x’ E—Hp(a’) 
(Bla’)(a’ lV 


a’ 2B’ E—Ho(a’) 


TaB_e II. Coulomb energies for configuration (/7)2)" of protons 
eo==0.3 Mev for calcium 
a= * 3 

; E/e J E/e 

0 1.357 3/2 3.236 

2 1.1 5/2 3.336 

4 1.067 7/2 3.410 

1.033 9/2 3.176 

11/2 3.216 

15/2 3.112 
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We now specifically choose a singlet potential and let 
|8) be the LS representation. For two particles the a 
and 8 labels become 


a)=|JMysjrjoils), |8)=|JMsLShl). (5) 


For shortness in notation we shall write |a)= | j;ja/;l2) 
and |8)=/J,l,.L). The value of J, My, will be the same 
throughout and since V is a pure singlet potential we 
shall only need S=0, L=J. Hence the above labels 
will be sufficient. Setting _8)= | lJ), Eq. (4) becomes 
(hilsJ |p) 

(dil2J jv jell’) jv jell! 


V {bly J) (lye T |W) 
E— Ho jy'j/h'ly’) 


jife 

i 
‘ (6) 
Now 


(jr ja'ly'l,! V | dy'le!’J) 
= 8 (ji'ja'ly'l’ Madd Pia bY Need Fad | "a 1y’"ly""J) 


iy'''ls 


= (jr jo'ly'ly’ | lh J) (1, J | V | by"ly""J), (7) 


i.e., the LS to 77 transformation coefficient is diagonal 
in /,'ly’. The fact that one can factor out the j,'j:’ 
dependence in Eq. (7) 
Equation (6) may now be written: 


leads to a great simplification. 


(LileJ jx’ ja'lils) 2 
Con fe Reddit 
ih’ E— iloj1'J2’) 


XK ile | Vib) (LL T |p). (8) 
We define a new coefficient 


(bed | jx’ ja'lils) |? 
aVJhi)= ¥ “ 


iin’ E-—H Lileji'j2') 


(9) 


Then Eq. (8), 
of |y) in the LS representation, may be written; 


which defines the expansion coefficients 


Y fa(Ihle) (ib | Vi LL) 
1y’ls’ 
—6(1y'1:)8(le',J2)) (hile |p) =0. (10) 


The condition that Eq. (10) have nonzero solutions is 
| 
that for each J the coefficient determinant of Eq. (10) 


vanish : 


det{a(J) ile) (Lbed | V | h'le’) — 8 (Ly (Lele) ]=0, (11) 
where the rows are labeled by /,/, and the columns 
by 1,’1,’. 

The number of configurations included in Eq. (11) 
is, of course, arbitrarily great, but in order that the 
number of unknowns be only as great as the number 
of equations (equal to the number of levels of the 
two-particle configuration), it is necessary to make 
assumptions about the relative magnitudes of the radial 
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integrals (the Slater integrals) for different / values. 
Near-lying levels of different / but with the same number 
of radial nodes have clearly similar wave functions, 
and may to good approximation be regarded as per- 
fectly overlapping. If the number of radial nodes in the 
admixed wave function is different, one may reduce 
the interconfiguration matrix elements by an arbitrary 
factor or one may again assume a perfect overlap in 
order to obtain an upper limit to the configuration 
interaction. In either case, all required matrix elements 
will be expressible in terms of the diagonal matrix 
elements of V for the zero-order configuration. These 
assumptions lead to errors, so to speak, only in second 
order, i.e., in the effect of configuration interaction, 
not in the diagonal contribution to the energy. The 
method outlined here will then be appropriate either 
when configuration interaction is small, or when all 
important configurations have nearly the same radial 
dependence of their wave functions. 

An especially simple situation results if the only 
important configurations have the same / value. Then 
the matrix elements are determined, according to 
Eq. (11), by 


(UJ | V|US)=[a(JU) PP. (12) 


Using the techniques of matrix diagonalization, one 
would be confronted instead with a set of third-order 
matrices to diagonalize, corresponding to the three 
configurations (/+4)*, (/+-4,1—4), and (J—4)?*. 

Equation (4) might be useful for three-body con 
figurations also. One must then introduce extra quantum 
and (8) representations. The 
usefulness of this approach again depends on how one 
can factor (a/ V8). 


numbers in the /a) 


IV. THREE-BODY CONFIGURATION 
MATRIX ELEMENTS 


In order to evaluate three-body matrix elements in 
terms of two-body matrix elements, it is necessary to 
use fractional parentage coefficients, which were intro- 
duced by Racah** for configurations containing equiva- 
lent particles. The extension of Racah’s discussion of 
fractional parentage coefficients to apply to groups of 
inequivalent particles has been carried out by Redlich*™* 
and Meshkov.” A discussion and tabulation of fractional 
parentage coefficients for equivalent particles in jj 
coupling has been given by Flowers and Edmonds.’ 
We shall give here Redlich’s definition of fractional 
parentage coefficients for nonequivalent or equivalent 
particles with 77 wave functions and his statement of 
the matrix element theorems 

Let pal): 
wave function made up of states j,---j, coupled 
together to make a total J. Let a be the other quantum 
numbers not explicitly written down. One can expand 


- jn, aJ) be an antisymmetrized n-particle 


*M. Redlich 1954 


(unpublished 
*S. Meshkov, Phys. Rev. 91, 871 (1953 


thesis, Princeton University, January, 
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¥. in terms of functions @[ (ji--+jrijfrsis** jaa 
Xj(n);aJ] which are constructed by combining 
functions Wal ji + jr-tjraa’** faa’ J’) with ¥(j,(n)) by 
means of the vector coupling coefficients to make a 
state of angular momentum J. The notation j,(n) 
means that the added wave function y(j,(n)) be 
written as a function of the variables x,0,. ~. may be 
expanded as 

a’ J’ 
J 


Jr ja/ } 


Wal fre jut) 2 


r 


Kol (fr +f, reas Jn’ J aj, n);aJ), (13) 


where the sum over r is taken only over distinct /, 


The coefficient of @ is called a fractional parentage 
coefficient. Redlich gives formulas for these coefficients 
for three-particle configurations with two equivalent 
particles in terms of Racah coefficients [ see, e.g., Eq. 

30) |. This definition of fractional parentage coefficient 


reduces to Racah’s for the case of equivalent particles 


The formulas for computing matrix elements of 
one- and two-body operators will be given here: Let 
F=>° f(i), where f(i) operates only on particle i. Then 

s=l 
(WalJi jt 1) Fi aljre + *JnBS2)) 

nN >. aJ fa’ J’ ja’ J’: J J, n) a’ J’. j,J 9) 


x a’ J’; 7, BJs), (14) 


where (A[B B}A)*. Let G,=Divx gli,k) where 
g(i,k) operates only on particles i and &, and g(i,k) isa 


scalar operator 


jnat Gy, Wa j,’ ‘BJ)) 


ja’ J") G,. 1 Wa 
jn'B’J’))(B'S'; 7-¥BJ). (15) 
Equation (15) provides a relation between diagonal 
elements of n-particle and (n— 1)-particle configurations 
which makes it possible to test observed nuclear spectra 
to find out whether or not configuration interaction is 
important. If configuration interaction is unimportant, 
then, independent of the potential involved (it must be 
Eq. (15 


1)-particle con- 


a G-type two-body operator, however), relates 


the energies of the m-particle and (n 


figurations. Hence if the observed energies are not 
related by (15), one knows either that configuration 
interaction is important, or that forces other than 


two-body forces are acting, e.g., direct many-body 


forces, or surface forces. (It is to be noted, however, 
that the weak coupling of particles via the surface can 
also be represented as two-body forces of type G. 
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Vv. NUCLEAR MOMENTS AND TRANSITION RATES 


Nuclear moments and transition rates depend more 
strongly on configuration admixtures than do energy 
spacings and hence are a better indication of the 
amount present. For magnetic moments the admixtures 
of states with the same / values are most important 
since they give contributions to the magnetic moments 
linear in the mixture amplitudes. Blin-Stoyle and 
Perks," have analyzed the magnetic moments of nuclei 
from this viewpoint and have shown that, if the con- 
figuration interaction is due to attractive central forces, 
the predicted sign and order of magnitude of the shifts 
of the magnetic moments away from the Schmidt line 
are correct. Consider, for example, the magnetic mo- 
ment of a nucleus with three identical particles beyond 
closed shells. Let the ground-state wave function be 
approximated as a three-particle shell-model function: 


y= IM =) e de alM), (16) 


where / is the total spin, a, is a mixture amplitude, 
and a designates the 77 coupling particle configuration. 
Configurations of three kinds are possible, according as 
1, 2, or 3 single-particle states enter: a:x=[j*], a2 
=[j2(J )jz], and a;= Ci jo(J) is], where J labels the 
momentum. (Antisymmetized 
The magnetic moment of the 


intermediate angular 
functions are assumed. 


state is 
u I,M=I\yp,|\1,M=D= > & da*da'u(aa’), (17) 
a,a 
where 
uaa’ al, M=] Me a’l, M=I), (18) 
and 
we=Li gd. (i)+g.S.(i (19) 
We list here formulas for the components yu(aa’) 


required in (17) only for configurations of type a; and 
a, but components involving a; configurations are 
equally readily derived, by using fractional parentage 
expansions and the general methods of Racah: 


Naja) = Pl Me pl =g;l, (20) 


the well-known result that a group of equivalent 
particles has the same g factor as a single particle in 
the group, 


(g.—g)(2j+1¥F1)", j=lth; 


gi= git 
W°(S) fol | us| 7° (J) fol 
=(274+1) Pte U4+1)4+J 41) —je(ie4)] 


Aste 


+g (14+1)—JJ+1) + 22+}; (22) 
and 
u(ayes) = (fr ws) iP (J) jal 
= — (J W)(g:—g,.)[2(2/+1) (14+1) bh, b) 
x[3(J+1+14+9)(J4+1-14}) 
xX (J—14+14+-4)—J+/+})}), (23) 


where (/ }/) is shorthand for the fractional parentage 
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coefficient (/*(J)j/}/*J). The last formula gives the 
important off-diagonal contribution to the magnetic 
moment emphasized by Blin-Stoyle and Perks. 

Quadrupole moments are sensitive to effects of 
collective nuclear deformation, and provide a better 
measure of the strength of surface coupling than does 
the energy level spectrum. By the same token, however, 
quadrupole moments are less useful as a measure of the 
degree of configuration interaction than are magnetic 
moments. Contributions of weak surface coupling to 
magnetic and quadrupole moments are discussed briefly 
in the following paper. In certain nuclei, however (e.g., 
s0'’), the direct particle contribution to the quadrupole 
moment is dominant,’ and it is therefore of interest to 
give formulas for the quadrupole moment of mixed 
configuration analogous to Eqs. (17) through (23) above 
for magnetic moments. Again let the nuclear ground 
state wave function be approximated by (16), but with 
the assumption now that the extra particles are all 
protons. The quadrupole moment operator is 


v= 4e > r2Voo( 20 6.9;) (24) 


and Y)oo= (#/5)*¥ 20, Veo being the normalized spherical 
harmonic. Analogous to Eq. (17), the quadrupole 
moment of the mixed state is given by 


Vv > Pad Ps a’; (25) 
where 
Qaa’ = 4e?*)aa’{ 1(21—1 1)(27+1)(27+3) }! 
X (al |S; Yoli)a’D), (26) 


and (r*)q is the radial integral of r of the ith proton 
(any i) between the antisymmetrized states a and a’. 
This factor is the order of magnitude of the mean square 
nuclear radius. Equation (26) holds for an arbitrary 
number of particles, but we list formulas for the reduced 
matrix elements appearing in (26) only for the special 
case of the three-particle configurations a; and a, defined 
below Eq. (16). 


(al || S> : Yoli)!'al)=3(—1)~7 
xP nl 1)7" 


Equation (27) is also somewhat more general, holding 
for the configuration (j)". For the special case that 
[= j, and seniority, »=1, a result of Racah®* may be 
applied to yield, 


(j* =1/=j 2s Dali j* om 1 [= 3) 
=x [ aj4+1—20) (27-1) ](j) De! 7), (28) 


. ; 
For aa da, 


1(27+1)(7) De! 7) 


(FU) NPD |W IGT; 12). (27) 


a formula already given by Goeppert-Mayer’ in a 
discussion of shell-model quadrupole moments. It is to 
be noted that the absolute value of the quadrupole 
moment found from Eq. (28) is never greater than the 
one-particle moment. For the quadrupole moment 
component diagonal with respect to configuration ae, 
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one gets 
(al D+ Delt) asl ) 

= (27+-1){(—1)2-? ("| Dal Wy’ 77; J2) 


(7) Dell DL Gi’ JdMVFY) I'D |* 


X(—1) WT iT 12}, (29) 


in which the fractional parentage coefficients may be 
given explicitly**: 
Gi JdINIFMID 

= —[§9(2J4+1)(2J,+1) WJ 7’ jJi; Tj). 
For the quadrupole moment component connecting 
configurations a; and a, one obtains, 
(ail! D0 i Doli) eel) = 3 PV) TFT)(- 1)! 

X (7! Deo! 7) (27+-1)W (1 j'T; J2). 


(30) 


(31) 


The one-particle reduced matrix elements appearing in 
(27)-(31) are 


(15!) Do! tz’) = 4(27+-1)4(j2—40| j27—4) 


x |l—I’|} =0,2, (32) 


where (j2—}0) j2j7—}) is a Clebsch-Gordon coefficient. 

The predominant gamma-ray transitions among the 
nuclei—especially if these states arise 
primarily from a single multiparticle configuration 
are of magnetic dipole or electric quadrupole type. The 
general remarks above about magnetic and quadrupole 
moments apply also to M1 and £2 transition rates. 
That is, M1 transition rates are sensitive to configur- 
ation mixing, while £2 rates, although also substantially 
affected by mixing, are more sensitive to collective 
effects. E2 rates are discussed in the following paper. 

Magnetic dipole transitions are in fact forbidden 
between pure states of the configuration (j)", and 
therefore occur only through configuration mixing or 
collective motion when the dominant configuration is 
of this simple type. Consider, for example, the matrix 
element, 


CP | gehat gS) 7S) = Gs | gd + (ge- 


low states of 


goS, a 


which governs magnetic dipole transitions. The part 
giJ, does not connect states of different J. The part 
(g,—g.).S, is an F-type operator and its matrix elements 
are given by Eq. (14). f(m) now becomes (g,—g,).S,(n), 
the single particle spin operator for the nth particle 
multiplied by (g,—g,). The matrix elements of 
(g.—g)S,.(n) which one needs in order to evaluate 


(a’J'; j(n)J;'|SAn)\a’J’; j(n)J2) are all of the form 
(jm; S,\ jm;). But as pointed out by Racah and 
others,” (jm,|S,| jm;')=u(j)(jm;| j.| jm,') where (7) 


is the ratio of the reduced matrix elements of S, and j, 
and only depends on 7. Hence the magnetic dipole transi- 
tion operator can be written as [g;+(g,—giu(j) UV; 
for equivalent particles of spin 7. This operator is 

*”E. U. Condon and G. H. Shortley, 
Spectra (Cambridge University Press, Cambridge 


The Theory of Atomic 
1951) 
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diagonal! with respect to the states of the configuration 


It does not connect states of different J, nor does 


states with the same J, e.Zg., 


it connect orthogonal 
states of different seniority 
We consider now the magnetic dipole transition rate 
between mixed configurations of three identical nucleons. 
Let the nuclear wave function be approximated by 
16) for the final state and by the analogous expression, 
Wi I'M’ > b. a’l Wf’ 33 
for the initial state. Then, because the magnetic dipole 


operator, M,, is a vector, the methods of Racah may be 


applied to y ield the expression for the 


B,(1), defined, 


reduced transi- 


tion probability, for example, in 


reference 4: 
27'+1) |W 2. $4 


The change of J’ to J in this formula gives the reduced 


probabi for the inverse transition /—/’.) YW is a 
weighted mean reduced matrix element 
} . * wap 2¢ 
Wr > da b. Wi 7a 9 
— 
where 
We. al M; a'l’), 36 
ind the double-bar matrix element is defined as b 


by at he quantum numbers of one particle 
. 
a , WW. 0. as showt bove. We consider 
three V shing matrix elements whi may cor 
ribute e sum (35 
i a a / 


Maa =(P7(J) iT} PI)(-1 


KW 7'T'; Si Ff 37 

where 1) j1} 77) is the fractional parentage coeffi 
ent of the state a, W is a Racah coefficient, and 

WV is a reduced one partic magnet dipole 

rix e¢iement 

t a J a / 
Dee =3 I 2J+-1)(2/'+1) }* 

x (E(— 1) IW "T's 1) CM 


EDA MPI IDG J 


x 1)fr-oW (CT gl’: Jy Vf x 38 
in which the sum over J; includes the fractional 
parentage coefficients of the states a and a’ 

i¢ a J I, a’ 2 ke 
Moe = 3f (27+1)(27'+1) } M,) 7 
xyvy 1)? “" J The) sT) 


KCGHIIDIT TROD TW GT I 30 


The reduced one-particle matrix elements appearing in 


AND K. W. 


FORD 





Eqs. (37)—(39) are 


(jl Ms) = (3/4m) j(+1) (2741) } 


(40) 


and 


(iM!) 7’) 


= (g,—g,){ (3/4m)[20(1+1)/(214+1) J) 80,0’). (41) 


The matrix elements Wt,.- are of the same order of 
magnitude as the magnetic moments of the states 
involved. A substantial inhibition of the transition rate 
is therefore 
to be expected only if the dominant configurations of 
initial and final states are not connected by M,—e.g., 
if both are (/)* or if they differ in the quantum numbers 
of more than one particle. In either such case, the 
averaged matrix element, Yt, will be smaller than the 
one-particle matrix element by the order of the mixture 
amplitudes of configurations which are connected to 


as compared with the one-particle rate 


the dominant configurations, and the transition rate 


will be smaller by the order of the square of these 
mixture amplitudes. It is to be noted that these effects 
a large inhibition of an M1 transition 
rate, but would not be expected ever to lead to an 


could lead to 


appreciable enhancement. This fact coupled with the 
known enhancement of £2 radiation due to collective 
effects might account for the observed E2-M1 compe- 


tition in a number of cases where the 


that 


one-particle 
M1 rate 
h greater than the £2 rate. An example 


Ca®, is discussed in paper 


transition rate formulas predict the 
should be mu 
of such a case, 


I] 


Consider the 


the isotope 


the 
measurements in 


following idealized example of 


possible utility of transition rate 
determining nuclear configurations. Suppose a nucleus 
has ground state 5/2+ and first excited state 3/2+, 
and the shell-model assignment of the ground state is 
d One wishes to know whether the one-particle 


and d; 


multiparticle assignments (ds,2)* 


assignments d for the two states or the 
for both states are 
more nearly correct. If the absolute E2 rate between 
the states is, for example, determined by a Coulomb 
process, and the M1/£2 ratio 


by internal conversion or angular correlation 


excitation is inferred, 
or limited, 
experiments, then the M1 rate is in principal deter- 
mined. It may be compared with the known d3)2—d5;2 
prediction: if the same order of magnitude, the one 
particle configurations are preferred; if much smaller, 
the (ds;2)* configuration is preferred. Factors of differ- 
ence of 100 or more are to be expected. 

Beta-decay matrix elements are especially sensitive 
to details of nuclear structure—the more so since states 
of two different nuclei are involved—and quantitative 
agreement between theoretical and experimental transi- 
rates has been obtained only for mirror nuclei. 
Fermi matrix elements, and one-particle Gamow-Teller 
matrix elements are well known; they have been 
Bohr and Mottelson,‘ 


tion 


summarized, for example, by 








- 
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whose notation we follow. Talmi* has considered three- 
particle Gamow-Teller matrix elements in jj coupling 
and shown that the distinction between favored and 
unfavored transitions does not exist for pure jj con- 
figurations. From his work, the reduced transition 
probability for [#J’7’ }>[_7*JT] follows easily : 


Der= 27(2J+1)(2T’+1)| (1; B® ||1,) |? 
X(T1T,'T,—T,'|T1TT 2S, (42) 


where (7,}727),72,/T:17:TT;.) is a Clebsch-Gordon 
coefficient; (7; B®|\1;) is the reduced Gamow-Teller 
matrix element, sometimes denoted by fo, 


(1;|B 1) =[(G+1)(2j+1)/j}, j=l+4 
=[j(2j+1)/(j+1)}, j=l—-} (43) 


and S is a sum over fractional parentage coefficients, 


S= DO (-1)"* Ww (jj; AMWOATHT; Ti) 
a1.44,Ti 
X (faTI{P(aiTJ1)jTJ) 
Xa) jT I’ }j'’T'J’). (44) 


This result could readily be generalized to other three- 
particle configurations by expanding them also in terms 
of fractional parentage coefficients. Applicable selection 
rules are AJ=0, +1, AJ=0, +1 and configurations 
differ at most in the quantum numbers of one particle. 

For beta decay (nonmirror transitions), the most 
important configuration mixing is that between particle 
states of the same / value. Small deviations from either 
pure jj or pure LS coupling can cause large changes in 
the beta decay rate. This can easily be understood, 
since an “unfavored” transition has zero probability 
for pure LS coupling and goes at a “favored”’ rate for 
pure j7 coupling. Mirror transitions are not so sensitive 
to configuration mixing. 

This relative sensitivity to mixing has been shown in 
calculations by Redlich.” Starting with a zero order jj 
scheme, and computing mixing in the 2s—3d shell, he 
finds that the mirror transition ;,.Ne"—,F"™ goes at a 
rate greater by a factor of 230 than the nonmirror 
transition s;0'—,F", in accord with experiment, and in 
disagreement with theory for pure 77 states. A similarly 
important distinction between the mirror transition 
22 Ti#—2,Sc* and the nonmirror transition 2;Sc#—>29Ca“ 
has been pointed out by Peaslee.* The mirror transition 
goes at a superallowed rate, while the nonmirror 
transition is slower by a factor of 10 than for pure 
configurations. As Peaslee and Talmi point out, these 
unfavored decays are conclusive proof against pure 7/7 
configurations. They need not, however, imply that the 
true coupling scheme is much closer to LS. The partic- 
ular decay Sc*—+Ca® is discussed further in paper ITI, 
where it is shown that the calculated configuration 
mixing is sufficient to explain the order of magnitude 


“J. Talmi, Phys. Rev. 91, 122 (1953). 
# M. Redlich (to be published) 
% 1). C. Peaslee (private communication). 


of the observed slowdown. This calculated mixing 
results in a coupling scheme about equally removed 
from both jj and LS coupling. 


VI. TRIPLET FORCES AND SCATTERING DATA 


It is expected that the nuclear forces derived from 
scattering data will approximate those acting between 
the extra-core particles in nuclei. One objection to this 
point has been that the potentials adjusted to give 
correct scattering results do not lead to saturation of 
nuclear forces. However, it has been shown that if one 
uses repulsive core potentials a fit to both scattering 
and saturation requirements can be made.™ For our 
purposes it is most important to fix the spin and 
exchange properties of the nuclear force since our 
approach is independent of the shape of the well. The 
spin and exchange properties of nuclear potentials 
adjusted to fit scattering are nearly independent of 
whether cores were used in the wells or not. We there- 
fore argue that it is sufficient to examine potentials 
which fit nuclear scattering data but do not necessarily 
have repulsive cores. 

Analysis of n-p and p-p scattering up to 100 Mev 
has been carried out by Christian and Hart," Christian 
and Noyes,* and Jastrow.”” They have concluded that: 

(a) There is no appreciable central force in odd states. 

(b) There is a weak odd-state tensor force present in 
addition to the even-state tensor force which is needed 
to give the deuteron quadrupole moment. In their 
analysis of p-p scattering at 32 Mev, Christian and 
Noyes fit the differential cross section with a singlet 
central force and an odd-state tensor force. Using 
wells of the form Vo exp(—r/0.75XK10~" cm), these 
authors find that well depths 


Vo (singlet-central) =—100 Mev, 


Vo (odd state tensor) = 50 Mev, 


gives a reasonably good fit to the data. Jastrow uses 
the same odd-state tensor potential as given above, but 
uses a singlet central potential with a repulsive core, 
in his discussion of p-p scattering. In addition he takes 
an even state tensor force with V»>=127 Mev and a 
triplet central force with Vo=69 Mev: 

For an n-n or p-p system we need to consider only 
the following possibilities for the forces: (a) singlet- 
even, central; (b) triplet-odd, central; (c) triplet-odd, 
tensor; other forces being excluded by the Pauli 
principle. Force (a) is the largest and its range and 
depth are given above for an exponential well. Force 
(b) has not manifested itself in nucleon-nucleon scat- 
tering. Even if it were present between extra core 
particles its effect on level splitting would be diminished 
because, as shown in Figs. 1-3, the level depressions 


*K. A. Brueckner, Phys. Rev. 96, 508 (1954). 

** RK. S. Christian and E. W. Hart, Phys. Rev. 77, 441 (1950) 
* RS. Christian and H. P. Noyes, Phys. Rev. 79, 85 (1950). 
7 R. Jastrow, Phys. Rev. 81, 165 (1951). 
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Fic. 4. Diagonal energy matrix elements for a (ds). configur 
(J =0, 2, 4) for a singlet central Gaussian well (S) and a 
with a Gaussian well (7). The ! 


tensor force well is 
Elements plotted as in Fig. 1 


ation 
tensor force 


half as deep as the singlet well 


due to central triplet interactions are almost inde- 


pendent of J for assumed reasonable force ranges. 
Force (c), however, is about one-half as large as force 


a) in nucleon-nucleon scattering. In order to show 


qualitatively the effect of such a tensor force on level 
structure, we plot in Fig. 4 the diagonal energy matrix 
elements of an attractive central singlet force and of an 
ittractive odd-state tensor force for the configuration 
d (This calculation utilizes results derived by 
lalmi* for tensor forces.) Gaussian radial dependence 
is assumed for both potentials with singlet to tensor 
The effect of the tensor 


force on the spin zero state is 


well depths in the ratio 2:1 
quite appreciable, as 
Because the odd-state tensor force is 
19.37 


shown in Fig. 4 


in fact repulsive, the perturbation method of calcu- 


lation with independent particle wave functions over- 


“1. Talmi, Phys. Rev. 89, 1065 (1952 
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estimates the effect of the tensor force relative to the 
singlet force. In addition calculations based on meson 
theory” indicate that the tensor well shape is quite 
different from the central well shape. Therefore, the 
results shown in Fig. 4 are at best qualitative. It seems 
probable that the assumption of pure singlet forces 
between identical particles is a good first approximation, 
but the magnitude of the corrections due to odd-state 
tensor forces may be important. 

In the discussion of the Schrédinger equation in Sec. 
II it was important that one could factor the matrix in 
Eq. (7). This matrix can also be factored if V is a 
central triplet force. Then 


js jabile| V | LSLy'le! 


= (fr jabile| Like) LAI! V! LAb'ls')6(s,1). (45) 


If V is a triplet tensor force L? no longer commutes 
with V and the factorization cannot be carried out. 
However, even in this case it may be possible to write a 
tensor force as an effective central force. 

If the semiempirical approach to nuclear spectra 
outlined here proves to be fruitful, it would appear best 
first to fix the singlet parameters of the potential by 
analyzing configurations of identical particles, then to 
analyze mixed neutron-proton configurations with only 
the triplet matrix elements regarded as unknowns. In 
paper III of this series, explicit application of these 
techniques will be made to the nuclei Ca® and Ca®. 
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Particle motion in a spheroidal box has been studied by making an appropriate coordinate transformation 
so that the potential appears as spherically symmetric. The effect of the nonsphericity then appears as a 
change in kinetic energy for which the perturbation matrix elements can be evaluated. Matrix elements 
between states in different major shells are small. The energy levels and wave functions (defined in the 
transformed coordinate system) can then be calculated by the customary techniques of matrix diagonal- 


ization. 


This method was used to obtain energy levels of a spheroidal box both without and with an additional 
spin-orbit term of the magnitude suggested by nuclear shell systematics. 
Corresponding results for distorted wells of finite depths appear to be rather simply related to those for 


a box. 


Nuclear deformations predicted by this picture are in qualitative agreement with experimental values, 
and are, in general, considerably smaller than the values implied by a hydrodynamical model. 


I. INTRODUCTION 


HE striking success of the collective model in 

accounting for many features of nuclear struc- 
ture’? has stimulated interest in some of the underlying 
problems. One of these is the study of the properties of 
particle states in nonspherical potentials. The strong- 
coupling version of the collective model applies best for 
mass numbers between 155 and 185 and above 225.'4 
For these cases, the nucleus, under the deforming 
influence of the particles outside of closed shells, 
acquires a semipermanently deformed shape, which to 
a good degree of approximation is a spheroid of revolu- 
tion. As is well known, the collective motion of such 
nuclei gives rise to rotational and vibrational states and 
the nonsphericity results in large electric quadrupole 
moments, both static and dynamic. For lighter nuclei, 
the strong-coupling approximation is not realized, but 
collective effects resulting from deviation of the nuclear 
shape from sphericity are still important. One of the 
important problems in this connection is to calculate 
the magnitude of nuclear deformations. Previously 
some estimates have been made on the basis of a simple 
hydrodynamical model.“ In general the hydrodynam- 
ical model gives deformations considerably larger than 
empirical values, sometimes by an order of magnitude. 
However any model which considers particles moving 
independently in a deformed potential, gives much 





* This work was partially supported by the Office of Naval 
Research, and the Office of Ordnance Research. 

1A. Bohr, Kgl. Danske Videnskab. Selskab, Mat.-fys. Medd 
26, No. 14 (1952); A. Bohr and B. R. Mottelson, Kgl. Danske 
Videnskab. Selskab, Mat.-fys. Medd. 27, No. 16 (1953 

? —D. L. Hill and J. A. Wheeler, Phys. Rev. 89, 1102 (1953 


*A. Bohr and B. R. Mottelson, Beta and Gamma Spectroscopy, 
edited by K. Siegbahn (North Holland Publishing Company, 


Amsterdam, 1955), Chap. 17 
‘J. Rainwater, Phys. Rev. 79, 432 (1950 
+ E. Feenberg and K. C. Hammack, Phys. Rev. 81, 285 (1951) 
*K. W. Ford, Phys. Rev. 90, 29 (1953) 
7R. van Wageningen and J. De Boer, Physica 18, 369 (1952). 


smaller deformations." At least part of this difference 
is a consequence of the inherent shell-structure regu- 
larities in spacings between particle levels for a spherical 
well. The opposite limit would be a strictly statistical 
distribution of particle states, for which hydrodynam- 
ical estimates would be more nearly valid.'” 

The basic assumptions made in the present paper are 
very extreme. The particles are assumed to move 
independently in a box (V=0 inside, V= ~ outside) 
whose wall is elastic and deformable into a spheroid of 
fixed volume. As far as the particle motion is concerned, 
the wall is considered as static. Dynamic effects, such 
as rotational motion of the wall, are thus not taken 
into account. The results depend on the position of 
particle states in a spherical well. The order of particle 
levels in nuclei is approximately that for a spherical 
well of finite depth, with rounded edges and a spin-orbit 
coupling. The order of levels for such a well is nearly 
the same as for a box with an additional spin orbit 
term. The effect of making the well finite and rounding 
it can, of course, be taken into account. However, the 
general features of the results probably will not depend 
very much on the detailed potential. In any case, other 
effects not considered here are probably of far greater 
significance. Thus direct interactions between particles 
outside of closed shells are very important. Further- 
more, the nuclear distortion is time-dependent and it 
must be treated as a quantum variable. Nevertheless, 
one might hope that the present calculations reproduce 
at least the qualitative trends of nuclear deformations 
as function of nucleon number. 

In the following discussion, it is shown how wave 
functions and energy levels in a static nonspherical well 
may be found to a reasonable degree of accuracy. 


*D. Pfirsch, Z. Physik 132, 409 (1952) 

*R. van Wageningen, Physica 19, 1004 (1953 

”S. Gallone and C. Salvetti, Nuovo cimento 10, 145 (1953) 

4 J. P. Davidson and E. Feenberg, Phys. Rev. 89, 856 (1953) 

2S. G. Nilsson, Kgl. Danske Videnskab. Selskab, Mat.-fys. 
Medd. (to be published). 

4D. L. Hill and J. A. Wheeler (private communication). 
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Section II of this paper deals with calculations of the 
wavefunctions and energy levels for particles in a 
spheroidal box. The effect of a spin orbit term is 
discussed in Sec. III. In Sec. IV, some estimates are 
made for energy levels in a distorted well of more 
general shape. The deformations calculated in this way 
and their relation to empirical values are discussed in 
Sec. V 


Il. ENERGY LEVELS AND WAVE FUNCTIONS OF A 
PARTICLE IN A SPHEROIDAL BOX 


Particle states in a spheroidal well do not have a 
well-defined angular momentum because of the absence 
of spherical symmetry. However, the parity is a good 
quantum number, and so is the component of angular 
momentum about the axis of deformation, denoted 
here by m. The spatial (2/+-1)-fold degeneracy of levels 
in a spherical well is broken up in such a way that only 
twofold degeneracies remain, those for levels differing 
solely with respect to their sign of m. 

The solution of the wave equation for a spheroidal 
box can, in principle, be carried through in several ways. 

First, one can solve the wave equation by separation 
nto spheroidal coordinates. Such calculations, which 

+4 are ex- 
tremely complicated, and it may be difficult to adapt 


have been performed by several authors,‘ 


them to take into account interparticle forces and the 


time dependence of the nuclear distortion. The sphe- 
roidal coordinates § and » have no apparent direct 
significance for problems which involve wavefunctions 
inside the nucleus, since no special distinction attaches 
to the focal points of a spheroidal nucleus. On the other 
hand, the separation into spheroidal coordinates may 
be extremely useful for the study of particle motion 
utside the nucleus; e.g., for a decay. Another promising 
approach consists of expanding the wave functions for 
1 deformed box in terms of wave functions for a 


spherical box. The coefficients of this expansion, as 
} 


well as the wave number, are determined by the 
requirement that the wave function must vanish at 
the wall of the box. Such calculations have been made 
for deformations of arbitrary shape.?” 

The basis of the method described in the present 


paper is that a spheroid (and more generally any 





ellipsoid) can be transformed into a sphere in a very 
simple way. The coordinates are merely multiplied by 
a strain tensor. By use of this transformation, one can 
calculate energy levels and wave functions for a sphe- 
roidal box to any desired degree of accuracy. It is also 
possible to get results quite simply without losing much 
precision 

Consider a box whose wall is defined by the following 
spheroid : 


Ré=Dx+Dy+D "2 I 


This spheroid has one axis of length DR» and two axes 
of length D~'!R». The volume is, of course, independent 


“4 R. D. Spence, Phys. Rev. 83, 460 (1951 
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of D. The deformation d is defined" as 


d=D—1. (2) 
Now introduce ‘‘primed” coordinates as follows: 
z=D-4x/, y= Dy’, s=Dz’. (3) 


Then the potential is given by 
V(r')=0 for rr’ <Ro 


(4) 
=x for r > Ro. 


It is seen that the spheroidal box (and in fact any 
spheroidal potential), is central in r’ space. This suggests 
that a formulation of the wave equation in r’ space 
might be of value. Thus, in the primed coordinate 
system, the Schriédinger equation reads: 
(2m) (Dp.?+Dp,?+D "9.7" (r) 
+V(rW(r')=Ev(r’). (5) 
rhis equation is, apart from the coefficients of the 
kinetic energy terms, the same as the wave equation for 
a particle in a spherical] potential, but with all quantities 
defined in r’ space. The energy levels and wave functions 
can then be found by constructing the secular determi- 
nant of Eq. (5) using as zero-order functions the wave 
functions y,(r’) for the Hamiltonian when D=1 (the 
spherical case). For a spheriodal box, the boundary 
conditions require that ¥(r’) vanish for r’ = Ro. 
The zero-order functions for a box are given as 
follows: 
Valt’) = ji(@aw’/ Ro) Yi, m(0',9’). (6) 


Here w;=w,; denotes the mth root of the spherical 

3essel function of order /. Since both the Hamiltonian 

and the zero-order wave functions are expressed in 

terms of primed coordinates, it may avoid confusion 

to drop the primes for calculations of matrix elements. 
The secular determinant reads: 


> (Hu—Edbai(r’)=09, (7) 
where 
p T 20(p) 
Hu=}(2D+D") —3(D—D*) , (8) 
2m 2m |i 
and 
7 20( p) 3p.— p*) a (9) 


Since the potential is zero throughout the box, all 
matrix elements of V vanish. 
For small deformations, Eq. (7) becomes 


2mH «= (1+?) p*| 4 —2(d—d*)T20(p)| ix. (10) 

The matrix elements 1 can be easily evaluated by 
reference to the well-known properties of spherical 
Bessel functions.'* 


‘6 The relation of d to some other quantities used to define 
degrees of distortion is, for small deformations: d= je= (5/44 43, 
where ¢ is defined (see reference 3) as the difference between axes 
in units of Ro, and 8 is defined (see reference 1) by 

R=Rl1+8Y/@,¢)} 
*P. M. Morse and H. Feshbach, Methods of Theoretical Physics 
McGraw-Hill Book Company, Inc., New York, 1953), Vol. 2, 
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The results are: 


P h? 
eae =FE$.= “a wb, (11) 
2m ik 2mRe 

T 20(p) h? L(L+1)—3m? 


ee © 
“Wy On n~Omymy 


Il 


2mRe* 


2m |i (21,—1)(21;4-3) 
h? 
= w2P2(0)! for Lk=l;, (12a) 
2mRe 
T 20(p)| h? Wie 
= — — Omymy 
2m ik 2mRe? w2—w? 
(1,4+1+m,) (1,4+2+m,) ' 
XK (L+1—m,) (1; +2—m;,) | 
x3] | 
( (21;+1) (21;+5) } 
h WW; 
(21+ 3)P2(6) | «x 
2mRe? wi? —w; ; 
tor l, l, +2, (12b) 


where the subscripts i and & denote integration over 
angles only. 

Of course, only states of the same m and of the same 
parity can be coupled by a spheroidal distortion. It 
should be noted that the matrix elements between 
states in different major shells vanish if the orbital 
angular momenta are the same and they are small for 
l’s different by two, because of the large energy denomi- 
nator. 

On the other hand, the interaction strongly couples 
states of the same major shell. The energy differences 
between two states of the same major shell are given 
approximately by 


wi? — we? (21,4 3 for l, =I, +-2. (13) 
It follows from Eqs. (8), (11), (12), (13) that matrix 
elements of H between states in the same shell are 


given to a good degree of approximation by 


Ha= (D4 LD 2) (Eby, 


—(4D—4D *)(E:E,)'P2(0 ik- (14) 


To calculate energy levels and wave functions to a fair 
degree of accuracy it is sufficient to diagonalize only 
the part of the infinite secular determinant (7) between 
states in the major shell under consideration. This 
approach the interactions between 
different major shells and yields the following average 
energy for the states in each shell: 


neglects small 


sE(1+d). 


small d 


(15) 


The perturbation matrix elements ,,; are then given 
by 
Kiu=—(¥D—43D 


(E.E;)'P2(8) ik (16) 
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The secular determinant now reads as follows: 
Dil Ra am E/bix W(t’) =(), 


where the sum now extends only over states & of the 
same major shell as state 7. The smallness of the 
coupling term between different major shells shows that 
on the “average,”’ the ¥(r’) are good zero-order func- 
tions to use for this problem. On the average, the 
spheroidal distortion of a box causes the wave functions 
to “follow” it apart from (a) the strong mixing within 
a given shell, and (b) the weak coupling between 
different shells. It should be noted here that for boxes 
whose walls are rectangular parallelipipeds or right 
circular cylinders, the wave equation can be solved 
exactly. For these cases the wave functions follow the 
distortion exactly without any mixing. 

Slightly more accurate values for the energy levels 
may be obtained by taking into account the small 
coupling between different shells. Thus, the energy can 
be expressed as a power series in d, and values of the 
coefficients up to d* obtained exactly from Eqs. (10) 
(12) by use of second order perturbation theory. 

The sums over intermediate states can be evaluated 
in terms of the expression 


18) 


and the two other sums which are obtained by differ 
entiation of (18) with respect to x once and twice 
Here x is any number and the sum extends over all 
positive roots of the spherical Bessel function of order /. 

The energy of a given state can then be written as 
follows: 


Enim= Eqim+dE nim +@Enim® +++, (19) 
where the coefficients in the power series are: 
Bate wh?) /(2mRe), (20a) 
Exim = Enim[—2P2(8)| uw), (20b) 
Bate Enum {14+2P2(0) | u—f (21+-7) 
- 2w? (214-3) 11 P.,(0) tuet+l (21-5) 
— 2w2{21—1)- ]P2 (0)! 1-27}. (20c) 


Values of the coefficients are given in Table I. 

It is evident that the power series expansion does 
not converge well for states which are strongly coupled 
to other states in the same shell; e.g., 1d0 and 250. 
Such an expansion by itself can therefore not be used 
for these states and a matrix diagonalization must be 
carried out. 

For the numerical calculations of this paper, only 
matrix elements between states of the same shell were 
considered using Eqs. (15) to (17). However, rather 
than neglecting intershell contributions entirely, the 
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49-08 me 8 we rotations was used. Results for states up to the 1g shell 
ow) ae Se ARS eee are shown in Fig. 1. The numerical values obtained 


agree very well with calculations of Spence and of 
Hill and Wheeler'® who used spheroida! coordinates. 


Ill. EFFECT OF A SPIN-ORBIT TERM 
ON THE ENERGY LEVELS 


The above method can be extended to include a 
spin-orbit coupling term in the Hamiltonian. Strictly 
speaking, there can be no spin-orbit coupling of the 
Thomas type (o-¥V Xp) for any well with infinitely 
high walls. However, by adding instead a constant 
spin-orbit term, it is possible to reproduce the approxi- 
mate order of single-particle levels in light and medium 


The particular. spin-orbit term used in the present 
calculations is a constant with an attempted correction 
for the deformation : 

H,.o.= —kLV-e)+-d(3l,’c,—4l'-@) |, (22) 
where all coordinates and operators are defined in r’ 
space. 

The constant & was taken equal to one in units of 
h*?/2mR, to give approximately the correct doublet 
tting in nuclei. The zero-order states were taken as 


spl 
¥(r’)x(spin), where x(spin) can be 7 or |. 
In this approximation only states of the same shell 


and with the same values of / and m; are coupled by 





the spin-orbit term. 
The rest of the Hamiltonian was not altered from 
om en eT the form used in the calculations of Sec. 2. The results 





of including this spin-orbit term are shown in Fig. 2. 
A oe i et ee ow en It is seen that for small deformations, the energy levels 
agree with the previous calculations using first order 
perturbation theory.’ For example, the first-order 


a 5 a a oe oe ee Taste I. Energy levels in spheroidal box [in units of #?/2mR¢* } 
. as function of deformation. First three terms in power series 
expansior 
} 1. Energy levels of a spheroidal bx famttion of Ackarmation pa . : 
. Bi ence eet pcan 979%. E= E®+E%d+E%P4 
. in-orbit coupling. Length of symmetry ax Ro(l+d 
7 , , _— ” I I Ea 
ethcients of p? 2m were altered slightly from unity to 
F . . 1 0 9 870 0 9 041 
. ae ss 1,0 20.191 — 16.153 33,467 
1+ (9 /3)(2D+D 3 *1+-nd*, 21 1o1 70.191 8.076 10.196 
small d ido 33.217 — 18.981 — 108.935 
1d i 33.217 —9 491 36.570 
where » is an adjustable parameter whose values are 1d 2 33.217 18.981 11.168 
. , . 2 0 39.479 0 192.014 
slightly smaller than unity. Values of » were picked 170 48.831 ~ 26.042 _ 79 892 
for each state in such a way that the energv would bl, J 48.831 — 19.532 ~ 38.347 
agree exactly h th py ”) if 2 48.831 0 39.294 
agree exactly with the power series expansion 20) as if 3 48 83] 32 554 12.042 
far as terms in d*. According to the numbers of Table I, 2,9 539.679 — 47.743 244.350 
e e ‘ >“! 39. 679 )3.R72 127.098 
ange ym 0.92 the 1s0 state to 0.66 for the - . £9.542 ~ 
nm ranges fre m 2 for the 1s0 state . oO » Tor the 1¢ 0 66.955 — 34.782 84.022 
1g state. Terms of order d*, d‘, etc., also appear to be te! 66.955 — 29.565 — 6) 93 
: s “ ; 
quite accurately given with this approximation tse 66.955 a. er a = 
= ” a " 4 HH 955 Z j re.7) 
[he matrices were diagonalized on the SWAC at in’ 66.955 48.694 12.842 


the UCLA campus. The Jacobi method of successive = = ~~ See 
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energy shift is given by: 
_j(j+1)—3mt 
2j(2j+2) 


IV. SOME RESULTS FOR OTHER FORMS 
OF THE POTENTIAL 


(23) 


Eatin" = — LE aijm' 


The problem of finding the energy levels in a realistic 
nuclear potential (e.g., square well with rounded edges) 
which has been deformed into spheroidal shape is a very 
formidable one. Moreover, it is not clear that such 
calculations would yield significant improvements over 
the results obtained with the spheroidal box. Surely the 
relation of the effective one-particle potential to the 
two-body forces must be correctly taken into account. 
Thus, the well depth is expected to decrease when the 
well is deformed into spheroidal shape,'’ which results 
in an additional restoring force of potential origin. 
Some simple approximate results may, however, be of 
interest. : 

One interesting form of the potential which has 
proven extremely useful for many calculations is that 
of the harmonic oscillator. It is well known that the 
energy levels and wave functions for particles in an 
anisotropic oscillator potential can be obtained ex- 
actly.® 12,18 


The potential can be written as follows: 


’ = dmw*r’?, (24) 


where the components of r’ are defined in [Eq. (3) }. 
The average energy over a closed shell is given by 
E’=E 


(3D!+4D~) 2EO (144d), (25) 


small d 


and the average effect of the deformation on the wave 
functions is to replace ¥(r) by ¥(r’’), where now 


z=x"D", y=y"D", s=2"D\. (26) 


Thus the wave functions “follow” the deformation to 
half its extent. 

The first-order shift of energy levels in a deformed 
well of any shape has been calculated previously by 


several authors.*:?-’ It can be written as follows: 


Entim® = — Entjm2P2(8)| iif, (27) 


where E is the total energy measured from the bottom 
the bottom of the well. f is the ratio of kinetic energy 
(expectation value) to the total energy. 

For all states of a harmonic oscillator potential f=}. 
A comparison of these results with those obtained in 
Sec. 2 for a box (/=1) suggests that perhaps for an 
arbitrary rounded well, the effect of changing V(r) 
to V(r’) might be, at least on the average, to distort 
¥(r) toy(r’), where 


s=Dlo", x=D-ity", y= Diy’, (28) 


17K. Brueckner, Phys. Rev. 97, 1353 (1955 
18M. L. Gursky, Phys. Rev. 98, 1205(A) (1955 
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Fic. 2. Energy levels of a spheroidal box as function of deformation 


A reasonable spin-orbit term has been included 


and that the average energy over a closed shell is: 


E’= E® (4D/+4D~*/) EO (14 f2d*), 


small d 


(29) 


The residual interaction would then only mix states in 
the same shell. Thus [see Eq. (16) }, 


Ku — (EE,)'2 fdP (8) ik (30) 


where / is now a reasonable average value for the shell 
in question. 

The plausibility of this conjecture has been investi- 
gated by a variational calculation of the lowest energy 
level E,,.\, and corresponding wave function. The wave 
function was assumed to be of the form ¥(r’’) with r”’ 
defined in terms of r by Eq. (28); however f was taken 
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as a variable parameter. The value of f giving minimum 
energy is denoted here by fo. 

For example, a particular rounded well shape is 
provided by the potential V=ar?—br', at least for not 
too large values of r. For this case, the 
calculation gives the value of fo: 


variational 


2-7/5 31a 


On the other hand, the ratio of kinetic to total energy 


1s 
f=T/E=}4-hy (31b 
which is only very slightly different trom fo. 
rhe corresponding energy is given by 
Emin= E® (1+ ffod?+ 32 


Another special potential of great interest is the 
square well with walls of finite height. The approximate 
effect®’ of the finite wall height is to reduce all energies 


measured from the bottom) to the values they would 


have for a box with radius Ro+A,> where 


ho=/ h?/(2m\) , 33 
{ more accurate expression for the energy levels” is: 
{ a A 
/ k al 1 1+ 
R sR, 
2mR 
x +-] 34 
h 
vhere 
¢ } oF 1 + R ) 


The energy levels of a spheroidal well with walls of 
finite height V» might then be expected to be close to 
those of a spheroidal box whose “radius” is larger by 
RoD+ Xo, 


obtain 


Ao, in other words, of a spheroid with axes: 
RyD*+ Xo, RoD~'+Ao. In 
approximately the same results as those resulting from 


application of Eqs. (28)—(30), 


this 


way, one can 


particularly for tightly 
bound states 
For a square well, a good approximation to the ratio 


f is given by 


where 


V. SOME APPLICATIONS TO NUCLEAR 
STRUCTURE AND CONCLUSIONS 


The results of the above cak ulations can be used to 
estimate the total relative energy of a given number of 
* For loosely bound states (V)—£<0.251 the “3” in the 
denominator of Eq. (34 replaced by a “2.” Equatic 

34), with this modification when appropriate, gives values of 
within 0.1 to 1° of the exact values 





should be ti 
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particles in an elastic well as function of deformation. 
Although the approximations made here are extreme, 
it is hoped that some qualitative trends are given 
correctly. Considering for simplicity only identical 
nucleons, Fig. 3 shows the total energies as function of 
deformation for the energetically most favored con- 
figuration of 20, 22, 24, 26, and 28 particles. The results 
are in general agreement with previous calculations':?* 
except for the favoring of a prolate shape for the half- 
filled shell at 24 particles. This is a consequence of the 
repulsion of the 1 f 7/2(1/2) state [the m= +} substate 
of the 1/72. shell] by higher-lying states, such as 
2p 3/2(1/2) while the 1f7/2(7/2) state is not pushed 
downward. 

The calculated restoring energies depend somewhat 
on the model chosen, but are much larger, even by as 
much as an order of magnitude, than the values calcu- 
lated with the hydrodynamical model. One important 
reason for this is that for light and medium nuclei 
crossing of particle levels is not very extensive. 

Consider, for example, the nucleus 2:Ti“. According 
to the “box model,” the most favored deformation dmin 
is —0.05 corresponding to the complete filling of the 
7/2 substates of 1/72 shell. For a more realistic 
well of finite depth, dmin—0.07(/~0.8). On the 
other hand, the hydrodynamical mode! gives dyin 


m= = 


~0.4. To make this estimate, the hydrodynamical 





s 4 4 A 4 4 4 


BSB Dw 1 os o @ s 20 25 30 35 60 


| energy as function of deformation for various 
: particles (plus core of 20 particles) in a 
box. For odd-particle numbers the energies can be 


tained by linear interpolation. 


, 
a4 
= 
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restoring energy was assumed to be given by”: 
194!x0.4d°—0.76Z°7A +X 0.24", (36) 


and 2E f in Eq. (27) was taken as equal 45 Mev. 

When much level crossing occurs, the effective 
restoring energy is reduced considerably'* and large 
deformations can occur. This situation is very probably 
realized for nuclei with A between 155 and 185 and 
above 225. 

Figure 4 shows calculated equilibrium deformations 
plotted against numbers of particles. The magnitudes 
and general trends of deformations calculated with this 
model seem to agree at least qualitatively with experi- 
mental values. The tendency for positive quadrupole 
moments indicated by Fig. 4 may be significant. Such 
a trend exists throughout the range of nuclei.” For 
the lighter nuclei, for which the order of particle levels 
predicted by a box potential is essentially correct, this 
trend results from the lowering of the 1d 5/2(1/2), 
1f7/2(1/2), and 1f7/2(3/2) states due to the strong 
interaction with other states of the same m. 

For heavier nuclei, the order of particle levels is 
significantly different from that in a box, so that no 
definite conclusions can be drawn on basis of a box 
model. However, in the hydrodynamical limit, part of 
the restoring energy is proportional to the surface 
area’? and this tends to favor positive quadrupole 
moments.”! In addition, the Coulomb effect, which also 
favors positive quadrupole moments, becomes im- 
portant. 

The above calculations show the effect of one im- 
portant feature of nuclear structure, the deviation of 
the nuclear potential from sphericity. To obtain de- 
tailed agreement with nuclear data; e.g., ground state 
spins, one must, of course, consider also the direct 
interactions between extra-core particles. Even if these 
are treated by themselves, without any core deforma- 
tion, it is possible to obtain remarkable agreement with 
experimental data”~** for some of the light nuclei near 

*® See A. Green, Nuclear Physics (McGraw-Hill Book Company, 
Inc., New York, 1955), Chaps. 8 and 9. 

%1S. A. Moszkowski and C. H. Townes, Phys. Rev. 93, 306 
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2D). Inglis, Revs. Modern Phys. 25, 390 (1953) 

% A.M. Lane, Phys. Rev. 92, 839 (1953). 
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Fic. 4. Energetically favored deformations of a spheroidal box with 
elastic walls, as function of the number of identical particles, 
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double magic nuclei Het, O'*, and Ca®. Then also the 
time dependence and quantization of the nuclear 
distortion must be properly taken into account, This 
can be readily done for a hydrodynamical model.'?-” 
In this way, some of the most striking features of 
nuclear states, such as energy spacings between rota- 
tional states for nuclei far away from magic numbers 
can be accounted for.! However, the absolute values 
of these energies appear to be considerably smaller 
than the hydrodynamic values deduced from known 
deformations." Some studies of this problem on basis 


of the shell model have recently been made.” 
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The excited levels of As"* were investigated by 
gamma-ray energies 


acaitior 


coincidence and gamma-gamma « 
at 462 kev in As , Clever 
capture process: 25, 66(M1+ £2), 81 


265(M 1+ £2), 280( £2), 305, and 402(M1 


captures to a leve 


electror 


studying the decay schemes of Se™® and Ge™* 


Beta- and 


internal conversion coefficients and relative transition intersities were measured. In 
irec*ional correlation experiments were performed. Se” electron 
transitions of indicated energy and multipolarity follow the 
97(£2), 121 


kev. Ge’* decays by emission of negative beta groups with end 


M1+E2), 136(M1+£2), 199(M1+£2), 


point energies of 1.19, 0.98, 0.92, 0.72, and 0.55 Mev. Subsequently, six gamma rays with the following 


energies are emitted 


spin and parity assignments are discussed 


66, 199, 265, 427, 477, and 628 kev. A level scheme for As” is proposed and plausible 
rhe evidence indicates that most of the levels of As” have spin 


1/2 or 3/2 and are not single-particle shell-model states. 


INTRODUCTION 
NUMBER of levels of As’* have been found at 
rather For 
Jensen et al.* postulate the existence of six levels below 


low excitation energies.' instance, 
402 kev in order to account for the gamma spectrum of 
a Se’® source. Since such close leve! spacing cannot be 
explained in terms of the single-particle shell model, 
core deformation has to be assumed. At arsenic the 
3px. and 4/52. proton subshells and the 3p 


neutron subshells are being filled.’ 


2 and 525 

In each case the 
energy difference between the subshells is very small ; 
therefore, conditions are favorable for the existence of 
close low-lying levels due to core excitation. The pur- 
pose of this investigation is to establish, as far as 
possible, a definite level scheme with spin and parity 
information as to the 
The dis 


integration schemes of Se™* and Ge’ have been investi 


assignments and thus gain 


neutron-proton configurations of these levels 


gated repeatedly’ and a brief summary of some of the 


published results follows. An attempt is made to 
emphasize existing discrepancies and deficiencies. 

Se’® (127 days)! decays by electron-capture to one or 
rhe internal 


electron spectrum and the photoelectron spectrum have 


several excited states of As” conversion- 
been measured several times' and good agreement exists 
121. 136, 199. 


‘ 


as to the gamma-ray energies (66, 97, 
265, 280, 402 kev However, Cork e al 
observed internal conversion-electron lines from gamma 


305, and 


rays of energies 24.7 and 80.8 kev though no evidence 
for these transitions was found by other investigators.” 


t Work performed under the auspices of the U. S. Atomic En 
ergy Lo 


mmissio 


* A preliminary report of this work was presented to the Ameri 
can Physical Society at the Chicago Meeting, November, 1953 
and appears in Phys. Rev. 93, 916 (1954 

t Now at Los Alamos Scientific Laboratory, Los Alamos, New 
Mexico 

See Hollander, Perlman, and Seaborg, “Table of Isotopes,’ 


Revs. Modern Phys. 25, 469 (1953 

* Jensen, Laslett, Martin, Hughes, and Pratt, Phys. Rev. 90 
ss? 1953 

*P. F. A. Klinkenberg. Revs. Modern Phys. 24, 63 (1952 


‘Cork, Rutledge, Branyan, Stoddard, and LeBlanc, Phys. Rev 


79, 889 (1950 
* Ter-Pogossian, Robinson, and Cook, Phys. Rev. 75, 995 (1949 


On the other hand, a strong 76.6-kev gamma ray, 
which was not seen by Cork et al., has been reported.?- 
Jensen and co-workers’ have proposed a decay scheme 
for Se’® based on gamma-ray energies, approximate 
transition intensities and some preliminary coincidence 
observations with G.M. tubes. The level scheme pro- 
posed by Cork ef al. on the basis of gamma-ray energies 
differs from that of Jensen and co-workers because the 
24.7- and 80.8-kev transitions are included. Temmer and 
Heydenburg® induced by Coulomb excitation transi- 
tions of 68, 199, and 283 kev with relative yields of 
0.02, 0.4, and 0.3, respectively. Only Cork’s disintegra- 
tion scheme is consistent with the Coulomb excitation 
results.? 

To date no decay scheme has been proposed for 
Ge7® (80 min).' Smith ef al.* found two negative beta 
groups having end-point energies and relative abun- 
dances of 1.137 Mev (85 percent) and 0.614 Mev (15 
percent). The 1.137-Mev beta group decays to the 
ground state of As’® since no 1.137-Mev beta, gamma 
coincidences could be found. Internal conversion- 
ines at 408 and ~520 kev were seen super- 
imposed on the beta spectra. The electron spectrum 


electron 


from a uranium converter was investigated and a 
photoelectric line from a 265-kev gamma ray, together 
with Compton electrons from a transition at ~600 kev, 


were observed. Weak gamma rays at 418 and 572 kev, 
in addition to the 265-kev line, were seen on a scintilla- 
A 250-kev gamma ray, approxi- 


tion spectrometer. 


mately 10 percent abundant, was observed by 


Reynolds.’ This gamma-ray energy was obtained by 
aluminum absorption measurements and therefore it 


is not surprising that weaker lines were missed. The 


*G. M. Temmer and N. P. Heydenburg, Phys. Rev. 93, 351 
1954 
Since the completion of this manuscript Lu, Kelly, and 


Wiedenbeck published [Phys. Rev. 97, 139 (1955) ] a decay scheme 
based on an investigation of the normal and “summed” 
ray spectra y these authors is a 
mise between the schemes of Jensen ef al. and Cork e al 
and includes a 77-kev transition of appreciable intensity 

* Smith, Caird, and Mitchell, Phys. Rev. 88, 150 (1952 

*S. A. Reynolds (private communication 


The scheme proposed by 
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Fic. 1. Internal conversion-electron spectrum from a 0.5-mg/cm? Se™ source. Both G.M. counters were used and the data 


internormalized. Different scale factors are used for various portions of the curve. Dashed curves represent Gaussian distributions 
fitted to individual photopeaks. The Insert was obtained using 2.4 percent resolution. 


difference in end-point energies of the two beta groups 
observed by Smith et al. points to the existence of an 
As*® level at 523 kev. No single gamma ray or gamma- 
gamma cascade of sufficient intensity to account for 
the decay of this level has been reported. 


EXPERIMENTAL PROCEDURES AND RESULTS 
Source Preparation 


The Se’® sources were prepared by irradiating natural 
metallic selenium” with neutrons." The other 
selenium activities made on slow-neutron irradiation 
are short-lived! with the exception of Se”; a negligible 
amount of this activity is produced because of the 
relatively small capture cross section of Se7* and the 
long half-life (<6.5X10* years)! of Se”. No radio- 
chemical purification of the irradiated material from 
nonisotopic activities was necessary. When thin, 
uniform sources were required the activity was dis- 
tilled in vacuum onto a cold finger covered with an 
aluminum foil of suitable thickness. 

An additional Se’* source was made by bombardment 
of germanium with 40-Mev a particles. The selenium 
plus arsenic activities were isolated by a distillation 
procedure,” several milligrams of selenium carrier were 


) 


slow 


” The selenium metal was pure hased from the Johnson Matthey 
Company 

‘The authors are indebted to the Metals Testing Reactor 
group for producing a sample of high = ific activity 

2 J. Irvine, J. Phys. Chem. 46, 910 (1942). 


added and metallic selenium was precipitated several 
times in the presence of arsenic hold-back carrier. The 
gamma-ray spectrum of this Se” source, as seen on a 
scintillation counter, was identical with that of the pile- 
irradiated sources. 

The Ge’ sources were prepared by irradiating ger- 
manium dioxide powder” with slow neutrons. Irradia- 
tion times were of the order of minutes and the sources 
were used only during the. first half-life of Ge”. When 
the radiations from sources enriched and nonenriched 
in Ge™ were compared on a scintillation spectrometer 
no significant differences were observed. Small amounts 
of nonisotopic activities such as Na™ were present in 
all sources used. When beta sources were required, the 
germanium dioxide powder was spread onto a thin 
cellophane backing and covered with 1 percent Zapon. 


Conversion-Electron Spectra of Se’® 


In order to obtain conversion-coefficient data on 
which to base multipolarity assignments, the relative 
intensities of both the internal and external conversion- 
electron lines from a Se’® source were determined. The 
measurements were made on a conventional magnetic 

) 


lens spectrometer set for a momentum resolution of 3.2 


% The nonenriched germanium dioxide was purchased from the 
Johnson Matthey Company. Germanium dioxide enriched in 
Ge (95.8 percent) was supplied by the Y-12 plant, Carbide and 
Carbon Corporation, through the Isotopes Division, U. S, Atomic 
Energy Commission, Oak Ridge, Tennessee 
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TaBLe I. Se**: Gamma-ray, internal conversion-electron and transition intensities 


i 2 3 4) (5 6 7 (8) 
Relative gamma-ray intensity Total conversion Transition in 
Transition , —-———- — 7 —_________ -— Relative interna! ra rient, tensity, percent 
energy Lens Scintillation conversion-electron scintillation Final conversion of Se?* dis- 

kev spectrometer*® spectrometer Final intensity* spectrometer coefficient*-* integrations‘ 
402 0.17 +002 0.248 +0.025 13.32 1.5 (K) 0.00243 0.0024 +0.0005 (K 14.0 

405 0.020 +0005 0.020 +0.005 14.54 1.2(K 003 +0.01 K 1.2 
250 0457 20.04 1.00 0AS7 +0.04 197 +20 K 0.0186 +0.005 0.019 +0008 (K 26.2 
265 1.00 1.00 369 +30 K 0.016 +0.00S (K) 57.0 
199 4.02 ~A.O3 23.5% 2.5 (K 4.03 K 1.8 
136 1.00 0.94 20.12 1550 K 007 +002 K 56.7 

A 2 
+-0.08 O04 20.0 +0.06 ae: ae a , 

121 0.31 0.02 0.28 903 640 K 0.10 +0.03 K 17.3 

97 0.052 +0 016 0.045 +0.01 0.066 +0.015 2640 K 1.8 +08 K 11.5 

430 +50 Ll 0.3 I 

SI ~~ K ~).134 

77 < 0.002 <3» < 0.26 

66 0.012 +0.007 0.018 +001 250 +30 (K) 0.6 +0.3 K 16 
x-ray 0.55 +0.08 O81 20.12 ROM 

* The intensities of the 305- and 280-kev gamma rays are reported relative to that of the 265-kev gamma ray; the intensities of the 121- and 97-kev 


that of the 136-kev gamma ray 
plus 136-ke 
ir 
fa pe 


gamma rays are reported relative t 

» The intensity of K x-rays relative to 121-kev 

K) or (L) refers to the electron shell 

4 It was estimated from the photogr 

intensity values were then calculated 

of the 81-kev transition (reference 21 

*In order to calculate these final « 
tribution due to L conversion 


m arsenic 


record 





phic 


using the theoretical K/1 


efficients, the total conversion 








permanent magnet spec 
value of the 66-kev 


juanta was measured 
which the conversion 


occurs 





raph experiment that 81(K)/66(L) 
nsition (reference 39 


is slightly less than unity. The 
and the theoretical E2 K-conversion coefficient 


coefficients measured with the scintillation spectrometer were corrected for the con- 





! Taking into account the decay scheme given in Fig. 11, the total disintegration rate of Se’* was calculated from the gamma-ray intensities [data of 
column (4) ) corrected for conversion using col n (7 

6A 77(K) line was not present in the photographic re« #4 the permanent magnet spectrograph experiment. Using a conservative estimate of the 
minimum line intensity detectable above the film backgr 1 and the theoretical E1 K-conversion coefficient (reference 21), an upper limit of 0.6 percent 
can be placed on the intensity of this t 

* To obtain the number of K holes ay intensity has been corrected for the fluorescence yield (57 percent). This fluorescence-yield value was 
obtained from the curve of Broyles, Thomas, and Haynes, Phys. Rev. 89, 715 (1953). See also reference 32 


percent. Geiger-Miiller counters were used as detectors; 
one counter had a 0.5-mg/cm? nylon window, the other 
an approximately 2.0-mg/cm? mica window. Over the 
range, ~250 to ~400 kev, counter-efficiency corrections 
for the mica-window counter were measured relative to 
the thin-window counter. Absorption corrections taken 
from the curves of Saxon" for the 0.5-mg/cm? window 
were applied; nevertheless, the intensity data for 
energies below 50 kev are inaccurate. Coincidence loss 
corrections were made in the usual manner."® 


ELECTRON ENERGY (KEV) 





40 
“ “] . 
136 
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i?) 





> 
+ 
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COUNTS 





A. A. A. A. A. A ah A. 
soc eon 000 "O00 eo 
Mp (GAUSS Cm) 
Fic. 2. Photoelectron spectra of Se” obtained with the nylon 


window counter. O 1.6-mg/cm"* lead converter. @ 0.4-mg/cm? lead 
converter 


“ D. Saxon, Phys. Rev. 81, 639 (1951) 
‘*G. Friedlander and J. W. Kennedy, /niroduction to Radio 
chemistry (John Wiley and Sons, Inc., New York, 1949), p. 213 


The internal conversion-electron spectrum from a 
0.5-mg/cm? thick Se’® source is shown in Fig. 1 and the 
relative intensity data are summarized in Table I, 
column (5). The photoelectron spectra from a Se7® 
source (Figs. 2 and 3) were obtained by using lead con- 
verters of suitable thickness. The Compton background 
curve shown in Fig. 2 was calculated on the assumption 
that the background is not increased by the presence 
of the lead converter; in this way, a lower limit for the 
background was obtained. Maximum values of the 
background at various points were estimated by in- 
terpolation between the count rates on either side of a 
photopeak. The errors listed in Table I, column (2) 
were arrived at by considering these extreme back- 
ground values. The relative intensities of the 265-, 
280-, and 305-kev gamma rays were calculated from the 
ratio of the peak heights of the A-conversion lines. 
Similarly, the relative intensities of the 136-, 121-, and 
97-kev gamma rays were obtained from the ratio of the 
peak heights of the L-conversion lines. 

Conversion electrons from the 76.7-kev gamma ray 
found by other investigators?’ should appear in the 
region of the lead Auger lines (Fig. 2). According to the 
intensities quoted by Jensen et a/.,? the 76.7-kev gamma 
ray is two-thirds as intense as the 136-kev gamma ray. 
Therefore, the 76.7—L photoelectric line should be 
more intense than the 136—Z line. However, the con- 
version-electron line intensities in this region are com- 
pletely accounted for by the Auger lines of the lead 
K x-ray series. 

The internal conversion spectrum of Se’® was also 
investigated with a 100-gauss permanent magnet spec- 
trograph. Both the K-, L-, and M-conversion lines of a 
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24.4-kev transition were observed and the experimental 
energy differences (K—L=10.23+0.15 kev, L—M 
=1.31+0.15 kev) agree with the arsenic K—L and 
L—M differences. A very weak K-conversion line 
corresponding to an 81.2-kev transition was also found, 
but the identification of this line is not definite since the 
L-conversion line was not observed. The following 
transition energies were measured with an accuracy of 
+0.3 percent: 24.4, 66.3, 81.2, 96.9, 121.1, and 136.1 
kev. These results are in excellent agreement with the 
values of Cork et al. The Se”® gamma-ray energies used 
in the rest of this paper are those of Cork and co- 
workers since they measured accurately the energy of 
every gamma ray. 


Relative Transition Intensities 


The relative gamma-ray intensities were measured 
with a scintillation spectrometer consisting of NaI (TI) 
crystals, DuMont 6292 photomultipliers, a Beva 1.5-kev 
power supply, a nonoverload amplifier'® with a gain of 
1000, and an Atomic Instrument single-channel ana- 
lyzer. Most of the measurements were made with a 
1.5-inch diameter by 1-inch high crystal. The area 
under a photopeak corrected by a photopeak-efficiency 
factor is taken as a measure of the gamma-ray intensity. 
The photopeak efficiency is equal to the product of an 
intrinsic efficiency factor’? and a peak-to-total term. 
The latter was evaluated from measurements of the 
ratios of the photopeak to Compton-plus-photopeak 
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Fic. 3. Photoelectron spectra of Se” obtained with the mica 
window counter. © 2.7-mg/cm? lead converter. @ 1.6-mg/cm? lead 
converter. The 305—-K line is shown on an enlarged scale in the 
Insert 

* W. A. Higinbotham, Brookhaven National Laboratory Report 
BNL 234 (T-36) (unpublished) 

'’ The authors are greatly indebted to P. R. Bell for making 
available to them his graphs of intrinsic efficiency rs gamma-ray 
energy for a 1.5-inch diameter by 1-inch high crystal. 
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Fic. 4. Gamma-ray pulse-height spectrum from a Se’* source 
2 cm above a 1.9-mm thick NaI(T1) crystal. @ Se” source, experi 
mental points; © Sum of curves (a), (b), and (c). Curve: (a) Sum 
of Compton contributions from the 402-, 280-, 265-kev transitions 
(b) Contribution of the 136-kev transition. (c) Contribution of 
the 121-kev transition. 


count rates for sources which emit one gamma ray.'* 
The relative intensities of nuclear gamma rays of energy 
less than 150 kev were measured with a 0.2-cm thick, 
2-cm diameter NaI (TI) crystal. The necessary efficiency 
factors were calculated for this size crystal. In order to 
evaluate the count rate in each photopeak, the back- 
ground due to higher energy transitions has to be sub- 
tracted. The intensity of the continuous spectrum 
accompanying each major transition was evaluated by 
normalization of the observed pulse-height distribution 
of a gamma ray of essentially the same energy.” Figure 
4 serves to illustrate the procedure used. Curve (a) 
represents the summed Compton contributions from 
the 402-, 280-, and 265-kev Se”* gamma rays. Curves (b) 
and (c) represent the contributions of the 136- and 
121-kev gamma rays, respectively. The latter two 
curves were obtained by normalization of the Tc” 
pulse-height distribution to the 136- and 121-kev 
photopeaks, respectively. The ratio of the 121- to 136- 
kev gamma-ray intensities was taken from the lens- 
spectrometer results. The sum of curves (a), (b), and (c) 

The following gamma-ray sources were used: Tc (140 kev), 
Hg™ (279 kev), Cr™ (320 kev), Au" (411 kev), Cs”? (661 kev). 

* The pulse-height spectra of the following sources were used 
Cs"" for the 628-kev Ge” transition; Au for the 402-kev Se” 


transition; Hg™ for the 280-kev Se”, 265-kev Se” and 265-kev 
Ge" transitions ; Tc” for the 136- and 121-kev Se™ transitions 
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2000 + 


5. Internal 


hra ene dete 


CON VeTSION -C ict " c tr yt uined ‘ ur 


tor. (a) Se” source. « mposite 1-electron 


| 
the 265- plus 280 plus 305-kev transitions 


tained by insertion of an aluminum absorber 


conversion-electron line of the 661-kev trar 
matches the observed Se’ 
i. otopeaks of the 97 


idditional background at ~64 kev, not shown in Fig. 4, 


spectrum except at 


and 66-kev gamma rays. An 


s due to the escape peak of the 98-kev transition; a 
rection for this effect™ was applied 
rhe scintillation-spectrometer measurements of the 
relative intensities of the Se” 


gamma rays are Ssum- 


ized in Table I, column (3). The gamma-ray in- 
from the lead L- 


nversion lines were normalized to those obtained from 


ties column 2 obtained 
the lead K-conversion lines by use of the scintillation- 


spectrometer intensity measurements [column (3) 
he final gamma-ray intensities reported in column (4 
ure given relative to the 265-kev gamma-ray intensity. 
The total conversion coefficient of the 402-kev Se’ 
gamma ray and the average of the total conversion co- 
280-, and 305-kev Se”® 


efficients of the 265-, gamma rays 


measured relative to the total conversion co- 
0.118)" of the 661-kev Cs’ 


The relative intensities of the gamma rays emitted by 


were 
efhicient (a transition. 
the two sou were measured with a 1.5-inch di- 


by I-inch high Nal(T! 


yields of the 


ameter crystal. The relative 


internal conversion-electron lines (Fig. 5) 


Un- 


1} 
} 


were obtained using an anthracene scintillator. 
* P. Axel, Brookhaven National Laboratory Report BNL 271 
(T-44) (unpublished ) 
* Rose, Goertzel, Harr, Spinrad, and Strong, Phys. Rev. 83, 
79 (1951); Rose, Goertzel, and Swift, Lew Energy K-Shell Co 
eficients (privately circulated tables 
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fortunately, some of the conversion electrons are 
scattered back out of the anthracene crystal and thus 
do not contribute to the full-energy peak. The fraction 
of scattered electrons increases with decreasing energy, 
thus the data of Table I, column (6) may be low. The 
final conversion coefficients for the Se’® gamma rays 
reported in Table I, column (7) were obtained from the 
data of columns (4), (5), and (6). 

The energies” and relative intensities of the gamma 
rays associated with the decay of Ge’* are given in 
Table II, columns (1) and (2). Positive identification 
of these gamma rays with the Ge”® decay was made on 
the basis of their half-life together with the results of 
coincidence experiments described in the next section. 
Even though some of the Ge’> gamma rays are very 
weak (0.2 percent transition intensity), it was possible 
to measure their relative intensities. For example, a 
10:1 ratio of photopeak to background count rate was 
obtained for the 628-kev gamma ray. A further diff- 
culty arose because the photolines of the 427- and 477- 
kev gamma rays are only partially resolved from each 
other. The relative yields of these two transitions were 
estimated by fitting Gaussian distributions of the cor- 
rect peak heights and resolution to the experimental 
pulse-height distribution. Unfortunately, this analysis 
is subject to errors due to the possible presence at the 
same pulse height of other weak photopeaks which may 
or may not be associated with Ge’®. Since a 402-kev 
photoline can also not be resolved from the 427-kev 
photopeak, an upper limit on the branching to the 402- 
kev level determined by measurement of the 
(136, 265)-kev coincidence rate per 265-kev quantum. 
The result of this experiment, together with the data 
of Table I may then be used to calculate 
the relative intensities of the gamma-ray transitions 

rising from the 402-kev level. So few coincidences were 
Ge™ source that they can be ac- 


was 


column (3), 


’ 


observed from the 


raBLe II. Ge’*: Transition intensities and coincidence data 


“4 
Gamma ray 
oincidence 
reent of Ge™* with selected 
integrations*-¢ event (kev 


yn inter in 


0.20+0.03 none 
0.26+0.08 none 
0.28+0.08 199 


628+ 5 
477+10 
427+ 5 
402° <0.0034 

2644 5 11.2 +0.12 
199 2 1.35+0.14 

121 and 136° <0.017 =< 

66 ~).38 199 


none 
427, 66 


* This is the energy of the gamma ray observed in coincidence with the 
199-kev transition 

These gamma r see text 
was corrected for 


m coefficients for 


lecay 


ver this column we aine y normalizing the data 
by means of the result percent, for the intensity of the 
26S-kev transition 

2 (Cs? Na® Se”, and Hg™ were used as gamma-ray energy 


standards 
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counted for by the presence of a small amount of 
Na™ activity. 

The beta-branching ratio to the 265-kev level in 
As’® was determined by measurement of the number of 
beta, 265-kev gamma coincidences per beta particle. 
An anthracene scintillator was used to detect the nega- 
tive beta particles and the bias setting was such that 
virtually all betas were counted. The absolute detection 
efficiency of the NaI(T1) crystal for 265-kev quanta 
was obtained by means of a coincidence experiment in 
which the prominent Se”* gamma-gamma cascades were 
employed. The channel widths were sufficiently wide 
to include the somewhat broad photopeaks of these 
cascades and it was assumed that the detection effi- 
ciencies are the same for the 265- and 280-kev quanta. 
The fact that the 280-kev level is also populated by 
the 25-kev transition has no effect on the result. The 
solid angles subtended by the detectors were large, thus 
directional correlation effects could be neglected. The 
beta branching to the 265-kev level is 11.4+1.1 percent 
of the Ge” disintegrations. The beta-branching ratios 
to the other levels [Table III, column (4) } were deter- 
mined from the decay scheme (Fig. 11) and the relative 
gamma-ray transition intensities. 


Identification of Gamma-Gamma and 
Beta-Gamma Cascades 


Coincidence studies were undertaken with both Se® 
and Ge’® sources in order to establish the existence of 
various gamma-gamma cascades; in addition, the end- 
points of the beta groups in coincidence with the 
different gamma rays of Ge*® were measured in order to 
help establish the level scheme for the excited states 
of As’*. The coincidence investigations were carried 
out with the previously described scintillation spec- 
trometer in conjunction with a gray-wedge 
coincidence The photopeak or interna! 


used 
analyzer.” 


TABLE III. Ge”: Beta groups and test values. 


(4) (Ss 
Fraction of 


1 (2) (3) 


Beta Gamma ray in 


group coincidence with Level in As’ Ge" activity 

kev 8 group (kev bev) percent)® log ft¢ 
1188+20 none ground s state &7 5.2 
975+ 199 199 0.69 7 
919420 265 265 11.4 5.6 
784 see 402 <0.022¢ >8.1 
~ +-20 oy oy 7 

120_& 477 477 0.26 6.9 
553* 199, 427, 628 628 0.48 6.2 


* This beta group was not observed directly ; however, its existence can 
be deduced with certainty from the results of experiments involving the 
199., 427-, and 628-kev gamma rays (see Table II). 

> The results given in this column were calculated using the decay scheme 
of Fig. 11 and the transition intensities of Table II, column ; 

* As beta branching to the 402-kev level was not observed, only an upper 
limit can be given for the intensity of the 784-kev beta group 

4 The comparative half-lives were calculated with the aid of the graphs 
given by S. A. Moszkowski, Phys. Rev. 82, 35 (1951 


ad The gray-wedge analyzer is described by Bernstein, Chase, 
and Schardt, Rev. Sci. Instr. 24, 437 (1953). The specific — 
ment used in this experiment is described by R. L. ¢ aes, Broo 
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TaBLeE IV. Se”*: Results of coincidence experiments. 














Selected Events observed in 
event coincidence with 
(kev) selected event Remarks 
K x-rays 402, 280, 265,199, The 81- and 305-kev radiations 
136, 121, 97, 66 were not observed because of their 
low intensities; the 25-kev gamma 
ray was not observed because it is 
highly internally converted 
66 199 Whether or not other transitions 


are also in coincidence could not 
be determined from this coinci 
dence experiment (see text ) 

These coincidences are probably 
real but not positively established 


o7 either 280 or 305, 
or both(?) 


121 280 

136 66, 265 

199 66 It was not possible to establish 
the presence or absence of coinci 
dences with 136-kev quanta from 
this coincidence experiment 

265 136 

280 97(?), 121 

305 97(?) 

402 K x-rays only No coincidences with any other 


gamma rays were observed 


conversion-electron line of the gamma ray of interest 
was selected by means of a single-channel analyzer and 
the spectra of electromagnetic radiations, conversion 
electrons or beta particles in coincidence with it were 
displayed on the gray-wedge screen. A coincidence 
resolution time of 10-7 sec was used. The geometrical 
arrangement of the detectors and sources and the 
nature of the absorbers used were varied to suit the 
individual experiments. The results obtained for the 
Ge? and Se7® sources are summarized in Table I, 
column (4) and in Table IV, respectively. 
Considerable care has to be taken in interpreting the 
coincidence results because, in general, pulses due to 
other gamma rays than the one of interest also fall in 
the channel of the pulse-selecting detector. For ex- 
ample, with a Se” source it was observed that a broad 
channel centered at 66 kev (Fig. 4) includes approxi- 
mately equal numbers of counts due to 66-kev quanta 
and due to the continuous pulse-height spectra from 
the 121-, 136-, 265-, and 280-kev quanta. The 136- and 
265-kev photopeaks, present in the Se’® gamma-ray 
spectrum (Fig. 6), appear also in the coincidence spec- 
trum obtained by channeling at 66 kev (Fig. 7). The 
presence of these photopeaks in Fig. 7 is to be expected 
because of the existence of the (121, 280)-kev and 
(136, 265)-kev cascades. In addition to the true co- 
incidence peak at 199 kev, peaks at ~30 and ~50 kev 
were observed (Fig. 7). The ~30-kev peak is attribut- 
able to iodine K x-rays which escape from the pulse- 
selecting detector into the display crystal; the line at 
~50 kev is due to a scattering process. In all cases 
where the possibility of scattering between the de- 
haven National Laboratory Report BNL 263 (T-42) and by 


A. W. Schardt, Brookhaven National Laboratory Report BNL 
237 (T-37). 
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In order to correct the Ge’® beta spectra for the effects 
of crystal resolution and backscattering, correction 
factors, which were necessary to linearize the Au’ 
Fermi plot, were computed as a function of energy 
below the endpoint. Figure 8 shows corrected Fermi 
plots of the composite Ge” spectrum and of the beta 
spectra in coincidence with the 199-, 265-, and 477-kev 
gamma rays, respectively. The approximate nature of 
the applied corrections could account for the fact that 
the composite beta spectrum [curve (a)] cannot be 
resolved into its components. Since a considerable frac- 
tion of the count rate at the photopeak of the 477-kev 
gamma ray was due to the Compton background from 
Na™ radiations, spectrum (d) is undoubtedly perturbed 
by the presence of Na™ betas. As no correction could 
be made for this effect, it is impossible to determine the 
exact endpoint of spectrum (d). On the other hand, 
Fermi plots (b) and (c) are not perturbed by the 
presence of a background spectrum; thus, the differ- 
ence in endpoint energies, 56 kev, is accurate to +20 
kev. The beta-group energies and intensities are sum- 
marized in Table LI. 


Lifetime Measurements 
The theoretical half-life of the 280-kev transition, 
which is characterized as E2 from the conversion- 
coefficient (Table VII), is 10~* sec.” Similarly, a life- 
time might be expected for the decay of the 305-kev 
level. A knowledge of the actual half-lives of the 265- 


‘ ; 


ectors existed, great care was taken to identify any 
spurious peaks produced in this way. 

It was readily proven that coincidences exist between 
Se”> quanta included in the 97- plus 121- plus 136-kev 
ymposite photopeak and quanta included in the 265- 
plus 280- plus 305-kev composite photopeak. The 
121, 280)-kev and (136, 265)-kev . 

; Fic. 7. Gray-wedge pho 

“i since the coin id -nce tograph of the Se’ p ilse 
markedly or hich of height spectrum in coinci 
dence with pulses which fall 
in a channel centered at 66 
of coincidence kev. The photopeak at 265 
riments vu 1¢ Y/- an kev radiations ‘* kev and at least part of the 
. £ +h photopeak at 136 kev are 

re inconclusi' cau f the low intensities of these i colacitencen eith 
ransitions. Coincidences | x-rays and 97-kev background pulses on 
which the 66-kev photoline 
is superimposed. Different 
gain setting 
capture process or whether they resulted from internal Figs. 6 an 


the narrow channels 


‘ 


quanta were also observed bu Wi not determined 
had their origin in the electron- s were used for 
conversion of other gamma rays 
The spectra of the beta roups \ 
| hracene detector 
was taken to be linear™ 
calibrated with the 
internal conversion 


trum was measured; 


» experimental beta-endpoint energy, 0.972 Mev, is 


good agreement with the accepted value, 0.963 Mev 
eisskopf, Theoretical Nuclear Physics (John 


22, 29 (1951 y and Sor New York, 1952), Chap. XII, p. 627. 
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and 280-kev levels is also desirable in order to decide 
whether or not the directional correlations of the 
(136, 265)-kev and (121, 280)-kev Se” cascades can be 
perturbed by local fields.** Previous investigations®’** 
searched for isomeric transitions from a Se’® source and 
found none in the time range, 10~* to 10~ sec. 

In the present experiments a fast coincidence circuit® 
of resolving time, 7= 2X 10~* sec, was used in conjunc- 
tion with 5819 photomultipliers and stilbene crystals. 
The coincidence rate between the internal conversion 
electrons of the 121- plus 136-kev Se”® transitions and 
the internal conversion electrons of the 265- plus 280- 
kev transitions was measured as a function of time 
delay over a two-hundred-fold diminution in count rate. 
It was concluded that both the 265- and 280-kev levels 
have a half-life which is less than 8X10~" sec. An 
experiment was also performed in which the pulse- 
height selectors were set so that an appreciable fraction 
of the observed coincidence rate was due to coincidences 
between the internal conversion electrons of the 97-kev 
gamma ray and those of the 280- plus 305-kev transi- 
tions. The results indicate that the half-life of the 
305-kev level is either shorter than 10~* sec or longer 
than 5X10~-® sec; a half-life greater than the latter 
figure would not have been observed because of the 
presence of other coincidences. The multipolarity of the 
305-kev gamma ray is therefore not greater than E2 
unless a half-life longer than 5X10~* sec was missed 


9 


in the earlier investigations.?’ 8 
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Fic, 8. Corrected Fermi plots of Ge** beta spectra. (a) A Com 
posite beta spectrum. (b Beta spectrum in coincidence with 
199-kev gamma rays. (c) @ Beta spectrum in coincidence with 
265-kev gamma rays. (d) X Beta spectrum in coincidence with 
477-kev gamma rays 

*H. Frauenfelder, Ann. Rev. Nuc. Sci. 2, 129 (1953). 

7S. DeBenedetti and F. K. McGowan, Phys. Rev. 74, 728 
(1948). 

*F. K. McGowan, Oak Ridge National Laboratory Report 
ORNL 952 (unpublished 

*® The authors are greatly indebted to Mr. R 
designing and testing this circuit. 
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Gamma-Gamma Directional Correlation Studies 


The directional correlations of the (121, 280)-kev 
and (136, 265)-kev Se” cascades were investigated in 
order to obtain further information about the multi- 
polarities of these gamma-ray transitions and the spins 
of the levels involved. The apparatus used for measur- 
ing the directional correlations has been described 
previously.” The gamma rays detected with 
NalI(TI) crystals placed in lead collimators and Atomic 
Instrument single-channel pulse-height analyzers were 
used to select the photopeak of the desired gamma ray. 
A fast (0.1-usec) coincidence requirement was imposed 
on the unselected pulses; subsequently, a 5-usec triple 
coincidence requirement was imposed on the output 
pulses of the fast coincidence circuit and the two single- 
channel analyzers. The sources, which consisted of 
from 2 to 10 milligrams of irradiated selenium-metal 
powder, were placed in an aluminum holder. The dimen- 
sions of the source holder were minimized in order to 
reduce perturbations due to scattering effects; the 
holder had an outside diameter of 0.085 inch and a 
rs-inch hole, } inch deep. Measurements were made at 
the detector-to-detector angles of @ and 360° minus 8, 
where @ was given the following values, 90°, 110°, 130”, 
140°, and 180°. An equal number of measurements 
was made at each angle and the results for angles sym- 
metrical with respect to 180° were then averaged. The 
order of angle coverage was random. 

Directional correlation data were obtained using 
wide channels centered on the composite photopeaks 
of the 121- plus 136-kev and 265- plus 280-kev gamma 
rays, respectively. In addition, data were taken with 
narrow channels set so that either the (121, 280)-kev 


were 
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4 As 
Coefficient of Coefficient 
Channel position P ~ Ps (cost 


121, 280)-kev cascade 0.35942-0.014 —O.011 +0014 
ores case a 
136, 265)-kev cascade 0.02240 0095 0.009540 0095 
fa ed (case b 
(ha se » include ) 090-+0.003 0.003 +0003 
! posite phe ; 
An ise 
(‘ase { te fr 0.1014+0.019 
lable VI 
. < sed tabie i ‘ ed i e Appe x 
" tical er e given: the a . . 
exe values were , © re “ litiona 
8 © ta 0, « “ see Table | 
ra e ha . 0.05 ‘ " 4 
“ € ” 4 t Tops : 
0 4 0.2 0 “ 
ke t e g - 1 x 
‘ 
or the (136, 265)-kev cascade predominated. The dis- 
crimination between cascades was accomplished by 
channeling on the sloping portions of the composite 
pl )LOLINES ; 4S a Tresuil the count rate in the channel was 
very sensitive to small shifts in pulse height. Slow 
drifts, such as those resulting from variations in room 
temperature, were compensated for by manually ch ing- 


ing the channel position. In order to minimize the 
effects of erratic, uncompensated drifts, the coincidence 
rate (after subtraction of the accidental rate) was 
divided by the product of the channel-count rates 
(reler Appendix \ compiete compensation for these 


$ is not obtained 


effect 
j 


is also accompanied by a change in detection sensiti 
for the gamma rays of the two cascades 


In several instances, the rms error was computed 


from the deviations as a check on the consistency ol 
the data. For example, for the fourteen measurements 
made at 180° with 
kev cascade, rms error computed from the 


deviations is 7 percent while the 


the channels set to favor the (136, 
265 the 
statistical rms error 


on ecac h 


and 5.6 


measurement is 4 percent. These errors are 6.6 

percent, respectively, for the same measure- 

ments w 
j 


cascade 


ith the channels set to favor the (121, 280)-kev 
rhe results, that the rms error computed from 
the deviations is always greater than the statistical 
rms error, is undoubtedly due to uncompensated drift 
errors 

The fitted to 


shown in Fig. 9 and the coefficients of the Legendre 


curves the experimental points are 


polynomials are given in Table V. The formulas needed 
to calculate the directional distribution functions of the 
individual cascades from these coefficients are derived 
in the Appendix number of 121- to 
136-kev pulses and the ratio of 280- to 265-kev pulses 


The ratio of the 


at each channel setting also enter into the calculations 
(In future these ratios will be referred to as gamma-ray 


rhe 


in a channel of known width and position can be deter 


mixing ratios mixing ratio of two gamma rays 
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-ctional correlation measurements with Se7*.* 











Gamma-ray i ratio in channel 

Detector A Detector B ae Ni+N2! 
121 kev 136 kev 280 kev 265 kev sec /count counts / sec 

ao; ao a5 ay Be x107% «1078 
0.84 0.16 0.68 0.32 25 0.36540.003¢ 2.31« 
0.66* 0.34° 0.61* 0.39¢ 6.7¢ 0.365+0.003¢ 1.79°« 
0.044 0.96 0.10 690 0.0113 0,48520.003 2.60 
0.23 0.77 0.32 0.68 0.31 0.440+0.001 2.26 
0.23 0.77 0.32 0.68 0.31 
ger. N rrect as been applied for the finite resolution of the detectors 
oo. ents at 150 efer t ppen 

ise the 

ger: the ' +N wa ¢ btained by use of the experi 

\ was é € sult experiments which the (136, 265 

tua ' gth w livided by 2 


mined from an analysis of the composite photopeak. 
For example, Fig. 10 shows the contributions of the 
265- and 280-kev gamma-ray pulses; the relative in- 
tensities of the individual gamma rays were taken from 
Table I, column (2). In the case of the distribution 
measured with the channels set to favor the (121, 280)- 
kev cascade, the gamma-ray mixing ratios could also 
be evaluated from the results of some additional co- 
incidence experiments (see Appendix). The directional 
for the (121, 280)-kev cascade, 
computed with the mixing ratios obtained from the 


correlation function 
coincidence measurements, is in 10 percent agreement 
with the function calculated using the other mixing 
ratios. The directional distribution functions of the 














individual cascades (Table VI), together with the 
QUANTUM ENERGY (kev) 
220 250 280 310 
| 
= 
r a | 
i \ 4 
: ~~ \ 4 
— \ 
y 
. | A J 
< \ | 
'g \ \ 
- ‘ » | 
- \ } 
m \ | 
4 
5 \ 4 
1) - an, \ ' | 
. f Aa 
/ \ \ 
b / \ \S, | 
L \ | 
\ 
— \ 
‘ 
“30 40 45 
PULSE HEIGHT (VOLTS) 
& Fic. 10. Composite photopeak of the 265- plus 280-kev gamma 
ays. X represent experimental points, designate centers of 
wo-volt channels. 














gamma-ray intensity ratios obtained with the lens 
spectrometer, can be used to calculate the directional 
correlation to be expected if the entire composite photo- 
peaks are included in the channels. The agreement with 
the experimental distribution is satisfactory (Table V). 

It should be noted that the final directional correla- 
tion coefficients listed in Table VI have been corrected 
for the finite angular resolution of the detectors." The 
solid angle subtended by the detectors was determined 
by measuring the coincidence rate of annihilation 
quanta as a function of angle; the resulting angular 
resolution curve exhibited a half-width at half-maxi- 
mum of 10.5°. 


DISCUSSION AND INTERPRETATION OF RESULTS 


A level scheme (Fig. 11) for As’* can be constructed 
on the basis of the data presented. The level arrange- 
ment is identical with that proposed by Cork and 
co-workers‘ except for the addition of levels at 477 and 
628 kev. The endpoints of the beta groups in coinci- 


TasLe VI. Directional! correlation coefficients of the 
(121, 280)-kev and (136, 265)-kev cascades. 


Cascade A;* Aé 
(121, 280)-kev 


—0.40 +0.03 “ 
—0.44' 


—0019 


—0.014+0.017 


+0.01° 


41 
(136, 265)-kev 0.02 


—0.012+0.012 


* A correction of 7 percent to A: and 21 percent to A« has been made to 
take into account the finite angular resolution of the detectors. The indi 
cated errors represent an attempt at estimating the accuracy of the 
coefficients 

>» This value was obtained by use « mm puted from the 
results of additional coincidence measurements made at 180°, These 
mixing-ratio values are given in Table V [see reference 1 

¢ In subtracting the contribution of the (121, 280)-kev cascade its effect 
may have been underestimated; thus, the negative error is larger than the 
positive. 


f the mixing ratios « 


dence with the different gamma rays of Ge” show the 
existence of levels at 199, 265, and 477 kev. Since the 
402-kev Se’® and the 628-kev Ge’ transitions are not 
in coincidence with any other gamma rays, it can be 
concluded that levels exist at these energies. All the 
gamma-gamma cascades of Table IV can then be 
accounted for by the presence of two additional! levels 
at 280 and 305 kev. Unfortunately, it was not possible 
to determine directly the order of emission of the gamma 
rays of the (121, 280)-kev and the (97, 305)-kev cas- 
cades, thus the 280- and 305-kev levels could be placed 
at 121 and 97 kev, respectively. The latter scheme is 
unlikely since neither the 121- nor 97-kev gamma rays 
are excited by Coulomb excitation.* If the 121- and 
97-kev transitions are not Coulomb excited and repre- 
sent transitions to the ground state of As’, then they 
would have to be pure magnetic multipoles. However, 
the conversion coefficient of the 121-kev gamma ray 
(Table VII) shows that this transition has a large E2 
component. The 97-kev gamma ray, on the basis of its 
conversion coefficient, could be designated as a pure 


"8 E. L. Church and J. J. Kraushaar, Phys. Rev. 88, 419 (1952). 
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energies are given in kev 


M2 with an expected half-life of ~10~* sec”® but the 
fact that K x-ray, 97-kev coincidences were observed 
is incompatible with such an assignment. The 81-kev 
transition can also be included in the proposed scheme 
without postulating the existence of a new level. It 
should be noted that the measured transition intensities 
are consistent with the assumption that Se decays 
only to the 402-kev level. However, electron capture to 
other excited levels, amounting to as much as 10 per- 
cent of the Se’® decay, cannot be ruled out on the basis 
of the results presented in Table I. Similarly, an upper 
limit of 20 percent can be placed on the electron- 
capture branching to the ground state of As’®.§ 

Plausible spins and parities can be assigned to the 
excited levels of As”> by means of log/t evidence and 
gamma-ray multipolarities provided the ground-state 
spins and parities of As’*, Se’®, and Ge” are known. The 
As” ground-state configuration is pz/2. A spin of 5/2 
has been measured for Se7*,* but the parity has not as 
yet been determined. This 5/2 spin would not be 
expected from the shell model since the Ge” nucleus, 

® The A-hole yield of Table I must be corrected for the number 
of K holes (~23 percent) produced by internal conversion of the 
gamma rays. A correction for the amount of L-electron capture is 
also necessary ; the L/K electron-capture probability is 10 percent 
according to M. E. Rose and J. L. Jackson, Phys. Rev. 76, 1540 
(1949). The K x-ray yield is, however, insufficient to account for 
the transition intensities 

§ Note added in proof.—The presence of a 280-kev photopeak 
in the “summed” spectrum’ is compatible with the decay scheme 
of Fig. 11 since both the 97- and 25-kev transitions are highly 
converted. The pronounced 97-kev photopeak in the “summed” 
spectrum can be explained if the 305-kev level is an isomeric 
state. Unfortunately, this interpretation is in disagreement with 
the experimental results of De Benedetti and McGowan.” 

*® Aamodt, Fletcher, Silvey, and Townes, Phys. Rev. 94, 789 


(1954); L. C. Aamodt and P. C. Fletcher, Phys. Rev. 98, 1224 
(1955). 
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Taste VII. Multipolarities of the gamma rays associated with the decay of Se”. 
Transition Experimental . 
paren . > nace = Theoretical K-conversion coefficient* Multi js 
(kev coefficient a at a 8: Bs Bs polarity* =(E2/M1)* Remarks 
402 0.0024 +0.0005 0.0012 0.0044 0.015 0.0023 0.0084 0.028 M1 
OS 003 +001 0.0025 0.0115 0.045 0.0045 0.019 0.077 R2 Higher order transition improb- 
able because of competition with 
25-kev transition. 
280 0019 40.005 000334 0.016 0.067 0.0057 0.026 O11 E2 >2 M3 admixture impossible since 
4< 8X10" sec. ; 
265 0.016 +0.005 0.0037 0.019 0080 0.0064 0.030 0.13 M1+E2 2.0 ves ‘This teonsttton can Be Content 
199 0.03 0.0679 0.050 0.25 0.13 0.072 0.39 M1+E2 This transition can be Coulomb 
excited. 
1% 6.07 +002 0.026 0.23 1.5 0.036 0.27 24 M1+E2 0.49 Me = 
121 0.10 40.03 0.034 0.35 23 0.048 0.42 3.5 Mi+E2 os t0t4 
97 18 +08 0.073 0.77 64 0.090 0.97 94 E2 Higher order admixture or M2 
impossible because of competi- 
tion with 402-, 136-, 121-kev 
gamma rays. K/L ratio com- 
patible with E2.4 
66 OF 20.3 0.21 « 40 0.27 3 50 Mi or M1+E2 
* See reference 21 
Fi +M2 admixtures were not considered because such transitions are highly improbable. The multipolarity assignments given are based on the K- 
er ' efficient « lence ir njuncti with the arguments listed under “Remarks 
“ eme 6 
4 The theoretical K/L rat ¢ E2 ie 4.5 (re e 39) and the experimental value is 6 (Table I). 


which has the same number of neutrons as Se”®, has a 
fo/2 ground-state configuration.’ However, the 13.5-kev 
first excited level of Ge” is probably a (go/2)® state 
with a spin and parity of 5/2+-.* It is conceivable that 
the addition of two protons to the Ge” nucleus stabilizes 
the (g9/2)* over the go2 configuration. The even-parity 
assignment to the ground state of Se” is also supported 
by log ft evidence. A lower limit of the log/t value for 
the de ay of Se” to the As” ground state was calculated 
on the basis of an energy-difference figure of 894+5 
kev * and a maximum transition intensity of 20 per- 
cent. The log ft value, > 7.3, is consistent with a parity 
forbidden transition.** The ground-state configuration 
of Ge” is expected to be pyy2 from shell theory con- 
siderations® as this nucleus contains the same number 
of neutrons as Se’’. Other evidence also supports this 
pia assignment. The existence of an isomeric state of 
Ge™® at 139 kev has been reported.**’** The A-con- 
version coefficient value for the 139-kev gamma ray 
(~2)" is only consistent with an £3 or M3 transition.” 
However, the K/L ratio (~3)** and the half-life (49 
sec) are only compatible with an £3 assignment.*-” 
Again by analogy with Se,” an £3 transition between 
a 7/2+ and a Py level is to be expected. The log/t 
value, 5.2, for the Ge”® beta decay to the ps2 ground 
state of As’* supports the fact that py: and not 7/2+, 
is the ground-state configuration of Ge”. 

The logft value [Table III, column (5) ] 
gamma-ray multipolarities assigned with the aid of 


and the 


* Welker, Schardt, Friedlander, and Howland, Phys. Rev. 92, 
401 (1953 

*C_C. Trail and C. H. Johnson, Phys. Rev. 91, 474 (1953 

* Mayer, Moszkowski, and Nordheim, Revs. Modern Phys. 
23, 315 (1951); L. W. Nordheim, Revs. Modern Phys. 23, 322 
(1951) 

74. Flammersfeld, Z. Naturforsch. 7a, 295 (1952 

* Burson, Jordan, and LeBlanc, Phys. Rev. 96, 1555 (1954 

*® M. Goldhaber and A. W. Sunyar, Phys. Rev. 83, 906 (1951). 

“M. Goldhaber and R. D. Hill, Revs. Modern Phys. 24, 179 
(1952). 


K-conversion coefficients (Table VII) form a basis for 
the following discussion of spins and parities. The log fi 
values for the Ge’® beta transitions indicate that the 
199-, 265-, 477-, and 628-kev levels have spins of either 
1/2 or 3/2. In addition, the log ft value (6.2) for the 
electron-capture decay of Se’® to the 402-kev level shows 
that this level must have either a 7/2, 5/2 or 3/2 spin. 
However, the choice is limited to 5/2— or 3/2— since 
the 402-kev gamma ray proceeds to the p;,2 ground state 
of As** by means of an M1-type transition. The M1+ £2 
character of the 199- and 265-kev ground-state radia- 
tions indicates that these levels also have negative 
parity. The spin and parity assignments made so far 
are consistent with the multipolarities given in Table 
VII for the 66- and 136-kev transitions. An £2 rather 
than an M2 multipolarity was chosen for the 97-kev 
transition because the theoretical 97-kev M2-transition 
probability is too small** to explain the competition with 
the other gamma rays which proceed from the 402-kev 
level.“ Since the 305- and 97-kev gamma rays are in 
cascade, the 305-kev level must have negative parity 
if the 97-kev radiation is E2. Therefore, E2 is the most 
likely multipolarity for the 305-kev gamma ray. The 
experimental K-conversion coefficients for the 97- and 
305-kev transitions are, however, considerably larger 
then the theoretical E2 values. Unfortunately, the 
conversion-coefficient measurements for the 97- and 
305-kev radiations are the least accurate and the errors 
given in Table I may be too optimistic. 

It is difficult without additional evidence to arrive 
at more definite spin and parity assignments since de- 
tailed arguments based on log/f values and relative 
transition probabilities are of doubtful value when 


“A less plausible interpretation would be that the 97-kev 
transition is pure M2 or an M2+-E3 mixture and proceeds from a 
level the energy of which is within 1.5 kev of 402 kev. The observed 
K x-ray, 97-kev coincidences may be due to K x-rays which arise 
from internal conversion of the 25-kev transition (see Fig. 11). 
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many of the levels involved are not single-particle 
states. The directional correlation functions for the 
(121, 280)-kev and (136, 265)-kev cascades provide a 
further basis for spin assignments. However, since the 
K-conversion coefficient results show that the 121-, 
136-, and 265-kev gamma rays are M1+£2 mixtures, 
the interpretation of the directional distribution results 
is in itself complicated. 

Theoretical directional correlation distributions can 
be computed by use of Rose’s® equations for mixed- 
gamma, mixed-gamma correlations. For the case where 
both gamma rays of a cascade are M1+ £2 mixtures, 
the general equations can be simplified to give 


(a+b5,+5;*) (d+e52+ f52*) 1) 
{1.= oe r ’ ( 
(1+6,*)(1+6,*) 
£61759" . 
a (LI) 
(1+6,")(1+6,*) 


The capital letters, Ay and A,, are the P:(cos#) and 
P,(cos6) coefficients, respectively. The intensity ratio, 
E2/M1, is given by &; subscripts 1 and 2 on 6 refer to 
the first and second gamma rays of a cascade. The 
lower case letters represent numerical coefficients 
which are a function of the spin assignments; these 
coefficients can be evaluated by use of the papers by 
Rose and Biedenharn.*” Equation (I) can be solved 
for 6; vs 62 for a given spin sequence and experimental 
value of A». Figures 12 and 13 show plots of 6; vs 5» for 
spin sequences consistent with the results and assign- 
ments discussed earlier in this section. 

Since the 265-kev level has a spin of either 3/2 or 
1/2, the theoretical value of A, from Eq. (II) is zero, 
in good agreement with the experimental result for the 
(136, 265)-kev cascade (Table VI). Since the experi- 
mental value of A, for this cascade is very nearly 
zero, a 1/2 assignment for the 265-kev level is indi- 
cated. However, a spin of 3/2 for this level is also 
consistent with the experimental correlation data 
(Fig. 12). Spin assignments of 7/2, 5/2, or 3/2 are 
possible for the 280-kev level; the existence of an A» 
coefficient eliminates a 1/2 spin. Figure 13 shows plots 
of 5; vs 6. for the 5/2 and 3/2 cases for both possible 
spins of the 402-kev level, 5/2 and 3/2. The the- 
oretical directional correlation for the spin sequence, 
5/2(M1+ E£2)7/2(E2)3/2, is also in agreement with 
the experimental values for 6, (Table VII) and A;. 
An £2+ M3 admixture for the 280-kev transition was 
not considered, as the measured half-life, <810~" 
sec, of the 280-kev level is not compatible with such 
multipole mixing.” 

A spin assignment of 5/2 for the 402-kev level appears 
improbable on the basis of the following argument. 
An examination of the 6; vs 42 plots for sequences in 





©M_E. Rose, Phys. Rev. 93, 477 (1954 
@L. C. Biedenharn and M. E. Rose, Revs. Modern Phys. 25, 
729 (1953). 
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which a 5/2 spin is assigned to the 402-kev level (Figs. 
12 and 13), in conjunction with the |4,! values given 
in Table VII, shows that both the 280- and 265-kev 
gamma rays are rather pure £2 transitions. The theo- 
retical E2 K-conversion coefficient ratio (a@ego/aees) is 
0.84, while the experimental! ratio is 1.17+0.1. (The 
measured absolute K-conversion coefficients are con- 
siderably less accurate than the ratios because a nor- 
malization is involved.) The theoretical K-conversion 
coefficient of a 280-kev E2 transition is 0.016," thus 
a¢5=0.014 and |8.|=1.2 for the 265-kev radiation. 
It may be seen from Fig. 12 that for the 5/2, 3/2, 
3/2 sequence such a low value of 6) is not reached 
within the limits set on 5;. However, by combining 
the extreme values of A, and 4,, it is barely possible 
to satisfy this condition for the spin sequence, 
3/2(M1+ E2)3/2(M1+ E2)3/2 (Insert, Fig. 12). There- 
fore, one may conclude that the spin of the 402-kev 
level is 3/2 and that the 265-kev level is probably 1/2 
although the 3/2 assignment cannot be excluded. A 
choice of either 5/2 or 3/2 remains for the spin of the 
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Fic. 12. Effect of M@1+4-E2 mixing on the directional distribu 
tion of the (136, 265)-kev cascade. Values of 4; vs 4: are plotted for 
A;=—0.019. The indicated errors are due to the errors assigned 
to Az (see Table VI). The arrows on the error symbols mean that 
6; values up to infinity are consistent with the experimental 
correlation results. The shaded abscissa regions denote the values 
of 6; which are consistent with the measured K-conversion coeffi 
cient of the 136-kev gamma ray. The © points refer to a 5/2, 3/2, 
3/2 spin sequence for the 402-, 265-kev levels and the ground 
state of As’*, respectively; the @ points refer to a 3/2, 3/2, 3/2 
spin sequence. The Insert shows detail in the region of 6; —0.258 
for the 3/2, 3/2, 3/2 spin sequence 
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the former case A,~—0.005( | 6; 


280-kev level. In 
5 {, vanishes. Both 


0.45, |6,; =2 
these values for A, are in agreement with the experi- 
mental result, 0.014+0.017). 

All the spin and parity 
consistent with the log/t values, the gamma-ray multi- 


, in the latter case 


assignments which are 
polarities, and the above interpretation of the direc- 
tional correlation results are given in Fig. 14. The spins 
not enclosed in brackets are those 
the relative gamma-ray 


For example, with a 7/2— assignment 


which are most 


i 
compatible with transition 
probabilities 
for the 305-kev level the competition between the 25- 
kev (probably M1) and 305-kev (£2 
On the other hand, if the 305-kev 


gamma rays is 
readily understood 
level has a spin of 5/2—, 3/2- 
kev transition would be a M1 with a very large admix 
ture of £2. It is difficult to a 25-kev 


transition involving no parity change 


or 1/2—, then the 305- 


inderstand how 
could be ten 


times as intense as a 305-kev transition of such multi 


pole order. A 5/2— assignment is preferred for the 


280-kev level since the spin difference between the 


305- and 280-kev levels can be, at most, one unit in 


order that the relative and 305-key 


intensity of the Z5 


transitions be ¢ xplained. The absence of negative beta 


decay from Ge to the 280-kev level is additional 


evidence for a 5/2 


assignment. The 280-kev level 
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Fic. 13. Effect of M1422 mixing on the directional! distri 
f the (121, 280)-kev cascade. Values of 3 6; are plotted 
{ 0.40. The indicated errors are due to the errors assigned 


ts The shaded abscissa regions denote the values of 4 which 





are consistent with the measured A-conversion coefliment of the 
121-kev na ray. The points refer to a 5/2, 5/2, 3/2 spi 
sequence for the 402-. 280-kev levels and the ground state of 
As"*, respectively. Similarly, the points refer to 5/2, 3/2, 3/2, 
he @ points to 3/2, §/2, 3/2 and the X points to 3/2, 3/2, 3/2 
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Fic. 14. Spin and parity assignments for levels of As**. On the 
basis of transition-probability arguments, the bracketed assign- 


ts are iess probabie 


mer 
could very well have an fs2 configuration since from 
shell-model considerations’ one would expect the fs;2 
state to occur at a low excitation energy. For example, 
in As’? the fs 2 level occurs at 263 kev.* 

The log ft values for the Ge” beta transitions to the 
199- and 402-kev levels (7.0 and >8.1, respectively) 
indicate that these transitions are either /-forbidden**® 
or that the configurations of the levels involved are 
inusually pure. An argument similar to that suggested 
by de-Shalit and Goldhaber* to explain the case of 
Kr® may be applied here. The neutron configuration 
of the Ge’ ground state is (1,2)' (go/2)*. The As” 
ground-state neutron configuration either 
(Piy2)® (ge2)* or (pry2)® (gey2)*; the proton configuration 
could be (p (fsy2)*, (pay2)* Ufy2)* or any other com- 
bination which gives a 3/2— spin. Since the nuclear 
magnetic moment of As’ falls between the Schmidt 
lines,’ a large amount of configuration mixing in the 
ground state is indicated. Thus it is not surprising that 
the stabilizing effect of the odd ps2 proton on the 
Py:)* neutrons is insufficient in the ground-state 
configuration to produce an anomalously high log/t 
value. On the other hand, if the 199-kev level is a 
fairly pure Piy2 Or Pay2 proton state, then the (p1/2)? (g92)* 
neutron configuration may be stabilized sufficiently so 
that the log/t value for the beta decay to this level is 
increased. Similarly, the configuration of the 402-kev 
level may also be unusually pure. Such configuration 
purity may be the reason for the absence of a gamma- 
ray transition between the 199- and 402-kev levels 
even though such a transition should compete favorably 


may be 


“A de-Shalit and M. Goldhaber, Phys. Rev. 92, 1211 (1953). 
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with the observed gamma-ray transitions from the 
402-kev level (Fig. 11). A similar argument may be 
used to explain the fact that Se”, which has a 5/2 
ground-state spin, decays primarily to the 402-kev 
level, although the unobserved electron-capture transi- 
tions of Se”* to the other levels of As” should be allowed 
or forbidden to the same degree. 

The 477- and 628-kev levels decay primarily to the 
ground state of As”. A possible explanation is that 
these levels are formed by coupling the odd As’® proton 
to an even-even core which has been excited to a level 
comparable to the 2+ level in an even-even nucleus. 
The amount of excitation energy is approximately cor- 
rect as, in this region of the periodic table the 2+ level 
of even-even nuclei is at ~600 kev;* in fact, it is 596 
kev in the case of Ge”. One can consider that the 477- 
and 628-kev levels are negative parity states and that 
they correspond to the ground and first excited states, 
respectively, of the odd As’ proton coupled to the 
excited even-even core. 

The surprising feature of the As’® level structure is 
the occurrence of five excited levels within 402 kev, 
most of which have a spin of 1/2 or 3/2. Only two 
single-particle states, fs. and pi,2, are available.* How- 
ever, in the case of arsenic, there is very little energy 
difference between the ps2 and fs2 proton subshells 
and between the pi2 and gp neutron subshells. The 
energy required to transfer a proton or neutron pair 
from one subshell to another may, therefore, be quite 
small. A confirmation of this process would be the 
occurrence of low-lying 0+ levels in neighboring even- 
even nuclei. Such levels have been found in Ge” at 
1.21 Mev** and in Ge” at 0.68 Mev.” It would not be 
surprising if even less energy is required in the case of 
As’® as the energy needed to transfer a nucleon pair 
undoubtedly depends critically on the nuclear con- 
figuration. On the other hand, it is possible that the 
existence of so many low-lying levels is a result of 
different configuration-mixing ratios since a consider- 
able amount of configuration mixing is to be expected 
for As”. 
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APPENDIX. TREATMENT OF DIRECTIONAL 
CORRELATION DATA WHEN TWO UNRESOLVED 
GAMMA-GAMMA CASCADES ARE PRESENT 


Definitions 


Subscripts: 0 refers to 402-kev level; 1 refers to 280- 
kev level; 2 refers to 265-kev level; 3 refers to ground 
state of As”; @ refers to channel positions set to favor 
cascade through level 1; 6 refers to channel positions 
set to favor cascade through level 2; ¢ refers to wide 
channels set to include composite photopeaks at 121 
plus 136 kev and 280 plus 265 kev, respectively. 

N, denotes disintegrations per second from level 1 
(280-kev gamma rays). 

N, denotes disintegrations per second from level 2 
(265-kev gamma rays). 

No denotes count rate in channel of detector A due 
to transitions proceeding from level 0 to 1 (count rate 
of 121-kev gamma rays). 

Nog denotes count rate in detector A channel due to 
0 to 2 transitions (136-kev gamma rays). 

Ns denotes count rate in detector B channel due to 
1 to 3 trasitions (280-kev gamma rays). 

No; denotes count rate in detector B channel due to 
2 to 3 transitions (265-kev gamma rays). 

agi = Now/ (Vert Nog), i.e., fraction of total counts in 
channel of detector A due to 0 to 1 transitions (121-kev 
gamma rays). Similarly, 

a2 = No2/(Noit-Nos), 

a> Nis (Nist Nos), 

at23= No3/ (Nist Nos). 

€o1, €02, €13, and €93 are efficiencies for detecting in 
channel transitions proceeding from the level indicated 
by first subscript to level indicated by second sub- 
script; the appropriate branching factor is contained 
iN €01. 

B=aorys.\ 2/aor23N,; a subscript on 6 refers to 
measurements made at a particular channel position. 

C(@) is coincidence rate between detector A and B 
as a function of 0. 

w(8) = C (0)/ (Nort Noo) (Nist Nos) = Sa P; (cos), 
a,=0 if 7 is odd. — 

W (9), W.(0), W.(0), Wi (0), and W,(6) are normalized 
directional distribution functions; subscripts refer to a 
particular channel position or cascade. 

A; a A; by A; es A; ly and 
Legendre polynomials in W(@); A, refers to the coeffi- 
cient of P:(cos#) for i= 2 and the coefficient of P,(cos#) 
for i=4. 


Ax» are coefficients of 


Derivations of Equations 
It follows from the definitions that 
Na=enN:, NaweaNs Nuwes¥i. Naw ess, 
and that 


C(O) = 1€13-V 1° W 1 (6)+ €or€en.V2° W (8). 
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Hence, 


w(é)=¢ (8) (N ort Noo) (A ut 23), 


= [a cr} \ 1 W.6 “T [a A194 \ 9 W ( 1 

(aoxtes/ NI 8-W1(0)+W.(6 (la 

Equate coefficients of corresponding Legendre poly- 
nomials to obtain the expression, 

@;= (aoma2;/N2)(BAii1t+A;2), for t=0,2 0r4 (2 


If i=), Ao: A 2 1, 


equation, 


given by the 


\ Goxtte;(1+8)/a 3 
Then, 
| a,/ao= (1+6, SeAistAgs 
for i=0,2o0r4; (4 
subscript x refers to channel positions a, d or /. Solve (4 
for A i and 1, » USINZ Cases d and b 
1 ((14+6.)Ag o— (14+8,)A 8.—8 
for i=2or4, (5 
1 8,(14+6,)A 3,(14+8,)A 31—Ba 
for 1=2or4. (6 


The coefficients of the individual cascades may be 


obtained from the experimental directional correlation 


distributions and (6) pro- 


with the aid of Eqs. (5 
vided the mixing ratios of the gamma rays in the 
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detectors are known. The source strength may be calcu- 
lated from Eq. (3) and the value of V2 should be inde- 
pendent of whether the channels were set to favor the 
(121, 280)-kev or the (136, 265)-kev cascade. Thus one 
may obtain an overal! check on the mixing ratios used. 

The mixing ratios for case a can be determined from 
additional coincidence experiments. 
Solve Eq. (1) for a3. 


the results of 


23 we | la W (8) ] 


= [ ao1a13.\ oW ; (8) ] [ ao2.V i W2(8) ]. (7) 


At one angle, 180°, w(@) was measured with the de- 
tector channel for the 265- plus 280-kev radiations set 
as in case a and the other channel set so that aoe is 
large compared to ao;. Under these experimental! condi- 
tions the first term of Eq. (7) is dominant; in fact, the 
magnitude of the ratio, ao;/ao2, is such that only a few 
percent error is incurred in the evaluation of a23 even 
if the second term of (7) is crudely estimated. The 
VY. substituted into the first term of (7) was 
measured with the detector channels set to maximize 
ao2 and a3. This value of V2 is more accurate than that 
obtained under the conditions of case b. Since W2(@) is 
almost isotropic, it does not have to be known accur- 
ately. Similarly, ao2 for case a was determined. Equa- 
tion (1) was solved for aoz, then W(@) at 180° was 
measured with the detector channel for the 121- plus 
136-kev gamma rays set as in case a and the other 
channel set so that az; is large. 


val ue of 
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Elastic Scattering of 40-Mev Alpha Particles from Heavy Elements* 
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Angular distributions have been measured for the elastic scattering of 40-Mev alpha particles from 
Ta, Au, Pb, and Th in the angular range 21° to 155°. If the ratios of the measured cross sections to the 
Coulomb cross section are assumed equal to 1.0 at small angles, they increase slightly with increasing angle, 
and in the vicinity of 30° decrease exponentially with increasing angle to values less than 0.001. These 
data are compared with the semiclassical, strong absorption model of Blair and with the recent model of 


Ford and Wheeler. 





1, INTRODUCTION 


HE elastic scattering of alpha particles is one of 

the oldest subjects of investigation in nuclear 
physics. Rutherford and others,’ using alpha particles 
from naturally radioactive sources, demonstrated that 
the scattering from nuclei could be explained by a 
theoretical description employing classical trajectories 
in a Coulomb field. However, the theory could not 
account for the scattering from H and He, or for the 
scattering at large angles from Mg and Al. It is of 
interest to investigate the deviations from Coulomb 
scattering, since such a study could be expected to yield 
information about the size of the nucleus, the size 
of the alpha particle, and about the interaction of the 
alpha particle with the nucleus. These experiments 
require more energetic alpha particles than are avail- 
able from radioactive sources. 

Recently, several experiments have been performed 
using high-energy alpha-particle beams from cyclotrons. 
These experiments include: the energy dependence, 
from 13 to 42 Mev, of the cross section for the elastic 
scattering of alpha particles,’ angular distributions for 
elastic scattering of 22-Mev alpha particles from heavy 
elements,? and the angular distribution for elastic 
scattering of 28-Mev alpha particles from Au.‘ 

When measured as a function of energy, the cross 
section is observed to agree with the energy dependence 
predicted by the Coulomb formula for energies below 
a certain critical energy, E.. For energies greater than 
E., the cross section decreases exponentially to values 
less than 0.1 the 
heaviest elements, the cross section increases slightly 
above the Coulomb cross section before suddenly de- 


of the Coulomb cross section. In 


creasing. The angular distributions also show an ex- 
ponential decrease in cross section at angles greater 

* Research performed under the auspices of the U. S. Atomic 
Energy Commission 

An excellent survey of the early work of Rutherford and others 

with a complete index of references is contained in the book by 
Rutherford, Chadwick, and Ellis, Radiations from Radioactive 
Substances (MacMillan Company, Cambridge, 1930) 

*G. W. Farwell and H. E. Wegner, Phys. Rev. 93, 356 (1954); 
95, 1212 (1954 

* Wall, Rees, and Ford, Phys. Rev. 97, 726 (1955). 

*H. E. Gove, Massachusetts Institute of Technology (LNSE) 
Progress Report, May, 1951 (unpublished). 
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than a certain critical angle, and in the heavier elements, 
a similar increase before the decrease. 

Blair has interpreted the energy dependence of the 
elastic scattering cross section by using a semiclassical, 
strong absorption model. The outgoing /th partial 
wave is assumed to vanish if the apsidal distance of the 
corresponding classical trajectory is less than the sum 
of the radius of the nucleus plus the radius of the alpha 
particle. Partial waves, corresponding to classical 
trajectories with larger apsidal distances, have phases 
characteristic of Coulomb scattering. This model can 
be made to fit the small increase in the cross section 
and part of the subsequent exponential decrease by 
assuming the radius of the alpha particle to be 2x 10~" 
cm and the radius of the nucleus to be 1.5 10~"At cm. 

The angular distribution data has been interpreted 
by Wall, Rees, and Ford by using a modification of 
Blair’s semiclassical strong absorption model.’ These 
authors have smoothed out the abrupt spatial transition 
between complete absorption and no absorption by 
allowing the outgoing partial wave, corresponding to a 
grazing classical trajectory, to have the Coulomb phase 
and an amplitude of 0.5 times the Coulomb amplitude. 
This modification reduces the diffraction oscillations in 
the differential cross section which are found 
experimentally. 

Another interpretation of the energy dependence of 
the cross section has been advanced by Izumo.* He has 
calculated the elastic scattering cross section using 
the Montroll-Greenberg variational method’ and a 
potential that consists of a complex square well plus a 
Coulomb potential. The calculation can be made to 
fit the experimental results if the imaginary part of the 
square well has a strong dependence on both the energy 
of the alpha particle and the scattering angle 

The region of poorest agreement between the Blair 
model and experiment is the region where the meas- 
ured cross section is small compared to the Coulomb 
cross section. (In this region the model would not 
be expected to give quantitative agreements.) In 
the energy-dependence experiments, at cross sections 
less than about 0.1 of the Coulomb cross section, the 


not 


*J.S. Blair, Phys. Rev. 95, 1218 (1954). 

*K. Izumo, Progr. Theoret. Phys. (Japan) 12, 549 (1954). 

( 7E. W. Montroll and J. M. Greenberg, Phys. Rev. 86, 889 
1952). 
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strong absorption model predicts that the cross section 
should begin to decrease less rapidly than the observed 
exponential decrease. However, the experimental! cross 
section continues to decrease in this region until, at the 
highest energies measured, it has a value several times 
smaller than the theoretical prediction. A similar 
situation exists in the case of the angular distributions. 
The experimental cross section decreases exponentially 
with increasing angle to values less than 0.1 times the 
Coulomb cross section. In the case of Ag, the lightest 
element investigated, the experimental cross section de- 
creases to approximately 6.01 times the Coulomb cross 
section. In contrast, the cross section, predicted by 
either the Blair model or the modified Blair model, 
decreases to values of the order of 0.1 times the Coulomb 
cross section and then oscillates violently, finally in- 
creasing towards the Coulomb cross section at 180°. 
The purpose of this experiment is to extend the 
measurements on the angular distribution for elastic 
scattering from heavy nuclei to higher alpha-particle 
energies in order to determine whether or not the cross 
section continues to decrease rapidly. 

The results of the experiment show that the cross 
section does continue to decrease rapidly to values 
less than three orders of magnitude smaller than the 
Coulomb cross section. There is no evidence for an 
increase in the cross section at very large angles. These 
data are compared with the predictions of the Blair 
models and are shown to be in striking disagreement 
in the region where the measured cross section is small 
compared to the Coulomb cross section. In view of the 
approximations in the theory this disagreement is not 
surprising. 

After the experiment was completed, the authors 
were informed of some unpublished calculations by 
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Ford and Wheeler on the elastic scattering of alpha 
particles.* These calculations are based on a model in 
which the surface of the nucleus is transparent to the 
alpha particle. The assumptions which enter into the 
theory are best satisfied for large alpha-particle energy 
and large scattering angles. At these angles the theory 
predicts that the cross section drops monotonically to 
very small values, which is in qualitative agreement 
with the results of this experiment. 


2. EXPERIMENTAL PROCEDURE 


For these experiments, the external alpha-particle 
beam of the Brookhaven 60-inch cyclotron is directed 
into an evacuated beam pipe. The beam pipe follows 
the trajectory of the alpha particles through the fringing 
field of the cyclotron magnet and then passes through 
a two-element magnetic strong-focusing lens of 2-inch 
aperture,’ located 4 feet from the cyclotron vacuum 
chamber. The beam pipe then passes through a channel 
in a shielding wall and terminates at a scattering 
chamber located 30 feet from the cyclotron. The alpha- 
particle beam travels through the evacuated pipe and 
is brought to a focus on a thin target at the center of 
the scattering chamber. The focused beam forms an 
approximately circular spot } inch in diameter. The 
current in the beam is 10°7, to 20°7, of the total deflected 
cyclotron beam and 1% to 2% of the circulating beam. 
Focused alpha-particle beams in excess of 5 micro- 
amperes have been obtained. In this experiment, the 
beam is further defined by a }-inch tantalum diaphragm 
located 10 inches in front of the target. 

Particles which are scattered from the target foil into 
the horizontal plane of the one-foot diameter evacuated 
scattering chamber pass through exit windows of low 
areal density and are detected. The windows are ar- 
ranged so that measurements can be made at any 
angle from 20° to 160°. A movable frame holding three 
targets is supported at the center of the chamber. The 
chamber is positioned so that the alpha-particle beam 
is accurately aligned with respect to the axis of the 
chamber and with respect to a graduated circle en- 
graved on the outside of the chamber, used to measure 
the scattering angle. 

After traversing the scattering chamber, the beam 
is stopped in a Faraday cup. The Faraday cup current 
is used by the operator to tune the cyclotron. The beam 
monitor used in the experiment is a Nal scintillation 
counter which detects alpha particles elastically 
scattered from the target at a fixed angle of 26°. This 
monitor provided a linear and reproducible measure 
of the integrated beam. 

The energy of the beam is determined by measuring 
the range in aluminum of alpha particles elastically 
scattered from a target of high atomic weight. The 
energy is 4i+0.3 Mev. 

*K. W. Ford and J. A. Wheeler (to be published 


*B. Cork and E. Zajec, University of California Radiation 
Laboratory Report No. 2182 (unpublished 











ELASTIC SCATTERING 


A second Nal scintillation counter, mounted on an 
arm which rotates about the center of the scattering 
chamber, is used to measure the angular distribution 
of the alpha particles elastically scattered from the 
target foil. Pulses from the detector pass through a 
cathode follower and into a linear amplifier. The output 
of the linear amplifier passes into a pulse-height 
analyzer. 

The pulse-height distribution from the detector 
consists of a continuum and a sharp peak. The sharp 
peak contains the elastically scattered alpha particles. 
The continuum contains inelastically scattered alpha 
particles and other particles, such as protons, which 
result from alpha-induced reactions. The continuum 
extends to pulse heights greater than the pulse height 
of the elastic alpha-particle peak because protons lose 
less energy traversing the target and the scattering 
chamber window, and because of the nonlinear re- 
sponses of Nal for alpha particles. The ratio of the area 
under the elastic alpha particle peak to the area under 
the continuum depends upon the scattering angle. At 
forward angles, the continuum is negligible; as the 
scattering angle increases, the elastic alpha-particle 
peak decreases relative to the continuum, until it 
vanishes into the continuum at large angles. 

Due to the rapid change of the character of pulse- 
height distribution with increasing scattering angle, 
two methods were used to separate the elastically 
scattered alpha particles from the continuum. For 
scattering angles less than 55°, where the continuum is 
very small, an Atomic Instrument Company single- 
channel pulse-height analyzer was adjusted so that the 
acceptance window encompassed the elastic alpha- 


particle peak. Figure 1 shows pulse-height distributions, 


for particles scattered from a thin Au target at three 
forward angles. The slight shift in the location of the 
peak with scattering angle is due to the change, with 
angle, in the amount of material which the alpha 
particles must penetrate in traversing the scattering 
chamber window. The vertical lines drawn at 45 and 
52 volts show the acceptance window of the single- 
channel pulse-height analyzer. 

Figure 2 shows pulse-height distributions for alpha 
particles scattered from a thin Ta target at three large 
angles. These curves show that at these angles it is 
necessary to measure the differential pulse-height 
distribution at each scattering angle in order to correctly 
subtract the continuum from the elastic alpha-particle 
peak. Data were obtained at scattering angles greater 
than 55° with an Atomic Instrument Company 20- 
channel pulse-height analyzer. The elastic scattering 
cross section was assumed to be proportional to the 
area between the elastic peak and the continuum. The 
straight lines shown in Fig. 2 indicate this subtraction. 

The elastic scattering cross section decreases rapidly 
with increasing scattering angle; the cross section drops 
by approximately six orders of magnitude over the 
range measured. In order to maintain a reasonable 
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counting rate in the detector as the scattering angle 
is changed, it is necessary to vary the intensity of the 
incident alpha-particle beam and the solid angle sub- 
tended by the detector. A variation of nearly two orders 
of magnitude can be made in the beam intensity by 
adjusting the strong focusing lens. The solid angle 
subtended by the detector is varied over a range of 
two orders of magnitude by changing the size of a 
diaphragm placed in front of the detector. 

The data for each element investigated were ob- 
tained in five groups, each group spanning a restricted 
range of angle. The experimental conditions differed 
from one range to another, i.e., the single-channel pulse- 
height analyzer was used in some ranges while the 
20-channel pulse-height analyzer was used in others, and 
also the diaphragm in front of the detector was changed 
from range to range. The angular ranges were over- 
lapped at their extremes, and the cross sections meas- 
ured in a particular range were normalized at the over- 
lapping points to the data obtained in the adjacent 
ranges. 

3. EXPERIMENTAL RESULTS 


Figure 3 shows the measured differential cross section 
for the elastic scattering of 40-Mev alpha particles 
from Ta, Au, Pb, and Th. The abscissa is the laboratory 
scattering angle. The ordinate is the relative differential 
cross section. The heavy curve represents the angular 
dependence of the Coulomb scattering differential 
cross section. Figure 4 shows an expanded view of the 
data of Fig. 3 in the region 21° to 40°. Typical statistical 
errors are shown on the Ta data. At angles less than 
40° the statistical errors are smaller than the size of 
the points. 

At sufficiently small scattering angles, the elastic 
scattering cross section should be equal to the Coulomb 
scattering cross section. It is observed that, for the 
first few points, the slope of the measured cross-section 
curves coincides with the slope of the Coulomb scatter- 
ing cross-section curve. Consequently, the measured 
differential cross sections were assumed equal to the 
Coulomb differential cross section at the 21° and the 
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for alpha particles scattered from Ta, Pb, Th, and Au 


Angular dependence of the elastic scattering cross section 


22° points, and the data presented in Figs. 3 and 4 
The earlier experi- 
ments on the elastic s attering of alpha partic les from 


have been normalized accordingly 


heavy elements** have shown that the cross sections 
have an angular dependence which justifies this 
normalization procedure. The geometry of the scatter- 
ing chamber limited the measurements to a minimum 
angle of 21 

As the scattering angle 
cross sections departed from the Coulomb cross section. 
In the heavier elements, Au, Pb, and Th, the cross 
section first increased above the Coulomb cross section 
and then decreased rapidly. The magnitude of the in- 


crease was greater for greater atomic weights. In the 


increased, the measured 


case of Ta, the cross section does not initially increase 
as observed in However, there 
could be an increase at angles smaller than those inves- 


the heavier elements 


tigated. The observed increase, before the decrease in 
the cross section for the heavier elements, is in qualita- 
tive agreement with earlier experiments 

Figure 5 shows the ratio of the measured elastic 
scattering cross section to the Coulomb scattering cross 
section, ¢/¢,, plotted as a function of laboratory scatter- 
ing angle. These ratios have been normalized to unity at 
the 21° and 22° points as discussed above. It should be 
noted that any errors arising from the normalization 
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procedure will shift the curves vertically on the semi- 
logarithmic plot but will not change their shape. 
Typical statistical errors are shown on the Ta data. 
In order to show clearly the angular dependence of 
a/o. from 21° to 40°, the experimental points are not 
shown. In this region the statistical errors are less 
than the size of the points shown at greater angles. 

In order to carry the cross-section measurements 
to angles larger than 100°, it is necessary to use a very 
thin scattering target. Such targets were available for 
Au. Measurements were made at 90°, 105°, 130°, and 
155°. At 130° and 155°, the elastic alpha-particle peak 
was not distinguishable from the continuum and it 
was only possible to set an upper limit on the cross 
section. The cross section for Au continues to decrease 
with increasing angle; the ratio, o/¢., is less than 0.0003 
at 130° and 155°. 


4. EXPERIMENTAL ERRORS 


The alpha-particle beam passed through the axis of 
the scattering chamber to within 0.030 in. and was 
aligned with respect to the graduated circle to within 
0.2°. The alignment was checked by determining the 
alpha-particle elastic scattering cross section at some 
measured angle on the left side of the chamber and 
then at the same measured angle on the right side of 
the chamber. The cross sections observed in these two 
cases were equal within counting statistics. This indi- 
cated that the error involved in measuring the scattering 
angles was less than 0.25°. 

The size of the diaphragm placed in front of the 
detector varied from 0.040 to 0.375 in. in diameter. 
The width of the beam at the target foil was 0.125 in. 
At forward angles, where the smallest diaphragm was 
used, the angular resolution of the detector was limited 
by the width of the beam and was +0.5°. At backward 
angles, where the largest diaphragm was used, the 
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Fic. 4. Expanded view of small angle data of Fig. 3 

















ELASTIC SCATTERING 
angular resolution was limited by the diaphragm and 
was +1.5°. Since the counting rate increased rapidly 
with decreasing angle, a detector of finite angular 
resolution would measure the cross section at a some- 
what smaller angle than the angle measured to the 
center of the diaphragm. However, a calculation showed 
the effect to be negligible in this experiment. 

The incident alpha-particle beam lost approximately 
two Mev in passing through the target foils. The spread 
which this introduced in the energy of the alpha 
particles when scattering could erase very small diffrac- 
tion effects. However, earlier experiments which utilized 
thinner targets showed no evidence of diffraction 
effects.2* The initial energy of the beam was 41+0.3 
Mev, but the scattering energy should be quoted as 
40+1 Mev. 

The counting rate of the detector, in the region of the 
elastic alpha-particle peak, was zero with the scattering 
target removed. 

The error involved in monitoring the beam was 
determined by the counting statistics of the monitor 
detector, which were always less than 1%. 

The data from 21° to 55° were obtained with a single- 
channel pulse-height analyzer. This procedure con- 
tributed error to the cross-section measurement because 
the continuum was not subtracted from the elastic 
alpha-particle peak. For the three heaviest elements, 
in the pulse-height region covered by the window of the 
pulse-height analyzer, the ratio of the counting rate 
due to the continuum to the counting rate due to the 
elastic alpha-particle peak varied from 3% at 21° to 
6% at 55°. (See Fig. 1.) For Ta, the ratio was 6% at 
21° and 12% at 55°. The effect of neglecting the 
angular variation in the relative contribution of the 
continuum was to gradually increase the measured 
cross section with increasing scattering angle. For the 
three heaviest the cross section measured 
at 55° was approximately 3°% too large, relative to the 
cross section measured at 21°. In the case of Ta, this 
effect increased the cross section at 55° approximately 
6%, 
was made for this effect since it was very small com- 
pared to the three orders of magnitude change in the 


elements, 


relative to the cross section at 21°. No correction 


ar range. 
a twenty-channel pulse- 


CTOSS Se€¢ tion over this angu 

At angles larger than 55 
height analysis was made at each angle of observation. 
The contribution of the continuum was subtracted from 
the elastic alpha-particle peak by drawing a straight 
line through the points in the continuum on each side 
of the peak. The elastic scattering cross section was 
then assumed to be proportional to the area between 
the peak and the straight line. (See Fig. 2.) By placing 
a thin Al absorber between the target foil and the 
detector, it was possible to stop the scattered alpha 
particles while only slightly reducing the energy of 
the lighter particles which comprised the continuum 
In this fashion, the shape of the continuum under the 
elastic alpha-particle peak was examined. It was shown 
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Fic. 5. Angular dependence of the ratio of the elastic scattering 


ra, Au, Pb, 


cross section to the Coulomb cross section, o/¢,., lor 
and Th 


that the continuum approximately followed the straight 
line interpolation. Therefore, this interpolation con 
tributed little error. 

Another possible source of error could be the presence 
of groups of inelastically scattered alpha particles 
which, within the 5% energy resolution of the detector, 
could not be separated from the elastically scattered 
alpha-particle peak. Again, comparing the continuum 
distribution with and without the thin Al absorber, it 
was possible to show, that in the region near the peak, 
the continuum contained few inelastically scattered 
alpha particles. From this it was assumed that there 
was a negligible number of inelastically scattered alpha 
particles which were not resolved from the elastic 
alpha-particle peak. 

The statistical errors indicated for the experimental 
points at angles greater than 55° were determined by 
compounding the statistical error of the total counting 
rate in the peak with the statistical error involved in 
fitting a straight line to the continuum. 

The error in normalizing the data obtained in one 
range of angle to the data obtained in the adjacent 
ranges was small compared to the statistical error of the 
individual points. This was a result of measuring with 
increased accuracy the cross section at overlapping 
points. 


5. DISCUSSION 


Under the assumptions of the Blair model® described 
in Sec. 1, the amplitude of the outgoing wave is ¢“! 
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R is set equal to the radius of the nucleus plus the 


le; I 


energy of a particle of charge 2 


is the Coulomb potential 


at a distance R from 


radius of the alpha parti 


a nucleus of charge Ze; I’ is the orbital angular momen 


in tial energy E. 


tum of a particle of mass m and ini 


ions. 


Under the above assumpt 


in In sin®(@/2) | 


e** PUd+1+in) TU+1 j 
and 
n= Zze*/ ht 
rhe first term in Eq. (1) is the scattering due to the 
Coulomb potential, and the second term is due to the 


interaction between the nucleus and the alpha particles 
with /</’. At small angles, (sin}@)~“ is large and the 
scattering is predominately Coulomb scattering unless 


I’ is very large. 
rhe modified Blair model’ is developed in a similar 
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manner, except that the amplitude of the outgoing 
wave is 0.5¢! for J=I'. 

For the calculation of o/¢., n is determined by the 
experimental conditions and /’ is adjusted to fit the 
experimental data. The values of o/o,, as a function of 
the scattering angle, have been tabulated for n=6.3, 
10.6, and 11.0; and for l’=0 to 35 assuming the Blair 
model. They have also been tabulated for n=6.3, 
and 10.6; and for /’=0 to 23 assuming the modified 
Blair model. The lightest and heaviest elements in- 
vestigated in this work were Ta and Th. Their re- 
spective values of m are 7.27 and 8.95. It has been shown 
that the theoretical predictions for the angular dis- 
tribution are not strongly dependent on mn.’ Since the 
values of m used in the above tabulations bracket the 
extreme values of m in this experiment, the theoretical 
predictions for the angular dependence of o/o, may 
be employed to show whether the models are capable of 
qualitative agreement with the experimental data. 

In Fig. 6, the experimental o/o, for Ta is compared 
with the predictions of the Blair model for n=6.3 
and for l’/=7, 17, and 27. In Fig. 7 the experimental 
a/c. for Th is compared with the predictions of the 
Blair model for »=10.6 and for /’=12, 22, and 32. 
In Fig. 8 the experimental o/¢, for Ta is compared 
with predictions of the modified Blair model for n= 6.3 
and for /’=13 and 23. The parameter /’ which fits the 
data best is selected by trial and error from the tabu- 
lated values, and the effect of increasing and decreasing 
l’ is demonstrated. Because of the limited range of I’ 
values tabulated for the modified model, it was not 
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Fic. 7. Comparison of the Blair 
model with o/e, for Th. 
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possible to fit the theory to the Th data or to show 
the effect of increasing /’ to values greater than 23 for 
the Ta data. The /’ value corresponding to the best fit 
for the Ta data, assuming the modified Blair model, is 
considerably larger than that corresponding to the best 
fit with the Blair model. This effect was also noted in 
the work of Wall, Rees, and Ford.* 

Qualitatively, the Blair models agree with the ex- 
perimental behavior of o/c, for values greater than 
approximately 0.1. However, the experimental curve 
continues to decrease exponentially with increasing 
angle to values of o/o, of the order 0.001. The the- 
oretical curves show marked oscillations and, on the 
average, a gradual increase in value of o/c, contrary 
to experiment. For Au, at angles of 130° and 155 
a/o- was shown to be less than 0.0003. This limit 
indicates that o/¢, does not increase in the backward 
direction as might be expected according to the Blair 
models. 

The model of Ford and Wheeler® supposes that the 
potential changes gradually at the nuclear surface from 
strongly repulsive to strongly attractive over a number 
of partial waves large compared to one, and through 
this region the JWKB-approximate phase shift,” 1, 


may be used: 
"1 fe dl 7 const., 
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Fic. 8. Comparison of the modified Blair 
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”N. F. Mott and H. S. W. Massey 
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Fic. 9. Comparison of the Ford-Wheeler model with a/e, for Ta 
where 6(/) is the classical deflection angle for a trajectory 
with angular momentum /é. Furthermore, they suppose 
that the absorption may be ignored in this transition 
region. The form of the potential near the nuclear 
surface will cause the classical deflection to have a 
maximum, 4), at some critical angular momentum, /), 
near which 6 will vary parabolically with /, 


6=0,—g(I—1,)? 
The JWKB cross section may then be evaluated for 
angles in the neighborhood of @ in terms of the adjust 
able parameters @, and g. There is also a weak depend 
ence on /;, but /; and 6, will be approximately related 
by the Coulomb formula, 


1,=n cot(6,/2) 
The result is 
6—8; 
oN 2x (1+-4)/sind, |g" v( 
} 
q 


where Ai(x) is the Airy integral." The Coulomb cross 
section is evaluated at 6, and the relative cross section 
becomes 


6-8, 
o/o,-=[2 sin®(40,)/ng! \2e A? ) 
q' 


This simple formula was used to fit the observed cross 
sections at 40 Mev for Ta(Z=73, n=7.27) and for 
Th(Z= 90, n=8.95). The Ta fit is shown in Fig. 9 and 


" H. Jeffries and B.S. Jeffries, Methods of Mathematical Physics 
(Cambridge University Press, Cambridge, 1946 
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the Th fit is shown in Fig. 10. The fit is only qualitative 
but has the required features of a smooth and rapid 
decrease at angles greater than #,. Moreover, the deter 
mined parameters, @,; and g, are physically reasonable 

and /,= 18.5. The “‘interac- 


t, is defined as the point of closest 


For Ta, the angle @ 43 
tion radius’, R,, 


approach at this angular momentum; Rj,.=1.74 
x 10-" Alem. If 2.5 10~" cm is arbitrarily subtracted 
for the alpha particle radius, the radial constant is 


reduced from 1.74 to 1.30. As a measure of the surface 


thickness, Aj, one may define 
Al 6,/q) 


0.0425 radian, Al=4.2. For Th, the fit is 
17.9,and R 1.71K10-"A! 
of 2.5X10-" cm from 
R;.. reduces the radial constant from 1.71 to 1.30. The 
0.0494 for Th 


For 


obtained with @ 53°, 1 


la, ¢ 


cm. In this case, the subtraction 
surface thickness” parameter, g, is 
and Al=4.3 or about 1.3 10~-" cm. 
Ihe physical idea of this model is that the scattering 
in the region of rapid decrease of the cross section is 
governed by the nuclear surface region, and that this 
“thick” (AD>1 
ing. The mathematical approximations are: the JWKB 


region may be and almost nonabsorb 


phase shift may be used; the classical deflection angle 
as a function of / is parabolic in the region of interest ; 
the scattering amplitude sum may be replaced by an 
integral; the Legendre polynomials may be replaced 
by their asymptotic forms; and the integral may be 
evaluated approximately because of the condition 


1L>ap 


»1. These approximations lead to a very simple 
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result. However, for the energies and angles in this 
experiment, it is not expected to have quantitative 
validity. 

Previous experiments on the elastic scattering of 
alpha particles discussed in Sec. 1 may be compared 
with each other and with the results of this experiment 
by plotting c/o, as a function of a parameter common 
to the various experiments. The change in linear 
momentum of the alpha particle upon scattering and the 
apsidal distance corresponding to a classical trajectory 
of the alpha particle are two such parameters. The 
change in linear momentum, Af, is a reasonable param- 
eter to consider because of its importance in the Born 
approximation. However, the results of the various 
experiments when plotted as a function of Ap show 
that o/¢, is not a function of Ap alone. 

The results of the various experiments were plotted 
as a function of apsidal distance, that is, the point of 
nearest approach of the classical trajectory corre- 
sponding to a given energy and scattering angle. This 
comparison is shown in Fig. 11. The points were ob- 
tained from the following experiments on the elastic 
scattering of alpha particles from Au: the energy 
dependence in the range 13-42 Mev of the cross section 
for scattering at 60° and at 95°,? the angular dependence 
in the range 20-60° of the cross section for scattering 
at 22 Mev,’ and the angular dependence in the range 
21-100° of the cross section for scattering at 40 Mev. 
Plots of the various data for elastic alpha particle 
scattering from Th, Pb, and Ta also show agreement 
similar to that shown for Au. The radius of the Au 
nucleus, assuming Ra, =1.5X 10-4! cm, and the radius 
of the Au nucleus plus the radius of the alpha particle, 
assuming R,=1.210~ cm, are indicated. At apsidal 
distances large compared to the radius of the nucleus, 


all the curves coincide because ¢/¢, must approach 1.0. 
The behavior of the curves at small apsidal distances 
is paradoxical because the apsidal distance is calculated 
by assuming the formulas for Coulomb scattering. Yet, 
the curves continue to coincide approximately where 
the Coulomb scattering formulas are not valid since 
1.0. It is clearly an important fact that the cross 
section qualitatively depends on the apsidal distance, 
but this behavior is not completely understood in terms 


Co 0.* 


of the present models. 

In conclusion, it is of interest to see what information 
the elastic scattering of alpha particles has provided 
about the size of the nucleus, the size of the alpha 
particle, and the interaction between nuclei and alpha 
particles. Concerning the radius of the nucleus and of 
the alpha particle: the Blair models fit the experi- 
mental data when the radius of the nucleus is about 
1.5X10-" A! cm and the radius of the alpha par- 
is 2X10-" cm.24 The Ford-Wheeler model fits the 
experimental data when the nuclear radius is 1.3 
<10-"A'cm and the alpha-particle radius is about 
2.5X10-" cm. Either of these sets of values is in agree- 
ment with the currently accepted range of values. 
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The situation concerning the interaction between 
the alpha particle and the nucleus is not as clear. The 
exact form of the nuclear potential corresponding to 
the Blair model is not apparent but it does imply 
in some sense an opaque nucleus. On the other hand, 
the Ford-Wheeler mode] is based on the assumption 
that the rim of the nucleus is transparent. (No assump- 
tion need be made about the interior of the nucleus.) 
The predictions of the former model fit the data at 
small scattering angles. The predictions of the latter 
model fit the data at large scattering angles. 

Information about the interaction of the alpha 
particle and the nucleus may also be derived from other 
experiments. For instance, the cross section for the 
production of neutrons from heavy elements bombarded 
by 40-Mev alpha particles is of the order of the geo- 
metrical area of the nucleus.” This implies that the 
nucleus is reasonably opaque to the alpha particle, but 
is not in disagreement with the existence of a trans- 
parent rim. 

In order to obtain more exact 
sizes of the nucleus and the alpha particle, and the 


information on the 


interaction between the nucleus and the alpha particle, 
it will probably be necessary to compare the experi- 
ments with an exact calculation utilizing Coulomb 
wave functions and a complex nuclear potential with 


a diffuse edge. 
6. ACKNOWLEDGMENTS 
The authors would like to express their appreciation 
to the Brookhaven 60-inch cyclotron group. We would 
like to thank Professor K. W. Ford for generously 


2 Fish rg, Igo, and Wegne r (to be published 


OF 











40-MEV a@ PARTICLES 833 
T T 7 7 7 T T v6 oS 7 7 7 
© 40Mev (2/-100% BROOKHAVEN 
A © 22Mev (20-160°)NDIANA UNIV. 
¥ © 13-44 Mev 60* UNIV. OF WASH. 
© (3-44Mev95* UNIVLOF WASH 
LO + ommm*ear ad hO* 4, 4 
eo, 
°2 
Og 
° 
Cc o, 
cA o 
0.1 ® 
e 
o 
° 
. 
o 
e 
0.01} 
. 
| Ry Ra Ry P 
ooo —L- 4 4 i 4 4 4 A i | ee a 
209 617 6 68 4 2H woe 6BlhUDF CUS 


APSIDAL DISTANCE «10° om 


Fic. 11. o/e, for Au as a function of apsidal distance 


supplying the results of computer calculations for the 
strong absorption models, for providing a summary of 
the unpublished Ford-Wheeler model, and for fitting the 
curves calculated from the latter model to the data of 
this experiment. We are indebted to Dr. C. E. Porter 
and Professor V. F. Weisskopf for many informative 


and stimulating discussions. 

















99, 








NUMBER 3 AUGUST 1, 1955 


Exchange Moment Contributions to a Modified Shell Model 


A. RUSSEK 
Physics Department, University of Buffalo, Buffalo, New York 


Received February 9, 1955) 


The longitudinal exchange contribution to the nuclear magnetic moment that follows from a rather general 
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modified shell model is studied 
nation of certain very 
tribution to the magnetic moment car 
f a correction to the ort 
The magnitude of this correction is 
tential that is charge exchange and 
this result is expected I l 
of the nuclear force to be charge exchange in 
predicted by the shel] model of the magnetic nm 
outside a dou mag re. The exchange contrib 
nuck the 7=/—1/2 cases 
1. INTRODUCTION 
HE shell model of the nucleus, when first advanced 
by Mayer! and Haxel, Jensen, and Suess,’ en- 
success in accounting for the angular 


I considerable 


over 


moments of the ground 


momenta, parities, and magneti 
states of nuclei as well as the so-called magic numbers. 


observed magneti 


uC 


is then felt that the rather small deviations of the 
" 


moments from the Schmidt values, 


predicted by this model, could be explained in terms of 


e contribution of the charged mesons responsible for 


charge exchange forces. This contribution, it was be- 
lieved, acts essentially to h the anomalous spin 


magnetic moments possessed by isolated nucleons when 


they are the of other nucleons, in a 


, 


in proximity 
leus 
However, later evidence from quadrupole moments, 


has indicated that sub- 





iomeric transition rates, etc., 

| , a ee ial 1] 1] 
stantial corrections must be made to the shell model. 
Moreover, Kerman‘ has shown that wher » sizes of 
the terms constituting the exchange moment contribu 
tion are adjusted to fit the parameters of a reasonable 
two body force, the spin quencl ng effect is too smal 
bv a factor of ibout 10 


As a consequence of these developments, recent work 
has been mainly directed toward a modification of the 
nuclear model, but in the comparison of the observed 
values of the magnetic dipole moments with the values 
} 


implied by a given model, ext hange effec ts have thus 


far been enti there 


evidence 


rely ignored despite the fact that 


g 
exists for a sizeable longitudinal exchange 


moment contribution. This contribution, as was shown 


by Sachs* and Osborn and Foldy,* can be unambig- 


sously determined in terms of the charge exchange part 


'M. G. Mayer, Phys. Rev. 78, 16 (1950); M. G. Mayer, Phys 
Rev. 78, 22 (1950 

? Haxel, Jensen, and Suess, Z. Physik 128, 295 (1950 

H. Miyazawa, Progr. Theoret. Phys. (Japan) 6, 801 (1951 
F. Villars and V. F. Weisskopf (unpublished 

‘4. K. Kerman, Phys. Rev. 92, 1176 (1953 

R. G. Sachs, Phys. Rev. 74, 433 (1948 
*R K. Osborn and L. L. Foidy, Phys. Rev. 79, 795 (1950 
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It is shown that for a heavy nucleus whose state can be expanded as a linear 
reasonable independent particle configurations, the longitudinal exchange con- 
n be expressed, independent of the amplitudes of these states, in terms 
ital Landé g-factor that appears in the single particle ordinary moment operator. 
nply given in terms of the fraction of the neutron-proton two-body 
spin-independent. Being independent of the configuration amplitudes, 
to hold even if the core behaves as a liquid drop. Calculations assuming roughly half 
nature reasonably account for the deviations from the values 
yments of those nuclei which consist of a single odd nucleon 
utions generally improve the moment agreement of other 
but make the agreement in the f1/2 and go/2 cases poorer. 


of the nuclear potential. Calculations were made by 
Spruch’ for light nuclei and Ross* and Russek and 
Spruch® for heavy nuclei. The latter calculations were 
based on the shell model, and these are here extended 
to investigate the contribution of the longitudinal ex- 
change moment to a prototype of a modified shell 
model. In Sec. 2, the model employed in the calculation 
is described and an intuitive justification for its use is 
given. In Sec. 3, the ordinary magnetic moments are 
calculated and in Sec. 4, the longitudinal exchange 
moment contribution is obtained. 

The main result achieved in this paper is that so long 
as the J=2 part of the core can be expressed as a 
linear combination of certain very reasonable modified 
shell model states, the longitudinal exchange moment 
contribution to the moment of a heavy nucleus can be 
expressed, independent of the precise values of the 
amplitudes of these states, as a correction to the orbital 
Landé g-factor that appears in the single particle 
ordinary moment operator. If the J=2 part of the core 
consists of both neutron and protons, the exchange 
moment contributions of these to the over-all core 
magnetic moment effectively cancel each other, leaving 
a residual exchange moment due to the odd nucleon. 
This has the effect of raising the calculated moments of 
all odd-proton nuclei and lowering the moments of all 
odd-neutron nuclei. By the addition of the longitudinal 
exchange contribution, the strength of which is deter- 
mined by the assumption that the charge exchange 
potential is about 50 percent of the total neutron- 
proton potential, the magnetic moments of the two 
odd-proton nuclei K® and Bi® are reasonably accounted 
for. (Both have a doubly magic core which should 
have no appreciable J = 2 component.) The odd-neutron 
nucleus with a doubly magic core Pb*’ has spin 1/2, 
the shell model state being p12. The exchange moment 
contribution to this nucleus is small, thus retaining the 

7 L. Spruch, Phys. Rev. 80, 372 (1950). 

*M. Ross, Phys. Rev. 88, 935 (1952) 

* A. Russek and L. Spruch, Phys. Rev. 87, 1111 


1952). 
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good agreement between the observed and the shell 
model moments. 
2. THE MODEL 


Among the proposed modifications of the ‘‘Mayer” 
state for odd-A nuclei," nearly all include, in addition, 
states in which the odd nucleon interacts with a J=2 
core. Of the two main types, the first assumes a liquid 
drop core coupled to the odd nucleon," while the second 
admixes individual particle states in which the odd 
nucleon is coupled to the core nucleons by the addition 
of perturbations to the shell model Hamiltonian.” In- 
asmuch as the states obtained on the former are not 
suited to exchange moment calculations, the latter 
viewpoint will here be adopted. Although some de- 
tailed results have already been obtained in this direc- 
tion, the states of heavy nuclei have not yet been fully 
worked out. For this reason, and because the results to 
be obtained do not warrant so fine a model, the nuclear 
¥ functions here employed for the moment calculations 
are rough prototypes of those which might be expected 
to result from a modified shell model. They can be 
used in this connection only because the magnetic 
moments are relatively insensitive to the finer details 
of the core structure. 

The state W of a heavy odd-A nucleus which is not 
an exception to the shell model and which has total 
angular momentum J and maximum projection M;=J 
is taken to be 


V=aV¥,+8 Y aniWa(nlj; 2), 
nly (1) 


SF laujl2=1, jal*+]el2=1, 


where W, is the shell-model state and the symbol 
WV ,(nlj; 2) represents the alternative state formed by a 
single nucleon or hole in the subshell of odd-type 
nucleons with total quantum number n, and orbital 
and total angular momentum quantum numbers / and 
j being coupled to a core with total angular momentum 
2 so as to give a state with the same total angular 
momentum as the shell model state with maximum 
projection. Thus, 

¥.(nlj;2)= ¥ 


Ir 


j2J — mm! j2TI Wary? Om, (2) 


9 


where ®," represents the angular-momentum-2 core 
wave function in the state with projection m and 


” The term “Mayer” state is here used loosely to denote an odd 
nucleon outside a zero angular momentum core without neces- 
sarily assuming a shell structure to the core. 

u L. L. Foldy and F. J. Milford, Phys. Rev. 80, 751 (1950); 
A. Bohr, Phys. Rev. 81, 134 (1951); A. Bohr and B. R. Mottelson, 
Kgl. Danske Videnskab. Selskab, Mat.-fys. Medd. 27, (1953); 
A. K. Kerman (reference 4). 

2D. Kurath, Phys. Rev. $0, 98 (1950); B. H. Flowers, Phys. 
Rev. 86, 254 (1952); B. H. Flowers, Proc. Roy. Soc. A215, 398 
(1952); L. Talmi, Helv. Phys. Acta 25, 185 (1952); D. Kurath, 
Phys. Rev. 91. 1430 (1953) 
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(j2] —mm | j2JJ) are the appropriate Clebsch-Gordon 
coefficients, while ¥,.;/* represents either a nucleon or 
hole with major quantum number », orbital angular 
momentum /, total angular momentum j and projection 
jz, depending on whether the wij subshell is full or 
empty in the shell model state. In most magnetic 
moment calculations, however, it is not necessary to 
distinguish between nucleons and holes. The summation 
over n, /, and 7 extends over all those subshells in the 
incomplete shell of odd-type nucleons for which / has 
the same parity as that predicted by the shell model 
(since all core states have even parity, odd nucleon 
states must have the same parity as the shell model 
state) and for which J—2<j<J+2, while a,x de- 
notes the relative amplitudes of the alternate states. 
Since the states are all orthogonal, the probability 
that the nucleus will be found in any particular state 
is proportional to the absolute value squared of the 
amplitude of that state. The probability that the 
nucleus is in the shell model state is thus taken to be 
la|*, while the sum of the probabilities of the odd 
nucleon being in any one of the allowed alternate states 
must then be equal to the remaining 1— |a|?= /|8)*. 
The core wave function is taken to be 


"= > w Darin ge™(nljr) xo", (3) 


nlir 


where ¢»"(nljr) is formed when either two nucleons or 
two holes in the n, /, 7, r subshell (7 is the isotopic spin, 
here used merely to distinguish neutron from proton 
subshells) couple to give a state with angular mo- 
mentum 2: 


2" (nl jr) => (jjm—m'm' | Fj2mMare Vnrir™, (A) 


the coefficients (jjm—m'm’| jj2m) being the appropri- 
ate Clebsch-Gordon coefficients. x¢° is the zero angular 
momentum state describing the remaining core nu- 
cleons. The detailed structure of this part of the core is 
irrelevent in ordinary moment calculations and has no 
appreciable effect on the exchange contribution. | b,1;,|? 
gives the probability that the J=2 part of the core 
consists of a pair of nucleons or holes in the n, /, j, r 
subshell. b,.;, is assumed to differ appreciably from zero 
only for neutron and proton subshells in the respective 
incomplete shells, and the summation in Eq. (3) is, in 
general, extended over those subshells, with the excep- 
tion of s-subshells, which are complete with two nucleons, 
However, if a nucleus contains a magic number of even- 
type nucleons, then even-type nucleons are not allowed 
to contribute to the J=2 core; similarly, if a nucleus 
contains one more or less than a magic number of odd- 
type nucleons, then these are not allowed to contribute 
to the J = 2 core. It should be noted that the incomplete 
neutron and proton shells may be different. This is 
often the case in heavy nuclei. 

Except for the fact that the core, in general, contains 
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both neutrons and protons, the nuclear wave function 
(1) is quite similar to that which follows from the sta- 
tistical model proposed by Volkov.” However, in the 
intuitive justification to follow, more complicated 
couplings are indicated, which, although not affecting 
the magnetic moments profoundly affect the quadrupole 
moments. 

The intuitive justification for the use of the nuclear 
wave function (1)—(4) can be based upon an argument 
advanced by Weisskopf'*"* to explain the apparent weak 
interaction between individual nucleons required by 
the shell model. Weisskopf holds that it is possible for 
a nucleon to make several! revolutions in a given orbit, 
being unable to suffer changes in momentum in colli- 
sions with other nucleons, inasmuch as the possible 
states into which it could be scattered are already 
occupied. To the extent that there are, in the partially 
filled neutron and proton shells, available empty states, 
there should appear, in addition to the predominant 
shell-model] state, a small admixture of states which 
appear to be formed by the odd nucleon interacting 
with a J=2 core. It seems reasonable to assume that : 

(I) The state of the nucleus is predominantly the 
shell model state. 

(II) As a result of momentum transfers due to colli- 
sions, the nucleus spends part of the time in alternate 
states, the percentage of time decreasing exponentially 
with increasing energy calculated on the basis of the 
shell model with a small nucleon-nucleon potential 
added as a perturbation to the shell model Hamiltonian. 
Since the nucleus spends most of the time in the shell- 
model state, only coliisions in which this is the initial 
state need be considered, and these can be divided into 
two classes. 

(A) States formed when nucleons in filled j7-subshells 
collide, sending some of them into empty subshells. 
The outer nucleon is unaffected and any alteration in 
the state of the core cannot affect the electric or ordi- 
nary magnetic moments, since, by conservation of 
angular momentum, the core must still zero 
total angular momentum and, therefore, cannot con- 
tribute to the moments. The exchange contribution to 
the odd-nucleon moment, which results from an inter- 
action with core nucleons, could, in principle, be 
affected, but the difference turns out to be negligible. 

(B) States formed by the collision of nucleons in a 
filled subshell with nucleons in the subshell of the odd 
nucleon. The length of time spent by the nucleus in 
any resulting configuration decreases exponentially 
with the energy of that configuration due to the small 
mutual interaction of individual nucleons. Inasmuch as 


have 


the lowest energy configurations have the least number 
of unpaired nucleons on account of the pairing energy'-'* 
it will be assumed that the only configurations with 


% A. B. Volkov, Phys. Rev. 94, 1664 (1954 
“V_ F. Weisskopf, Science 113, 101 (1951 
“V. F. Weisskopf, Physica 18, 1083 (1952) 


‘* A. de-Shalit and M. Goldhaber, Phys. Rev. 92, 1211 (1953). 
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appreciable half-lives have an odd number of nucleons 
in only one subshell. These couple to give a state of 
half-odd-integral angular momentum, which, in general, 
is different from the angular momemtum of the nucleus 
as a whole. In order for the latter to be conserved, this 
state must be coupled to a core with nonzero angular 
momentum, J=2 presumably being energetically 
favored. Since the energy gap between subshells on 
closing a shell is large, the probability is small that any 
of the alternate states are formed by the coupling of 
neutron and proton states other than those in the re- 
spective partially filled shells. 

For the present discussion, a simple nucleus will be 
considered, in which, in the shell-model state, all sub- 
shells are filled up to the subshell containing the odd 
nucleon, the latter containing but a single nucleon. 
Starting from such a state, all alternate states which 
satisfy the above conditions, which affect the nuclear 
moments and which arise from two-nucleon collisions 
must, of necessity, be the result of a collision between a 
pair of odd-type nucleons; i.e., the odd nucleon and one 
from a filled subshell. Both must be scattered into the 
same subshell (either that of the odd nucleon or an 
empty one) and couple to J=2; the hole that remains 
behind in the previously filled subshell now becomes the 
“odd nucleon.” Three-nucleon collisions would involve 
the odd nucleon and a pair of nucleons from a filled 
subshell of either protons or neutrons. Two of the 
three would be scattered into an available subshell of 
of the proper type where they would couple to J=2 or 
J=0. Inasmuch as the pair of holes left behind could 
also couple to J=2 or J=0, there are three possibilities : 
either a pair of nucleons in a normally empty subshell 
or a pair of holes in a normally full subshell could 
constitute the J=2 part of the core or, less probably, 
on the basis of energy considerations, both could couple 
simultaneously to J= 2, the two then coupling together 
to give the required J=2 core. It is not even excluded 
that the two individual components of this core each 
couple to J=1. However, the more complicated mul- 
tiple core couplings are not included in the core wave 
function (3), since, as will be shown in the following 
section, it is reasonable to expect that the inclusion of 
such states will not greatly affect the magnetic moment. 

Only a simple nucleus was considered in this analysis, 
and, of course, additional configurations could arise if 
the subshell of the odd nucleon contained more than 
one nucleon, or if, in the basic state, two subshells are 
partially filled. These possibilities are ignored in the 
rough model considered here, and to this extent, the 
alternative configurations to be admixed with the shell- 
model state consist of the ‘odd’ nucleon in any one of 
the subshells in the incomplete odd-nucleon shell 
(consistent with parity requirements) coupled to a 
J=2 core which consists of pairs of either protons or 
neutrons in normally empty subshells, or pairs of holes 
in normally filled subshells of the respective incomplete 
shells coupled to J=2. The so-called “odd nucleon” 
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consists of either a single nucleon in an otherwise empty 
subshell or a single hole in an otherwise filled subshell. 
The nuclear state described by Eqs. (1) to (4) neither 
includes alternative configurations of the J=0 core 
nor more complicated configurations of the J=2 core, 
since these considerations do not affect the magnetic 
moments. 
3. NONEXCHANGE MOMENT 


The ordinary magnetic moment M,°" is defined as 
the expectation value of the magnetic moment operator 
u.°"!, where 


Zz A 
w= 2 [vider tSepserlt+ Le [Binder tener] (5) 
r=! ye Z+1 


for that state in which the z-component of angular 
momentum is maximum. Here g7p, £sp, Zin, and gn are, 
respectively, the orbital and spin gyromagnetic ratios 
of the proton and neutron. The summation is extended 
over all protons and neutrons in the nucleus. Letting 
W represent the unsymmetrized state (1), which has 
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angular momentum J and M,;=/J understood, then 


1 
M4 = ( PY, 
(Z\(A—Z)!)! 


_ord 


1 
rv), (6) 
(Z1(A—Z)!)4 


where the antisymmetrization operator P is the sum 
over all Z!(A—Z)! permutations of the A particles in 
the nucleus which do not interchange neutrons and 
protons, the odd permutations being multiplied by 
—1, the even permutations by +1. Since all permuta- 
tion operators commute with u,°™ and are self-adjoint, 
they can be transposed to the left-hand side of the 
inner product to give 


M "= | a!?(PW,.W,)4+ } ps { Bi *d,y@nt (j2I— mm jaJJ . j’2J —m'm' j2IJ 


niym n'l m 


X (Py nrj7—" (0) Po" (c)x0°(c"), we Pair je? ™ (0) 2™ (c) x0 


, 


x Pat? ™(o)Po™(c)xo' (Cc), "V+ EBO nt 5" 
where o stands for the space and spin coordinates of 
the nucleon, or nucleons in the subshell containing the 
odd number of nucleons, while ¢ and c’ stand for the 
space and spin coordinates of the J/=2 and J=0 parts 
of the core, respectively. In this connection, it should 
be noted that for the unsymmetrized y function it is 
immaterial which nucleons are assigned to the core and 
which are assigned to the odd subshell in each term. 

A detailed investigation shows that all cross terms 
between the shell model state VW, and the alternate 
states vanish, as do most of the cross-terms between the 
different alternate states. As a matter of fact, the only 
nonvanishing cross terms occur between states in which 
a single nucleon or hole is shifted from a j=/+1/2 
subshell to the j=/— 1/2 subshell with the same orbital 
quantum number, or vice versa. No conclusions can be 
drawn regarding the actual cross-term contributions, 
except to indicate the maximum size, since these con- 
tributions to the moment depend, in magnitude and 
sign, on the relative phases of the amplitudes of the 
shell model and alternate states. These phases cannot 
be guessed at from the physical arguments presented in 
the previous section, and it is for this reason that free 
use was made of the words “time spent in” and “proba- 
bility” instead of “amplitude” in that section. The 
latter implies more information than the two former. 
Therefore, the third and fourth expressions of Eq. (9) 
vanish identically, and the only terms which survive 
from the second expression are those for which /=/’ 
and j=j’ or j=/j’+1. Finally, orthogonality relations 


M "= (PY, uv), (7) 
owing to identity 
P?=Z!(A—Z)!P. (8) 
Substitution of (1) and (2) into (7) yields 
9(¢’))+ aban g2J —mm | j2J J)* 
f2T —m'm' | 7'2TT) (PV 6, we Wary ™ (olde (c)xo(c))}, (9) 
require that m=m’. Making use of the relations, 
(IM s\ | IM y)=(M5/J)(IT\ pe) JJ), (10) 


that hold between the expectation values of the mo- 
ment operator in the states of different projection of 
the total angular momentum quantum number,'’ and 
remembering that the J/=0 part of the core cannot 
contribute to the moment, the nonvanishing terms of 
(9) can be written, more simply, as 


M, a *(M,) ete tT 181° 
x| Any)? S| (72 —mm| j2IJ 
nijz m2 
J—m m 
x| (M luiet (M] 
) 
j 2 
+2 Re So’ datiyjanu Ars (Sir Ber) ts (11) 
where 
Aysy=> (14+-42J —mm|\14+42)I)* 
[ (14+-4)*— (J—m)*} 
xX (— 427 —mm|l—42I J (12) 


2/+1 


(M,); = gill, ij +£59(S: lj. 


17E. V. Condon and G. H. Shortley, The Theory of Atomic 
Spectra (The Macmillan Company, New York, 1935), pp. 59-64. 
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(M,)1;, is the ordinary moment of a single nucleon or 
hole in the 1, 7, r subshell (7 differentiating proton from 
neutron) with m;=j7 and l,j,7, are the quantum num- 
bers describing the odd-nucleon subshell! in the shell- 
mode] state, while (M,)-2 is the ordinary moment of 
the J =2 part of the core, also in the state of maximum 
projection. The summation > qi; is taken over all odd- 
type nucleon subshells which are allowed, in a given 
nucleus, to participate in the alternate states, whereas 
the summation }_,,;’ over the cross terms extends over 
those allowed values of n, 1 for which both the j7=/+1/2 
and ] = 
either full or empty in the shell-model state. (A sub- 
shell with only one occupant in the shell-model state 
should here be considered as empty, while one with a 


1/2 subshells are in the same shell and are 


single hole should be considered as full.) 


Making use of the core wave function (3), the mo- 
ment of the core is given by 
(M Date | *( 92 (nljr), uw, eo? (nljr)), 13) 


5 
a. 
since the zero angular momentum part of the core does 
the 
terms vanish. It is shown in the Appendix that when 


not contribute to moment and all nondiagonal 


in arbitrary 


ubshell 


number of nucleons in the same I, j, r 
couple to a state with total angular momentum 
two and maximum projection, the resulting moment is 
(nlir 2/7)(M)ur, (14 


4 q 
¢2(nljr » Ma G2 


ndependent of whether the core is constructed from 


nucleons or holes. Consequently the core moment 
implied by (3) and (4) is given by 
) 

M )eo= >, | batje|?-(Ms) tie. 15) 
alir F 

Equation (15) is just the weighted average of the 

quantity 2(M It is shown in the appendix that 


vhen an arbitrary number of nucleons in one subshell 
arbitrary 
a behell (at PI } 

inother subshell (n',/’,7',r') each separately couple to 


nl.j.r) and an number of nucleons in 


states with the same angular momentum J,, the two 


states then coupling to an over-all core angular mo- 
mentum of two, the magnetic moment is given by the 


expression 


(16) 


which is the average of the moments that would result 
if nucleons from each subshell alone constituted the 
J=2 part of the core for half the time occupied by the 
combination. Now, the relative probabilities with which 
the appear in such 
would be expected to be in the same ratios as the rela- 


various subshells combinations 
tive probabilities that these subshells alone constitute 
the J=2 part of the core. If one makes this assumption, 


the average moment of the core, given by Eq. (15), is 
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unaffected by the inclusion of these particular more 
complicated couplings. 


4. LONGITUDINAL EXCHANGE MOMENT 
CONTRIBUTION 


The longitudinal exchange moment operator’ is 
given as 
ie Zz A 


ion L »: 


es V ex(F av) (TeX Es )oP er, 
Phe rel r= Z+1 


(17) 


where V,, describes that part of the two-body charge 
exchange potential which is spin-independent, while 
P,, interchanges the spatial coordinates of the rth 
proton and vth proton. The longitudinal exchange 
moment contribution to the magnetic moment is the 
expectation value of this operator for that state in 
which the z-component of angular momentum is maxi- 
mum, and will be given by the same expression as 
Eq. (9) if u,°" is replaced by u,**. A detailed investiga- 
tion, similar to that required in the preceding section, 
shows that the only nonvanishing cross terms occur 
between states in which a single nucleon or hole is 
shifted from one subshell to another. Because y,°* is 
a component of a vector operator, the angular mo- 
menta of the two states involved must either be equal 
or differ by +1; 


(a) j’=7 or(b) j’=j+1. (18) 


The case (a), in which j’=j, can arise only when 
l’=l+1, and this possibility is removed by parity 
considerations. If an odd number of nucleons change 
parity, as will happen in this case, the parity of the 
entire nuclear wave function is changed, in violation 
of the requirement that this shall be a good quantum 
number. This leaves the four possibilities subsumed 
under (b); namely 


(1) f=j+i,’=i, j=l-1 
(2) j’= f+, =142, j=141/2, jf’ =I'-1/2=143/2, 
(3) j’=j-1,’=1, j=141/2, j’=I-1/2, 


(4) j’=j—-1, =I-2, j=I-1/2, j’=4+1/2=1-3/2. 


2, j’=1+1/2, 


Now, if the interaction of the odd nucleon with the 
J=2 part of the core is neglected (an approximation 
which is expected to be good, provided that the number 
of nucleons involved in this part of the core is small 
compared to the total number of core nucleons), then 
the possibilities (2) and (4) of (b) are eliminated. This 
follows from the fact that the operator (17) is spin- 
independent; the spin coordinates of the odd nucleon 
can be eliminated from the matrix elements, each 
matrix element being decomposed into two terms, both 
of which are matrix elements of a vector (J = 1) operator 
between states having total angular momentum / and 


1+2 and, as such, vanish." 


“ See reference 17, p. 60. 
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Consequently, the nonvanishing cross terms occur 
only between states in which a single odd nucleon or 


hole is shifted from a j=/+-4 subshell to the respective 


+2 


VM = a 2(M ,°*)sheu+ 8 >> 


XK (Pat? 0) Po" (¢ x 


x & 


m, mm ==—2 


J 0 


« (Plas \7 ™(0)dy"(c) x0 (¢ ). Ms Watt 


where the indicated summations are to be taken over 
the same subshells as the corresponding sums in Eq. 
(11). Neglecting the interactions between the odd 
nucleon and the J=2 part of the core and between the 
protons and neutrons which contribute to this part of 
the core (on the assumption that there are relatively 


Mt 


a!? M ,**) shel! + 18/2 5° Gal 


d nll+$4nll—j 2 


Here, (M,**) ,1;, is the exchange 


e’). Ms Wats? ™(0)P2"(c) x0" (c \)+2 B'* Re dans jFnt 


1+32J—mm|1+-42JJ)*(l—42J—m'm'|l—} 


2 | (j2IJ— mm! j2I7)\? 


1+-42J —mm|1+42JJ)*(l—42J- 


moment due to a single nucleon or hole with quantum numbers n, /, 7, 
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j=!—}4 subshell, or vice versa. The surviving terms of 
the expectation value of the longitudinal exchange 
moment operator (17) are, therefore, 


Onij\? D> |(j2J—mm| j2JJ)|? 


; 
nl 


2I J 


7" (ade (c)xo%(c’)), (18) 
few interacting pairs of this type as compared to the 
many interacting pairs between the odd nucleon and the 
J=2 part of the core, on the one hand, and the J=0 
part of the core, on the other hand) (18) becomes, with 
the help of Eq. (10) 


J—m m 
(M .°?) ntje t+ —(M.**) 2 
] 2 
mm |1—42I J 


K (Parties? ™ 0)x (c’), ws OW att ,7 ™(0)x (c’)) (19) 


r interacting 


with the J=0 part of the core, while (M,,%),2 is the contribution due to the J =2 part of the core interacting with 


the J=0 part of the core. 


(M .°*) nije 
(M,**) -2 
By making use of Eqs. (3), (4), and (10), and neglecting 


the interactions of the particles ¢ with each other, 
(21) reduces to 


~ 


(M*) co= 5 |Darje|?—(Ms™) ate. (22) 


As in the case of the ordinary core moment, this result 
will also hold if the more complicated couplings are 
included in which an arbitrary number of nucleons in 
one subshell and an arbitrary number of nucleons in 
another subshell each couple separately to states with 
the same angular momentum /,, the two states then 
coupling to give an over-all core angular momentum of 
J=2, again provided that the relative probabilities 
that the various subshells appear in such combinations 
are in the same ratios as the relative probabilities that 
these subshells alone constitute the J=2 part of the 
core. 

Finally, it was shown, in a previous paper,’ that for 
the heavier nuclei, the longitudinal exchange contribu- 
tion to the moment of a single nucleon interacting with 
a J=0 core which also has L=0 (a condition which 
certainly holds if the J=0 part of the core consists of 








(Pate? ™(o)yoP(c’), uw 2 Jom o)y 


(Pb2(c)xo(c’), ws**P22(c)x0"(c’)) (21) 


(20) 


complete /-shells 
the form 


can be expressed approximately in 


M 4") stip =C Di), (23) 
where C,=0.3 for a proton and C, 0.25 for a 
neutron, which to the extent that the approximation is 
valid, is independent of m and depends only on the 
orbital and total angular momentum of that nucleon 
D gives the fraction of the spin-independent part of 
the neutron-proton force that is charge exchange in 
nature. The evaluation of the cross-term contributions 
of Eq. (19) can be effected in the same manner as in the 
appendix of the above mentioned reference to give 


(Pasir? ™(o)x0°(c’), us Watt Pg ™(o)x0°(c’)) 


=C,D{ (14+-4)?— (J —m)*}*/(214-1). (24) 


5. RESULTS AND CONCLUSIONS 


It will be noted that for each term in the ordinary 
moment contribution (11), (12), (15), there is a corre- 
sponding term in the exchange moment contribution 


(19), (22), (24). The total nuclear moment can then 
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Fic. 1. The magnetic moments, in nuclear Bohr magnetons, 
of odd-A nuclei with A>40 which do not consist of a single 


particle or hole outside a doubly magnic core are plotted against 
the nuclear angular momentum J. The heavy black lines indicate 
the shell-model moments and the dashed lines give the moments 
that follow from the Foldy-Milford model. The coefficients for the 
latter were taken from Milford” for the case in which only zero 
d one J=2 phonon core excitations were considered and the 
lar momentum of the odd nucleon was held constant at the 
shell-model assignment. The Foldy-Milford moments corrected 
for the exchange contributions are indicated by the dotted lines 






be written in the form 


M ,*= Mo + M t= || 2(M + Ma laiore 
#1BIS ann? 3 j2J —mm j2JJ>|? 
J ”! m 
™ M + M *) niet —(M 4M) 02 
j 2 
+2 Re >)’ Gats jars sAis(Bte— Ber + CD) }, (25) 


ni 


RUSSEK 


2 ODD NEUTRON NUCLE! 























Ya % oe %a % J 


Fic. 2. The magnetic moments, in nuclear Bohr magnetons, of 
odd-A nuclei with A >40 which do not consist of a single particle 
or hole outside a doubly magic core are plotted against the nu- 
clear angular momentum J. The heavy black lines indicate the 
shell-model moments and the dashed lines give the average of the 
ordinary moments (averaged over all cases, for each /, 7, which 
correspond to the nuclei observed in each category) that result 
when the shell-model state is given 50 percent weight and the 
remaining 50 percent is equally distributed over all allowed 
alternate states. The vertical! lines indicate the maximum devia- 
tions that could result, with this weight assignment, from the 
cross-term contributions. When corrected for the exchange con- 
tributions, the average moments are shifted to the positions 
shown by the dotted lines. 


where 
2 
M ort M**) 2= > | Datje |? (MM +M,) ais, 
nlir j 


(26) 
M + M**) ntje= (2tet+CeD) (Ls) 3+ ger(Se)1j- 
It is therefore apparent that the longitudinal exchange 
contribution to the moment can be expressed as a cor- 
rection to the single particle orbital g-factor of the 
ordinary moment which may be regarded as being due 
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TaBLe I. The magnetic moments of odd-A nuclei with A >40 which do not consist of a single nucleon or hole outside a doubly magic 
core are here listed in nuclear Bohr magnetons. Mexp and Mex, are the experimental and shell model moments respectively. Me™ and 


Mt give the moments that follow from the model described in the text without and with the exchange contribution. 





j=l+1/2 j=l—1/2 
J Element Mas M weet Mord Mt J Element Mexp M welt Mord Mt 
Odd-proton nuclei 
1/2 TE 1.61 2.79 1.97 1.99 1/2 y®* —0.14 —0.26 —0.46 —0.39 
TR 1.63 2.79 1.97 1.99 Ag”? —O.11 —0.26 —0.40 —0.31 
Agi” —0.13 —0.26 —0.40 —0.31 
3/2 Cu® 2.23 3.79 1.92 1.96 
Cu® 2.39 3.79 1.92 1.96 3/2 ce 0.82 0.13 0.47 0.64 
Ga® 2.02 3.79 2.41 2.52 cr 0.68 0.13 0.74 0.99 
Ga™ 2.56 3.79 2.41 2.52 K* 0.22 0.13 —0.09 0.02 
As™ 1.44 3.79 2.41 2.52 Au” 0.20 0.13 0.26 0.44 
Br” 2.11 3.79 241 2.52 
Br®@ 2.27 3.79 241 2.52 5/2 Rb*®* 1.35 0.86 1.28 1.57 
Rb® 2.75 3.79 2.90 3.08 Eu'# 1.5 0.86 1.51 1.82 
5/2 Sb'™! 34 4.79 3.32 3.49 7/2 Cs 2.58 1.72 2.10 2.56 
Re'* 3.14 4.79 3.47 3.72 Cs 2.73 1.72 2.10 2.56 
Re'*’ 3.18 4.79 3.47 3.72 Cs" 2.84 1.72 2.43 3.08 
Eu! 3 4.79 3.47 3.72 La” 2.78 1.72 2.43 3.08 
dl 2 4.79 3.58 3.83 Lu'”* 2.6 1.72 1.96 2.41 
| bd 2.62 4.79 3.58 3.83 Ta™ 2.1 1.72 1.96 2.41 
7/2 Sc* 4.75 5.79 5.06 5.42 
ys 5.14 5.79 5.79 6.24 
9/2 Nb®* 6.17 6.79 6.55 7.11 
Tc* 5.68 6.79 6.55 7.11 
In" 5.50 6.79 6.39 6.91 
In"! 5.51 6.79 6.39 6.91 
Odd-neutron nuclei 
1/2 Cd‘ —0.60 —1.91 —1.33 —1.34 1/2 Hg” 0.50 0.64 0.62 0.53 
Cd"3 —0.62 1.91 ~1,33 —1.34 Ps 0.61 0.64 0.62 0.53 
SnUs —0.92 —1.91 —1.28 —1.28 Yb" 0.45 0.64 0.62 0.53 
Sn"? — 1.00 —1,91 —1.28 —1.28 
Sn —1.05 —1,91 —1.28 —1.28 3/2 Xe!™ 0.7 1.15 0.94 0.72 
Xe'™ —0.77 —1.91 —1.32 — 1.33 Ba 0.84 1.15 0.94 0.72 
Te'™ —0.73 —1.91 —1.32 —1.33 Ba!” 0.96 1.15 1,09 0.92 
Te™ —0.88 —1.91 —1.32 —1.33 
5/2 Zn™ 0.9 1.36 1.14 0.85 
3/2 Hg™ —0.60 —1.91 — 1.05 —1.20 
5/2 Yb'™ —0.65 —1.91 —0.85 —1.14 
9/2 Kr® —0.97 —1.91 —1.600 —2.22 
Sr? —1.1 1.91 —140  —1.93 


to the promimity of nuclear matter.’ This result holds 
over an even wider range of states than those expressible 
in the form (1)—(4) terms can be 
neglected. It then holds as long as the nuclear state 
can be expanded as a linear combination of products of 
single particle wave functions with relatively few 
nucleons not coupled to L=0, J=0, for then the total 
magnetic moment is just a linear combination of the 
(M "+ M,**),1;,, and by the second equation of (26), 
the conclusion is obvious. Even in a liquid drop core 
model of the nucleus, therefore, the orbital g-factor 
may, if D, the fraction of the nuclear force which is 
charge exchange in nature, is roughly taken as 0.5, 
be written as 


whenever cross 


£ip=1+C,D™1.15, 
gin=C.D™~—0.13. 


(27) 


Since the excited part of the core contains approxi- 
mately equal numbers of protons and neutrons, the 
exchange contributions of neutrons and protons to the 
core moment effectively cancel each other, leaving only 
the ordinary core moment. The remaining exchange 
contribution (to the odd-nucleon moment) increases 
the moments of odd-proton nuclei and decreases the - 
moments of odd-neutron nuclei. 

Figure 1 shows the magnetic moments that result 
from the Foldy-Milford model in which the total 
angular momentum of the odd nucleon does not change 
in the interaction with the excited core. The coefficients 
are taken from Milford” for the case in which only one 
angular-momentum-2 phonon is excited on the core 





™ F. J. Milford, Phys. Rev. 93, 1297 (1954). 
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Tasie Il. The magnetic moments of nuclei which consist of 
one particle or hole outside a doubly magic core are given in nu- 
clear Bohr magnetons. The experimental moments, the shell- 
model moments, and the moments corrected for the exchange 


contribution, Mx, are listed 


Element " state ul V ae Mes 
K* dia 0.39 0.13 0.40 
bi hers 4.04 2.63 3.37 
Pb™’ pur 0.59 0.64 0.56 


The moments corrected for the 


contribution are also shown 


surface. exchange 


Milford estimates that the lowest excited core state 


corresponds to an excitation energy of about 2.25 Mev 
for a medium-sized nucleus. For this same nucleus, the 


higher-energy odd-nucleon states within the same shell 
do not differ by much more than this, so it is likely 


that the odd nucleon contributes appreciably from all 


allowable states within the same shell for which 
J-—2< I< J+-2. In this direction, calculations were 
made assigning 50 percent probability to the shell-model 


state and equal probability to all allowed alternate 


states for those nuclei which do not consist of a single 


nucleon outside of a doubly magic core. These results, 
with cross terms neglec ted, are listed in Table I. T hey 
nclude many different cases, depending on the par 
ticular neutron and proton shells being filled, and 


since not much significance be attached to 


can 


rather small differences in the moments that arise from 


the different cases owing to the roughness of the model, 


only the average moments iveraged over all combina- 


tions of neutron and proton shells, for each j, 1,7 
which correspond to the actual combinations repre 
sented by the appropriate nuclei) are plotted in Fig. 2 


It is worth mentioning, however, that the larger devia 


tions of the calculated moments from the average of 
calculated moments are due to the inability of either 
neutrons or protons to contribute, in a given nucleus, 


to the core moment, as happens when the even-type 


nucleons form a complete shell, or the odd-type nucleons 
cases, it is found that the experimental moments de- 
viate from the average experimental moments in the 
same direction in 12 cases and in the opposite direction 
in only 4 cases. Thus, even this rough model follows, 


to some extent, the fluctuations of the observed mo- 


Figure 2 


rected for the exchange contribution and indicates the 


ments also shows the average moments cor 
maximum possible cross-term contribution that could 
result from this model with the given weight assign- 
ment. If this is to be taken as an indication, it is seen 
that the cross-term contributions are, at worst, small, 
but not insignificant. The calculated moments give poor 
rhe first 


shortcoming may be taken as an indication that the 


agreement in only the fy, and gyz cases 


21-28 shell, which consists of f+,. particles only, is not 
widely separated in energy from adjacent states and 


RU 


SSEK 


that. there are contributions from these states. The 
second shortcoming is due to the fact that the gy/2 sub- 
shell has opposite parity from the rest of the subshells 
in its shell. This would lead one to suspect a contribu- 
tion from the gz/z subshell, the rather small deviations 
of the observed moments from the Schmidt curves being 
an indication that this contribution is rather small. 

For those nuclei which consist of a single nucleon 
outside of a doubly magic core, it is assumed that the 
lowest-lying excited states will have energies too high 
to be appreciably excited. For these nuclei (K®, Bi™, 
and Pb”’), the shell-model state must have nearly unit 
amplitude, and, as a result, there should be very little 
contribution to the magnetic moment from any modi- 
fication of the nuclear model. For these, Table IT lists 
the observed moments, the shell model moments and 
the shell model moments corrected for the exchange 
contribution. It is‘ apparent that the exchange con- 
tribution reasonably accounts for the moments of these 
nuclei. As a matter of fact, the exchange contribution to 
the moment of Bi® is too small by an amount of 0.67 
to account for the observed moment. This amount must 
be due to a smal] admixture of alternate states, and the 
contribution should be, and is, a little smaller (on 
account of the larger energy separation) than the 
deviations of the g9;z odd proton nuclei, which must be 
also due to excitation of states outside the shell in 
question. 
APPENDIX I 

Let ¢o™(nlj; J.) the in which an 
arbitrary number of nucleons in the m,/, 7 subshell 
couple to a state with angular momentum J, (which 
need not be 2) and projection M. This state can be 
written in terms of the individual particle states: 


describe state 


o™ (nl7: J.) dX CoTMWatim a) (Tio), (28) 
where 
> m(q.:)=M for all g, 3° ,/C,|?=1. (29) 


Here, the summation over g runs over all possible com- 
binations of different values of m which add up to M, 
while i runs over a!l nucleons involved in the coupling. 
Since they are identical, they all have the same g,, and 


+r, so that 
M*=1,(¢, >. liv) +.2(¢, > Su) 
D Cel? E (ereWarie” i), LeWnrjie™* (4)) 
q i 
+ har (Wnrie™ (4), SoPnrie™*(i))}. (30) 
However, 
l, 
Wntir™® W tie” 
Ss 
m\q;} a 
Walir’ aljr’ ’ (31) 
J s 
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so that the form described in Appendix I, with the quantum 
M,= (Wasie!, Ceieleteeess Wen E ICE mq) numbers describing the subshell suppressed. Since 
. - = ‘er a only diagonal terms of the expectation value of the 

and, finally, moment operator survive, 

P M ,=(M/j)(M,) atiz- (32) 
j M,=>)_ ay *T (gs™ (1), wares ™ (1)) 
APPENDIX II - 


+(g77-™ (2), were? ™(2)) ]. (34) 


Let an arbitrary number of nucleons in the nljr sub- 
shell couple to a state with angular momentum J and 
an arbitrary number of nucleons from the n’l'j’r’ sub- 
shell couple to a state with angular momentum J’, 
and let these two states couple together to angular 


momentum 2 with maximum projection: 


Using Eq. (10) and realizing that 
yi au °M - (Ja), > d uw |2(2— M) = (J a2 e 
M M 
(34) yields, using the results of the previous Appendix: 


$7=F> augs™ (1) es? (2), 
Mu 


(33) 


(J 41) \J 22 
M,- (M,) ntiet+ 


where 1 and 2 refer to the coordinates of the nucleons j j' 
in the respective subshells, and the ay are the Clebsch- 
Gordon coefficients. The states gy” and gy ™ are of 


(iia. Ge 


If J=J’, then (J,;)=(J2)=1, giving the result (16). 
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The “elastic” photoproduction of r® mesons in helium has been measured as a function of center-of-mass 
angle for gamma-ray energies from 170 Mev to 340 Mev. The total cross section shows a maximum around 
270-Mev excitation energy and the angular distribution at 300-Mev peaks around 65° in the center-of-mass 
system. An attempt has been made to interpret the results in terms of the differential cross section for 
photoproduction of x mesons in hydrogen, and to obtain (from the amount of interference of the waves 
emitted by the four nucleons) a value for the ‘‘mean radius” of the alpha particle and the relative phase of #° 


emission from proton and neutron 
The photodisintegration reaction 4 


+He'—He’+n has also been investigated. The angular distribution 


of the He’ recoil nuclei is found to be proportional to sin® for excitation energies between 40 Mev and 


120 Mev. 


I. INTRODUCTION 


Y “elastic” photoproduction of x° mesons in helium, 

we mean the process in which the helium nucleus 

is not disintegrated, i.e., the process y+ He'—He't+7’. 
The photoproduction of +? mesons on hydrogen has 
been investigated by many researchers.’ Other authors 
have also observed the elastic photoproduction of #° 
mesons in deuterium®* and helium.’:* The group at the 


* This work has been supported in part by the joint program 
of the U. S. Atomic Energy Commission and the Office of Naval 
Research. 

1 Panofsky, Steinberger, and Steller, Phys. Rev. 86, 180 (1952). 

2 A. Silverman and M. Stearns, Phys. Rev. 88, 1225 (1952) 

+ G. Cocconi and A. Silverman, Phys. Rev. 88, 1230 (1952) 

4 Goldschmidt-Clermont, Osborne, and Scott, Phys. Rev. 89, 
329 (1953); Phys. Rev. 97, 188 (1955). 

§ DeWire, Silverman, and Wolfe, Phys. Rev. 92, 520 (1953); 
Phys. Rev. 94, 756 (1954). 

* H. L. Davis and D. R. Corson, Phys. Rev. 94, 756 (1954). 

7G. DeSaussure and L. S. Osborne, Phys. Rev. 94, 756 (1954). 

* Goldwasser, Koester, and Mills, Phys. Rev. 95, 1692 (1954). 


University of Illinois has compared the elastic and 
inelastic processes at different energies and found that 
the elastic process was still relatively important at an 
excitation energy of 190 Mev. They also find a ratio 
of production of x° mesons per nucleon in hydrogen and 
helium of about one. The purpose of this experiment was 
to measure the angular distribution, excitation curve, 
and total cross section for elastic photoproduction of #° 
mesons in helium. These are strongly affected by inter- 
ference effects of the meson waves emitted by the four 
nucleons. The shapes of the angular distribution and 
the excitation curve depend on the mean distance 
between the nucleon and the data on those curves can 
be analyzed so as to obtain a “mean radius” of the 
alpha particle. The relative efficiency for elastic photo- 
production of mesons, of the helium nucleus, and of 
the proton depends further on the relative phase of 
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Fic. 1. Plot of « for last his ers 1 t 1 recoil he icleus plotted witl t to its angle in the 
aborat 5 1 ts « y t ed f t y The supe wosed lines give the energy of the photon responsible 
und the cosine of th son center-of-mass angle. The points occurring outside this plot are mainly He’ recoils from the ph lisintegra- 
roce rt 1 s are at ¢ sf int | ibora ste rhe cutoff gives a lower limit of « le tracks 
suse ol a t the gas S g Ol the i 
eson emission by neutrons and by protons. This phase 0.5 percent by volume. The total intensity of the beam 
in be obtained from the experimenta! data vas monitored by a thick-walled ionization chamber 
down-stream. This chamber was later calibrated with 
Il. EXPERIMENTAL PROCEDURE respect to a portable ion chamber, which had been 
/ ) ilibrated at the Cornell synchrotron* and the Uni- 
Che experimental data were quired three runs “¢ 
: versity of Illinois betatron.* 
Ihe experimental procedure is very similar to the one : a ee 
, lr} e€ main pr ybiem of this expe riment was to difter- 
é rnbed Ov (Cr t-C ler mit ef ai.” | e gamma ‘ j | . 
entiate those recoil nuciel associated with the elastic 
ray beam trom the Massachusetts Institute of Tt . ¥ : - 
photoproduction process from those arising Irom differ- 
nology electro ro mn i passed roug 1 " : 
' ; ent photodisintegration processes. For this purpose, it 
( i! nk a ] ear piates were laced aro tne ° 
. ? . r on - ” ‘ ‘ ] r . , 
, was necessary to be able to aiscriminate bet ween singly 
Dear { re ra ti reco I elitr t €& various meson * . “—s . n 
' , wage and doubly charged particles. Ilford GO nuclear plates 
production and disintegration processes. The electron : ‘ ' : : hare ; 
»e vere found to be best suited for this discrimination. 
peal vas acceleratt to an energy of 350 Mev (cali , ; , , , 
a ok rhe pilates were inder-developed by the method de- 
I ted Dy magne heid measurement) and then made a ; : - 4 
scribed by the Bruxelles group’ (hot stage of 4} hr 
to rike a 0.06 nt ste wire. The resulting x-ray Z . ° 
} ") at 15°¢ 
hae en } , » enwend af oh 0.3°. It was passed } 
Var us S ere m le oO eck this uscrimination 
hroug ; , > om on ve a : 
‘ some tes were € wsed to the neutron flux near the 
re ingular Ge f 0.51 e€ pos . . . ° 
4 } ‘ Massachusetts Institute of Technology cyclotron. When 
of the plate er. The beam entered the helium tank 
through a 1/64 inc} elaine atte Ria einsl left: taeiunes inder-developed, proton tracks were barely visible, 
1 1/16 m wind Iwo four-inch walls While those alpha tracks connected with Thorium stars 
es , - a or -e were ; . 
screened the plates from particles coming from the were Stil ciea About a hundred tracks were grain 
vindows. The helium tank comprised four sections ) 1 near the end of their range. Those tracks 
. . ’ ! led ir ' 1) . tracl ly 
bolted together through large \v 1um-tight flanges ild be divided into two groups: some tracks, barely 
\ smal! “darkroom” was built where the two last se visible, had between 20 and 50 grains in the last 70 
tions join, and the plates were introduced in the tank nm rons, others had between 70 and 130 grains tor the 
from that point. The plates were mounted on an same remaining range. Finally, by counting the number 
aiuminum plat er Ww vas supped 1 ) i grains versus the remaining range for one alpha 
center of the tank. The tank and collimators were track, one can predict the number of grains for the last 
oplically aligned with respect t the beam, and this 70 microns of other tracks. this number turns out to 
alignment checked with an x-ray picture. The plates pe 20 for protons and 40 for tritium. It was not found 
were t inserted into the tank and the ink evacu 
ated. After two helium gas flushings, the tank was * Dilworth, Occhialini, Vermaesen, and Bonetti, Bull. centre 
‘ } ‘ . : } . ‘ - f phys. nuciéaire univ. libre Bruxelles, Nos. 13a and 13b (1950 
hued with pure medica im a i pressure O ne . , > 7 >} 
' Lattes, Occhia Powell, Proc. Phys. Soc. (London 








ELASTIC PHOTOPRODI 
possible to discriminate between single He* and He® 
tracks. 

Plates of 100u and 400u were disposed in the col- 
limator with one edge parallel to the direction of the 
beam and in such a way that the particles would come 
from the beam into the plates at a grazing angle 
(maximum dip of 40°). About 2000 tracks were scanned, 
and for each track the dip, the angle with the beam, 
and the total range were measured. The range measured 
was corrected to take into account the gas traversed by 
the particle before reaching the plate, and from this 
corrected range, the energy was deduced. 


Ill. DATA 


A surface of about 20 cm? of emulsion was scanned. 
All helium tracks stopping in the emulsion were recorded 
on a plot similar to Fig. 1. In this plot each track is 
represented by a dot, its abscissa corresponding to the 
makes 

system), its ordinate corresponding to 
calculated from its range). helium recoil tracks 
may arise from the Compton photoeffect on the helium 
t t or from elastic or 

, they may arise from 


angle it with the beam (in the laboratory 
its energy (as 
These 
nucleus, from photodisintegration, 
inelastic r-meson production, i.e 


one of the following reactions 


a) y+He'—He'+y, 


b) y+Het—He'+ n, 
c) y+Het—r-+ He'+ nucleon, 
(d) y+ Het—r®+ Het. 


We 


etfect 


have grounds to assume that the nuclear Compton 


} . slatively emal] th - thi 
nas a reiativeiy Smail cross section: this cross 


section should be of the order or smaller than the 


31 


Thompson cross section (2 10-* cm?). Experimental 
evidence seems to indicate even a much smaller value.” 
The cross sections for photodisintegration or for photo 
production of + mesons are of the order of 10-** cm?.) 
In the inelastic photoproduction of x mesons, the He# 
nucleus will acquire very little recoil. It is not possible 
to predict exactly the dynamical variables involved in 
this three-body process. If one assumes either that the 
He’ “sits by” the reaction, or that the three outgoing 
particles share the energy in such a way as to have the 
largest phase space available, the He* nucleus will 
acquire at most a recoil energy of 5 to 10 Mev, and will 
usually be stopped in the gas between the beam and the 
plates. The problem remains to separate the photodis- 
integration from the elastic photoproduction processes. 
These are two-body processes in which an exact relation 
ulated between the angle of emission and the 
fora sper ified rhe 

the angle in 


can be cal 


rec oil energy gamma-ray energy 
g. 1 represents the cosine of 


diagram in } 


of the Het 
Modern Phys 


bound state 


Morrison, Revs 


We have that there is no 
nucleus. Hornyak 
22, 291 (1950 

* Pugh, Frisch, and Gomez, Phys. Rev. 95, 590 (1954) 


assumed 


Lauritsen, and 
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Fic. 2 
helium tracks from the reaction y+Het~+He+n 
average over excitation energies from 36 Mev to 84 Mev 


Angular distribution in the laboratory system of recoil 
This is an 


the center-of-mass system of the emitted + meson and 
the energy of the gamma rays relative to the angle and 
energy in the laboratory system of the recoil helium 
nucleus, for the elastic photoproduction reaction. The 
tracks represented by points outside the diagram are 
associated with the photodisintegration process. Those 
inside the diagram may be associated with the photo 
disintegration or the elastic photoproduction processes 
The kinematics of the photodisintegration process shows 
that all those recoil He* nuclei with energies less than 
40 Mev must be associated with gamma rays of energies 
less than 150 Mev. Thus, a special low-energy run was 
made to study the angular distribution of the He’ recoil 
nuclei from the photodisintegration of heliumat gamma 
ray energies below 150 Mev. This run was performed in 
exactly the same arrangement as the high-energy run, 
but with a maximum gamma-ray energy of the syn 
chrotron beam of 160 Mev. The tracks of this run have 
been represented on a graph similar to the one of 
Fig. 1. 

The of He’ 


energies between 5 and 30 Mev is shown in Fig 


tracks of 


2 and 


angular distribution recoil 


Figure 2 shows the angular distribution of 
reaction y+He'—He'+-n for ex 
ind 84 Mey 


urve for excitation energies from 84 to 132 


Fig. 3 
He’ from the itation 


energies between 36 Mey Figure 3 shows 
the same 
Mev. These two curves have been made by using the 
data of the low-energy run and that of the high-energy 
run for large angles. They show that the background is 
nearly proportional to sin’@ in the laboratory system. 
Namely, if the background is assumed to be of the form 
{ sin*é+ B cosé4 C, then the constants that best fit the 
experimental points are given in the following table, 


in units of 10-” cm?/sterad. 


E, A B ( 
36 Mev-84 Mev 47.245 93 +10 2.742.5 
84 Mev-132 Mev 12.81 4.224 6 1.541 
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Fic. 3. Angular distribution in the laboratory system of recoi 
helium tracks from the reaction +Het—-He*?+n. This is ar 


average over excitation energies from 84 Mev to 132 Mev 


Similar results have been found for the reaction 


He‘(y,p)H*, and there are theoretical reasons to assume 
that the 


contribution to the He*(y,n)He’ reaction is due to an 


a sin’@ distribution: It is reasonable main 
electric dipole interaction." To conserve parity and 
angular momentum, the neutron must be emitted in a 
P-wave. This, when averaged over polarization of the 
gamma ray, leads to a sin’@ distribution in the center- 
of-mass system. The retardation factor for the He* and 
the motion of the center-of-mass are small! corrections 
which should favor the forward angles. These two 
effects are small due to the large mass of the He 
nucleus. This may explain why they are not observed 
in the experimental results. Calculations by Flowers 
and Mandl" and by Gum and Irving" give a value for 
y+ He'—He'+n 
around 40 Mev which correspond approximately to the 
value 0.5K 10-" 
finds experimentally a somewhat 
x10" 


the cross section of the reaction 


cm? found in this experiment. Fuller 


lower value (0.1 


cm 
IV. THE RESULTS 


The angular distribution of He’ recoils from the 
He*(y,n)He’ process is shown in Fig. 2 for low excitation 
energy and in Fig. 3 for high excitation energy. The 
excitation function of this process is shown in Fig. 4 

The differential cross section for elastic photoproduc 


tion of neutral « mesons, averaged over an energy 


interval from 280 Mev to 340 Mev, in the center-of 
The 


large statistical 


mass system, is shown in Fig. 5 
“’T_S. Benedict and W. M. Woodward, Phys. Rev. 83, 1269 
1951 E. R. Gaerttner and M. L. Yeater, Phys. Rev. 83, 146 
1951); E. G. Fuller and M. Weiner, Phys. Rev. 83, 202 (1951 

E. G. Fuller, Phys. Rev. 96, 1306 (1954 
“ B. H. Flowers and F. Mandl, Proc. Roy. Soc. (Lor 

131 (1951); T. ¢ 
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errors quoted come from the fact that a large back- 
ground must be subtracted from the observed distri- 
bution. 

Figure 6 shows the differential cross section for 
elastic photoproduction at 90° in the center-of-mass 
system. 

V. DISCUSSION 

It is interesting to compare the cross section for 
elastic photoproduction of mesons on helium with the 
cross section for photoproduction of neutral mesons in 
hydrogen. There have been many calculations of the 
elastic photoproduction of # mesons in deuterium. 
Those were done under the impulse approximation." 
The validity of the approximation for the helium case 
is very questionable for the following reasons: (1) The 
distance between nucleons can hardly be considered as 
large compared to the radius of interaction; (2) the 
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Fic. 4. The total cross section for the reaction +He*+He?+n 
The total cross section has been calculated from the experimental 
cross section between 60° and 160° by assuming an angular 
to sin’ throughout the energy spectrum 





distribution proportior a 


see text 





iltiple scattering should not be completely neglected ; 
the strong nuclear forces binding the nucleus 
may modify the characters of the nucleons. However, 


und 3) 


the impulse approximation may allow at least a quali- 
tative interpretation of the results.’® Under the impulse 
approximation, the cross section for elastic photo- 


production of mesons on helium can be written: 


lo 12’) 4 sf ve07 047,02 


+7 3)+7 4 y y Ir va lr 1) 
W here 
lg IQ’ } 7 f YK dr ; 
*G. F. Chew and H. W. Lewis, Phys. Rev. 84, 779 (1951 
Heckrotte, Henrich, and Lepore, Phys. Rev. 85, 490 (1952 
N. C. Francis and R. E. Marshak, Phys. Rev. 85, 496 (1952 


N. C. Francis, Phys. Rev. 89, 766 (1953 

* A similar calculation by Y. Yamaguchi 
Illinois has just been reported to the authors. (Dr. B. T 
private communication 


at the University of 


Feld, 




















ELASTIC 
iF and 7,, represent the interaction matrices for photo- 


production on protons and neutrons, respectively, and 


Wa, the wave function of the helium nucleus. The neutral 


meson photoproduction amplitudes on neutrons and 
protons have been measured to be about the same mag- 
nitude*'? ; however, they differ by a phase factor 4. 


Ihe 7 matrices may be expressed in terms of the spin @ 
of the nucleon: 


T=K-e4 


~ 
tm 


Since both the initial and the final states of the helium 


nucleus have zero, there can be no spin flip and 
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Averaged from y= 280 Mev t 340 Mev. The points repres 


momenta of the 


K =+—x«. where y and x are the 


yhot 1 of the meson, r, is the coordinate of one of 
e nucleons d the eg is be performed 
er four é s. I rder to vestigate the 

bel ivi rr ol e torm f t ve issu ine for Cat 

nucleon an exp(—r?/R’ stributic vy, where R is a 
7 Jakobson, Schulz, and White, Phys. Rev. 91, 695 (1953 
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sort of “mean radius” of the alpha nucleus. The ex- 


pression (4) reduces then to 


F(K)=expl —}(KR) 


cose 4 5) 


exp[ —}R*(x°+y?—2«y 


where y and « are the energy of the incoming photon 


id the momentum of the outgoing meson (in units of 


a 


mc*>=1). For dipole production, the term |Z) has an 


angular dependence proportional to x-| yXe], where ¢ 
is the polarization vector. This term is proportional to 


sin@’, thus we may write 


where (; is i! dependent of 6’. 


Equations 3), (5), and (6) show tha 


+R? cos6’ 7) 


lo /dQ 


sin? | tor 


In Fig. 7 are plotted values of |1 
cos’. The 
ot 300 


I 


correspond to a 


is energy, 


results 
Mev; at tl 
yx = 4.05. The experimental points are consistent, within 

i | The best fit of 


vaiue tor the mean 


different values of 


mean excitation energy 


with a law like (7 
the give a 
radius'® R 0.76+0.10) 10 cm 
0.93+0.12)* 10 


error on the 


experimenta points 


corre sponding toa 


Ihe error is only 


rms value R 


the 


cm 
statistical determination of (7 


would give an angular distribution 


Multiple scattering 
that was less peaked. We might expect that our meas 


urement is a lower limit on the real radius 
independent 


the “‘mean radius” R: 


There is at way to obtain a value for 


It is known that at low energies 


section for production of mr mesons 


on protons increases as ‘x rhus, using Eqs 3) and 
7 , one find for the differentia ross section at 90 
la) 9O x2 onstyx* exp LR? (4 k &) 
; 
. | 
| 
1 if 
| 
; 
l l d 
» i 
i 
i 
« 
: x 3 Mey he ) 
y Unergy 
Fic. 6. Differentia roas section for the rea - LH 
function of excitation energy 


McAllister, and 
valueR=1.4 


t n with respect to 


Wiener, Phys. Rev. 96, 854 

X10" cm. Their rms radius 
charge. It is an experimental determina 
scattering. 


+02 
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pee ae where A does not depend on the angle; m, and e, are 


constants given in the reference. The term 


O,=A-2im (11 


is the spin-independent term. From (10) and (11), it is 


easy to obtain 








- 
-, O,=[4|m 45m, *+- | mi+e.)* 
A X (do[ 90° ]/dQ’) proton, (12) 
y, 
4 where (dof 90° |/d0’) is the differential cross section at 
. 90°. It is easy to see that in the forward direction, the 
form factor (5) is almost unity. If in formula (12) we 
i | take |m 0.58 and | e2| =0.18, values given by Chew,” 
we obtair 
Lir { 12 He/S 7} 
11.2) (1+-cosé6)/2 DO if? 13) 
, If lor 12 ve eviect §¢€ vith respect to |m 
ve obtain a factor of 12.8 instead of 11.2 in (13 
I 7. P f I 6 Krom (13 tne angular listribution of la /dQ He at a 
i For 4 certain energy and the value of (dof 90°]/dQ’) proton at 
8 that same energy, it is possible to obtain a value for the 
‘ : ' 
phase factor. At 300-Mev excitation energy, we obtain 
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part whi ependent.” From Eq. (2 © 00 in helium. The results also indicate a strong interference 
s for the cr section on the protor f the yntributions of the four nucleons to the elastic 
ytopr 1 process, even at large emission angles 
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Multiple-scattering corrections to the impulse approximation are calculated 


mesons by deuterons 


energy shell betweer 


1 for the scattering of r* 


These corrections are model-dependent since the scattered wave propagates off the 
the first and last scatterings whereas experimental scattering phase shifts are available 


only for elastic scattering. Various assumptions are made concerning the off-the-energy-shell behavior of 
the scattering amplitudes and the double-scattering approximation is analyzed for meson energies of 45 
Mev and 169 Mev. The results are tabulated and are found to be sensitive to the different scattering models 


The cross sections 


at 169 Mev were calculated with both the Fermi and Bethe solutions for the meson 


nucleon scattering phase shifts and are in close agreement. It thus does not seem to be feasible to use r*— D 


scattering as a means of distinguishing between these two solutions 


I, INTRODUCTION 


HE impulse approximation provides a straight- 

forward phenomenological approach to the analy- 
sis of the scattering of r mesons by deuterons or heavier 
nuclei. In this approximation the nucleons are con- 
sidered to scatter as free particles which have the same 
momentum distribution as the initially bound nucleons. 
It is thus possible to characterize the scatte ring purely 
in terms of the experimentally observed phase shifts 
for w-nucleon scattering and in terms of the nuclear 
momentum distribution. Corrections to the impulse 
the effect of the binding 
force during the scattering, the diminution in amplitude 
and the 


approximation arise due to 


of the incident wave in crossing the nucleus, 
multiple-scattering effects, as discussed by Chew, Wick, 
Ashkin, and Goldberger. 

This note considers the multiple-scattering corrections 


} 


to the impulse approximation in the calculation of the 


scattering cross sections of r* mesons by deuterons. 
In consequence of the small deuteron binding energy 
and of the fact that the deuteron consists of but two 
nucleons, it is expected that multiple-scattering correc- 
tions will be the only ones of importance for incident 
x mesons of kinetic energies greater than ~ 50 Mev. 
The motivation of this work derives from the experi- 
mental feasibility of measuring r* deuteron scattering 
from the theoretical 


1 interest in 
testing the accuracy of the impulse approximation and 


cross sections, and 
in finding the dominant features of the multiple- 
scattering correction. 

To a certain extent this correction is model-dependent 
since the scattered wave propagates off the energy shell 
between the first and last scatterings, whereas experi- 
mental scattering phase shifts are available only for 
Various assump- 
behavior of the 
order to test the 


models. In 


elastic scattering (on the energy shell). 
tions concerning the off-energy-shell 


scattering amplitude are made in 


sensitivity of the results to specifi par 
* This work 
search and the U. S. Atomic Energy Commission 
G. Chew and G. Wick, Phys. Rev. 85, 636 (1952 
? J. Ashkin and G. Wick, Phys. Rev. 86, 686 (1952 
G. Chew and M. Goldberger, Phys. Rev. 87, 778 (1952). 


was supported in part by the Office of Naval Re 


ticular, a point-scattering model has been discussed 
earlier by Chew and Wick! and by Brueckner* and will 
be considered within the framework of our results. 


II. OUTLINE AND RESULTS 


We describe here the approximation and results of 
these calculations. 

Firstly, we neglect the binding and motions of the 
scattering, and use the Hulthén 
wave function to describe the deuteron. Secondly, we 


sources during the 


neglect the possibility of absorption of the meson by 
the deuteron. Thirdly, we treat only the double-scatter- 
ing corrections. In principle it is possible to retain the 
higher-order scattering corrections with more compli- 
cated algebra to take into account the different scatter- 
ing phase shifts for various isotopic spin and angular 
momentum states. However, we expect that the main 
multiple-scattering corrections arise from the double 
that 
features of these corrections. Fourthly, we 


scattering so this procedure should yield the 
qualitative 
consider scattering of the meson by a nucleon to occur 
only in the six states (Sj, 4 and Py; Isotopic spin , 
and $) which have been used in the analysis of - 
hydrogen cross sections. 

Now the experiments on x-nucleon scattering furnish 
information on the elastic scattering in the form of a 


scattering amplitude, 


f (ky ko) = k-' (a+-Bk - ko— iyo - koX k), (1) 


where kp and k are respectively the momenta of the 
ingoing and outgoing particles, with k=ko; @ is the 
2X2 Pauli spin matrix for the nucleon; and we write 


a=, BRe=y-+2nt, vyr=q —7"*, (2 


where n, n*, and n~, refer respectively to the angular 
momentum states S, P;, and P;. Further, the y’s are 
operators in isotopic space expressing scattering in 
f spin 4 


states of isotopic and 4. They appear in the 


general form for the a, Bk’, yk’, of the type 


9 a’ +t-<n”, (3 


*K. Brueckner Rev. 89, 834 (1953); Phys. Rev 90 


(1953 
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CORRECTIONS IN ## 


where f,(k,q) represents the scattering amplitude for 
scattering by the ith source from q to k and 


fo(k,q) =e''*-©) ®f,(k,q). 


at 


Equation (4) exhibits explicitly the sum over the inter- 
mediate “‘off-the-energy-shell 
scattering sum. If we assume for S scattering that 
f,(k,q) is a function of the incident energy only and is 


independent of q, i.e., f:=a(k)/k, then, using Eq. (5) 


> momenta in the double- 


we have directly: 


fk ko e-i( kok) -R/24_ pi( kok) -R 


With this model of the si 
the approximation of only single and double scattering, 


ittering amplitude and with 


of close coincidence of the two scattering 





sources is falsified badly, since the scattering amplitude 
diverges as R— 0. Actually, we have for R 


ing from a source of double the stren } 


0 scatter 
gth of the individual 
scattering sources. The effect on the scattering ampli 
tude 
model-dependent except in the limit where the Born 


of doubling the source strength is, of course, 
approximation is valid, and the scattering amplitude is 
’ 


also doubled. We can avoid this divergence as R->0 





by summing up directly all of triple and higher- 
As shown, in Appendix A, it is 
possible to effect this sum for constant /;(q,k 
result that the scattering amplitude becomes 


i(k k ), (7) 


order scattering effects 


, with the 


fu 1(k,k d a \eé kh kR 


as deduced by Chew and Wick’ and Brueckner.‘ We 
multiple- 


see here that the interference among the 


scattered waves leads to the prediction that the scatter 
ing amplitude decreases linearly with R, vanishing as 
R—O. This again falsifies badly the region of close 
coin ider e of the two sources as dist ussed above. 


Equations (6) and (7) indicate the dangers concomitant 


with the assumption of tant off-the-energy-shell 
scattering amplitudes as applied to 


any problem for 
That this 


e analysis of the multiple 


which the region kR<1 is of importance. 


region is of importance in t 
scattering corrections for #*—D scattering is seen in 
Fig. 3 and Table II of reference 4. The main multiple- 
there comes from the region kR <1. 


scattering correction 


We discuss now alternate models which predict 


widely different behaviors for the scattering amplitude 
due to two sources near one another. As an extreme 
assumption we might postulate in Eq. (4) that the 


amplitudes /,(k,q) vanish for scattering off 
the principal 
(4) is omitted 


the energy she We then have, since 


DEUTERON 


fi (kk r tr) gl k hy 
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according to this assumption, 
a 
fur(k,ko)= e7 t(Ko—k) -R/2_4. pi(ko—k) -R/2 


isinkR 
a \¢ 


kR 


g"* +k) -R/2) : (8) 


i(sinkR)/kR is non- 
singular according to this model and yields a reasonable 
scattering amplitude in the R 
by Eq. (8) that in this limit of doubled source strength, 
the scattering amplitude becomes 2[a(k)/k ][1+ia(k) ]. 
With this assumption of no scattering off the energy 


The intermediate propagator g 


>(0 limit. Thus we see 


shell, one can also sum up the multiple-scattering effects, 
obtaining in analogy with Eq. (7), 


fue o( kk 1+e?(sinkR/kR 'fir(k ko). (9) 


A less extreme model based on the assumption of a 
separable potential also admits exact multiple-scattering 
According to this model, 


solutions. 


the Schrédinger 


equation for the scattering of a wave by a spherical 


potential AU’ is replaced by the inhomogeneous equation 
(A+k WW (r)=AU (vr), (10) 


where Y= fy(r)U (r)d'r, with U(r) normalized to unit 


volume, denotes the wave function averaged over the 
potential. The solution of this equation corresponding 


to outgoing scattered waves reads 


Averaging over the source, we obtain: 
y o(k ) Ay AWG, 


with the dehining reiations 


exp(iko- rl 


expik| r—r 
G dr) ff U(r) U(r’) d*rd*r’. 
kir—r’ 


act ordingly, 


r)d*r, 


and 


The scattering amplitude is, 


1+-AG) i 
a/k, (11) 


(\/ 49 
x ¢g k hy gf k Ay 


Extending this development to two sources, we re- 


place Eq. (10) by 


MU Wayt+Ua 


Vii frou. r)d'r. 


with 
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Ihe corresponding scattering solution reads Averaging over the two sources individually. we obtain 





an be solved 


WW 
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CORRECTIONS IN #r*% DEUTERON 


The validity of the foregoing remarks has been con- 
firmed in a series of calculations designed primarily to 
reliability of using the double-scattering term 


alone as a measure of the multiple-scattering correc- 


test the 


tions. For the three different modeis discussed previ- 
ously, we have computed total and differential elastic 
cross sections according to Eqs. (16) and (17) for two 
identical S-wave scattering sources with a relative spa- 
tial distribution given by the Hulthén wave function 
for the deuteron: 
at+p ag : 
Wp(R)= e aR — ¢ BR) /R. 


a—p 2x(at+ps 


have 
=1 and 


2.2, and individual scattering phase shifts of 6=30 


2.3110" cm, and 


considered incident meson wave numbers of k/u 


with 8/a=6.35 and a 


and $5 , a 


study are: 


exp(i6) sind. The pertinent results of this 


multiple-scattering corrections are acutely 


1) The multiy 
} 


model-dependent when they are at all important. 


) The doudle-scattering approximation fails to re- 


produce the multiple-scattering results only when 


y 
applied to Model I [Eqs. (6) and (7 


} 


with the singular 
propagator. In this case, the presence of the singularity 
bi 


in Eq. (6) at R=O introduces a large specious ct 


yntribu- 
tion from the region of close coincidence of the scatter- 
ing sources, RR <1. 

We fix with a set of numbers: for 
backward elastic scattering with k/u=2.2 and 6=45 
Model I [Eq. (7) ] gives a decrease from the impulse 
approximation by a factor of four; Model IT [ Eq. (9) ] 
by a fa and Model ITI [ Eqs. (12) and (13) ] 
by a factor of three for source radii a= 1/2y. The results 


for Models II and III : 


scattering ap 


these statements 


tor ol two 


; ; : 
ire unchanged in the double- 
1 


whereas the reduction factor 


for model I changes from four to two 


Finallv, we note e equations obtained in this 


section: 


1) In general there may be appreciable multiple- 


orrections to the impulse approximation for 


Scattering ¢ 


arge individual-particle scattering phase shifts in the 
case where the mag! e ol the scattering length 
a/k, is comparable with a mean or average spacing 
R between s attering sources; 1.€., a k; must be smal] 


compared with the mean spacing between the scatterers 


if multiple scattering is to be safely neglected. This 
ondition reduces to the requirement of small phase 
shifts, |a 1, for large-angle elastic scattering since 
two eons must be within a distance (1/4 R of 
each other in order to accept a momentum transfer of 

order & 
») The double S we even) scattering con- 


ributions are most important for scattering in the 


tion because the double-scattered waves 


pl ase whatever the relative orientation of the 
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IV. CALCULATION OF THE CROSS SECTIONS 


We consider now x*-deuteron scattering, using the 
experimentally observed phase shifts for pion-proton 
scattering together with the assumption of charge 
independence. We consider only the double-scattering 
corrections since the algebra of the spin and isotopic 
spin matrices becomes rather complicated. The double- 
scattering calculations which we have carried through 
for the S-wave scattering cases discussed above indicate 
the qualitative reliability for usch an approximation 

For this calculation we introduce Eqs. (1) and (5) 
into Eq. (4), obtaining 


kf(k, ko) = [en **e-® 2 (a, 481k: ko— ty 101: ko Xk) 
+ g~i(Kotk) -R (aotiBek:-Vr+ya2 vrXk) 
X (a: +iBiko- Vet 7101: koX Vx) go(RR) | 
+ (same expression with 1 «+ 2, and R«+ — R) 18) 


Different forms can be introduced for the 
gy(kR) corresponding to the various models discussed 


propagator 


previously. If we introduce Eq. (3) and project onto 
spin singlet state which represents the 


ave, for exampie, 


the isotopic 


deuteron, we 


r* D 2a’+ a’’(*, +o) -t r* D 2a’. (19 
Finally, after averaging over the orientations of R we 
obtain the general formula for the scattering amplitude. 
As it is write it in the 


{(R; k; 0) 


very voluminous, we shall 


Appendix, along with the particular cases 
and {(R;k;2/2). We present here the formula for 


which is the simplest one: 


(Rk: 


-k: mr) /k)| (a’ —B’k*) sin(RR)/RR 


aX ky) 20) 


The cross section follows then when we project / onto 
the deuteron triplet spin state and take its absolute 


Square: 


o(R:.k:.x)='\a, 


Explicit numerical cal carried 
45 Mev 


corre 


culations have been 
through for energies of the impinging pion : Eis, 

corresponding to k ».75u, and Ey 169 Mev 
1.46u. The corresponding pion-nucleon 
45 Mev, we 
169 Mev we 


sponding to k 
phase shifts are collected in Table I. At 
extrapolated the Steinberger" results. At 


Sachs, and Steinberger, Phys. Rev. 93, 1367 


“ Bodansky, 
(1954 
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CORRECTIONS IN r# 
certainty which the application of the impulse approxi- 
mation introduces: scattering amplitudes with the 
momentum energy relations which apply in meson- 
nucleon collisions are used in the meson-deuteron case 
for which there are different kinematical conditions. 
This difference is especially important in this energy 
region near the resonance where the cross section is 
rapidly varying with energy. 

Finally we note from our results in Table III that 
it does not seem feasible to use r*— D scattering experi- 
ments alone as a means of distinguishing between the 
predictions of the Fermi and Bethe sets of meson- 
nucleon scattering phase shifts since the multiple- 
scattering corrections are pretty much the same in 
both cases. 
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APPENDIX A 


We exhibit in this paragraph a brief deduction of the 
amplitudes for double and multiple S-scattering from 
two scattering sources. Writing and formally solving 
the Schrédinger equation for the case of scattering 
from a single source described by potential V (in units 


of 2m/h?), we have 


(E—H, y=Vy, 


(la) 
v=ot+Gl iy ¢+GV,(1—GV;) ly. 


exp(iko-r) represents the incident wave, y the 
(E—H,)~' the integral operator 
for scattering used by Lippman and Schwinger,'’ with 
the contour at the singularity chosen to satisfy the 
scattering boundary conditions. In terms of the Green 
we write 


where ¢= 


eigensolution, and G 


function g(r; r’), 


Gf), fers r;r)f(r’). 


The elastic scattering amplitude in this case is given by 


= fi (k ky). (3a) 


2a) 


(4r)“(k| V,(1—GV,)"' | k 


For two sources, Eq la bec omes 


¥=¢+G(Vi4+V2)[1—G(Vi4+ V2) F'¢. (4a) 


We wish 


the two sources as given 


now to express the scattering amplitude from 
(4a) 

the individual sources, Eq. 
inipulate the right member of 
into combinations of the form in Eq. (3a). 


in Eq in terms of the 


scattering amplitudes of 
3a). That is, we shall mz 
Eq. (4a 


Defining 
for 1=1,2, 


nd J. Schwinger, Phys. Rev. 79, 469 (1950) 


DEUTERON SCATTERING 


we find 
GV {1 —G{ VitV2)] : 
= Gay; +Ga,Ga,4 Ga,GaGV [1 —G| V; + V2) } ' 
(1 -Ga,Gaz) (Ga, +-Ga,;Gas). 


This gives us then the multiple-scattering expression, 


v=¢+(1 


Ga 1Gae) (Ga, - Ga,Gaz le 


+ (1—GaGa;)"'(Gae+GaGa,)¢, (Sa) 


in terms of the scattering amplitudes from the individual 
sources. If we keep only the single- and double-scatter- 
ing terms, Eq. (5a) approximates to 
Vo= ¢+G(a1+42+4;Gay+ aGa,)¢ 
= 9+ G[ V,(1—GV1)'+ V2(1—GV 2) 
+V,(1—GV,)"GV2(1—GV 2)! 
+V2(1—GV2) "GV, (1—GV,)"' Je, 

which together with defining Eqs. (2a) and (3a) gives 
Eq. (4) of the text for the scattering of waves with wave 
number k which solve the Helmholtz wave equation 
with Green’s function 


expiq: (r—r’) 
g(r; r’)=(2n) ‘fora 
g—k'—ie 


(6a) 


In Eq. (6a), the small negative imaginary term is 
appended in the denominator to define the contour 
corresponding to outgoing waves scattered from the 
source. 

The multiple scattering can be handled in Eq. (5a) 
with the assumption of constant scattering amplitudes 
as follows. Consider a contribution from the denomina- 
tor expansion, 


Ga Gad 1a i¢. 


Using Eqs. (2a) and (6a), we have 


Ga ;Ga Aa i¢ 


dor . d*q dq’ 
Ga, f f eur 
(29r)' g—k—ied g?—k’—ic 
 (q| a2) q’)(q’| ay! ky (7a) 
We next note the relation 
(q aq’ fereslia-@ r ja2(r) 
e'(4-o B(gla,|q’), (8a) 


with R introduced as the separation between the two 
scattering sources. Introducing Eq. (8a) into (7a) and 
making use of the above assumption that —(4x)"! 
X (q/ a; q’)= f; is independent of q and q’, we obtain 


Ga,Gadaa,¢g=Gaye'* " (e**®/R) fy, (9a) 


which is equivalent to (e**/R)*fPGa,g with our as- 
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Integral angular distributions of 860-Mev protons scattered by Be, C, 
been measured in a transmission experiment in which the half-angle subtendec 


detector was varied from 1.5° to 20°. A counter telesc 


am 


u, Sn, and Pb nuclei have 
1 at the absorber by the 
ope technique employing plastic scintillation counters 


ALC 


1 a fast-coincidence circuit was used. From the cross sections measured with poor geometry it is possible 


to deduce the inelastic cross section for the heavy elements and, less unambiguously, also for the light 


with 1.4-Bev neutron data from 





elements Agreement 
could not be obtair 
estimates could | 


the nucleus with constant nuclear density 


45 


the 


nts yield a nuclear absorptic 


mb, these ul 
1.2540.02) 4! 10- cn 


form R 





1. INTRODUCTION 


IGH-ENERGY experiments on the scattering of 
various particles by complex nuclei have in recent 
years yielded information on the size of the nucleus and 
+} 


e gross features of the interior, when analyzed in the 
light of the transparent model of the nucleus, in which 
the nuclear potential is given both a real and complex 
part. When the number of phase shifts is so large that 
an exact phase shift analysis is impractical, it has been 
customary to use the classical, or WKB, approximation 
or its analog in geometrical optics. In connection with 
the problem of electron scattering, Moliére' has given 
the basic formulas in this approximation for scattering 
by an arbitrary potential. The “optical” model, how- 
ever, first became popular after the publication of the 
paper of Fernbach, Serber, and Taylor,’ in which the 
formulas were applied to the particular case of neutrons 
scattered by a uniform, spherical nucleus with a complex 
index of refraction. Although many theorists use the 
general sense of a nuclear 


term “optical model” in the 
potential which does not depend on the coordinates of 
the individual nucleons, in this paper the term will be 
ised to denote the case in which the nucleus is assumed 
to be a uniform sphere with a complex index of refrac- 
tion, and reflection and refraction at the surface are 
neglected. 

Numerous experiments indicating nuclear transpar- 
ency have been performed with neutrons up to 280 Mev 
at Berkeley and Harwell. These experiments, which 
have been briefly summarized by Nedzel,’ have been 


+} i 


explained satisfactorily by the optical model 


Comparatively few experiments have been done with 
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a concurrent experiment is good. Total cross sections 


ved for the heavy elements because of Coulomb effects, but for the light elements rough 
ve made. The data are consistent with an interpretation in terms of the “optical” model of 
If the nucleon-nucleon cross section at this energy is taken to be 
yn constant K of 0.5610" cm™ and a nuclear radius of 


protons. At the time the present work was begun, there 
had been only three: a measurement of the differential 
elastic cross sections at 340 Mev by Richardson et al.,® 
one of the inelastic (or the so-called absorption) cross 
sections o, at 185, 240, and 305, Mev by Hicks and 
Kirschbaum,® and one of the total cross sections o, for 
light elements up to C at 408 Mev by Marshall et al.” 
Since that time o, has been measured for 134-Mev 
protons by Cassels and Lawson* and for 290-Mev 
protons by Millburn et al. De Carvalho" has recently 
determined g;, for light elements at 208 and 315 Mev. 

Since the customary approximation of neglecting re- 
flection and refraction at the surface of the nucleus 
improves with decreasing wavelength of the incident 
particles, experiments at higher energies should be 
comparatively free from the defects of the calculational 
procedure. Recently, Nedzel® has extended measure- 
ments of the total neutron cross sections to 410 Mev. 
Since the completion of the Brookhaven Cosmotron, it 
has been possible to perform experiments in the Bev 
region. The present experiment extends the proton 
cross sections to 860 Mev, which was at the time the 
highest energy available at the Cosmotron in an external 
proton beam of appreciable intensity. Concurrently, a 
neutron experiment was undertaken by Coor and 
others" at a mean energy of approximately 1.4 Bev. 
In their experiment the energy was determined from 
the width of the diffraction pattern, and therefore was 
not independent of the optical model. 

The main advantage of using protons lies in the 
possibility of having a monoenergetic beam of known 
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1952 
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energy and energy spread. The complications intro- 
duced by an inefficient detector are also avoided. More- 
over, it is in theory possible to determine the inelastic 
cross section a irately by absorbing out 


energy secondaries. Protons, however, hz 


disadvantages resulting from the Coulomb field: the 


counters and the 


beam suffers ionization loss in the 
absorber, i ipie 


ana 
Moreover, at small angles Rutherford scattering inter- 


is decollimated by mu!t scattering 
determi- 
of 


except for elements 


diffraction making a 
the 


Coulomb s attering 


with scattering 


feres 
total cross section ex 
difficult 


of low Z. It is for these reasons that most of the proton 


nation of a;, i.e lusive 


very 


experiments have been designed to measure o,, and 
most of the neutron experiments to measure 

The purpose of the present experiment was to make 
a preliminary survey of the proton-nucleus cross se 


an energy as practicable in order to 
of th 


to compare with the 


tions at as high 


ascertain the applicability 1€ optical model at very 


high energies an neutron-nucleus 


cross sections of Coor ef al.’ working with neutrons of 
Moreover, since the free 
tween 300 
whether 


ngly Witt 


eon 


a high but ill-defined energy 
p-p cross section was observed” to increase be 
and 800 Mev, it would be 

the nuclear opacity increased correspond 


the 


interesting to see 


known nucleon-nu cross 
lear radius R and 


constant in nuclear matter A from the 


assumption of a 


+} 


section one could determine the nu 
the absorption 


values of o,. If both o, and a, 1 be measured, one 


cou 


whether or not the mean rea 


could see potential in the 
nucleus remained at the low value of 13 Mev which it 


nd 300 Mey 

six elements were 
of C) are evenly spaced 
Be, C, Al, Cu, Sn, and Pb. At 860 Mev 
a reduced wavelength of 1.28 10~"* 


~kR) varies from 


seemed to have arou 


| or this st idy hosen whose mass 


numbers (with the exception 
in units of A 
the protons have 
cm: thus the number of phase shifts 


~ 20 for Be to ~60 for Pb 


2. EXPERIMENTAL METHOD 


A differential cross section measurement wo ild be a 


more sensitive test of the transparent nucleus model 


than a transmission experiment, but the beam 1 


that required for differential 


tensity 
available was far below 
The 
demand for ( 


necessitated t ot 


measurements low counting rate, togetber with the 


osmotron time, has moreover 


thick 


These compromises introduce 


neavy 


he use absorbers and a rather 


large beam diameter 


oulomb 


such difficulties as loss of beam by 








scattering in the absorber, double m scatter 
ings, and ill-defined geometry The s ess of the 
experiment as a preliminary survey therefore depends 
on the assumption that the cross sections wi rt be 


greatly affected by these effects if roug! 


4 detailed discussion of errors 


made for them 


corrections will be given in Sec. 6 
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The experimental arrangement is shown in Fig. 1. 
Use was made of a beam emerging from a 6-in. thick 
Be target in the east straight section of the Cosmotron 
at an angle of 32° to the circulating beam direction. 
This angle is the minimum angle at which the various 
particles scattered or created at the could 
emerge without passing through the field of the Cosmo- 
a }-in. thick 
portion of the aluminum vacuum chamber wall and 
entered a lead collimator of 3 in. circular aperture placed 
in the 8-ft thick concrete shield. The collimated beam 
was then analyzed by a magnet, and particles of 


target 


tron magnet. The particles passed through 





approximately 1500 Mev/c momentum were deflected 
11.9° into a counter telescope. The were 
mounted on a U-beam extending 25 ft from the magnet. 


counters 
The acceleration cycle of the Cosmotron occupied 
about 0.9 sec and was repeated every 5 sec. By turning 


off the rf acceleration voltage slowly at the end of the 
cycle, the 2.2-Bev protons could be made to strike the 
This 


the 


target over a period of some 50 milliseconds. 
of 
instantaneous counting rate. 

The 860-Mev beam incident on the 


defined by three 2}4- 


spreading out” the beam greatly reduced 


absorbers was 
in. diameter plastic scintillation 
9 


inters in triple coincidence. The absorber was placed 


the 
measured by a 6-in. diameter counter (No. 4) in 


quadruple coincid 


behind counter 3, and transmitted beam was 


ence with the other three. In order to 


gain as much information as possible from attenuation 


measurements, c ed at various dis- 
tances behind 


inter 4 was pla 
the absorber. An inte 
hus obtained. 

If @ is the half-angle subtended by counter 4 at the 
center of the absorber, .Vx is the number of atoms per 


gral angular distri- 


bution curve was t 


cm? in the absorber (.V being the number of atoms per 
I/Io is the 


cross section 


cm’ and x the thickness in cm), and 1/r 


observed transmission, then the apparent 


at subtended half-angle @ is given by 


(Va 1) 


Inr (A). 


This is the cross section for all interactions removing 


beam protons from the solid angle Q 


‘ 


defined by @, minus 
he cross section for production of secondaries detect- 
able by counter 4 


In theory, with suitable corrections and extrapola- 


ions, one can obtain Oa from th e poor geometry meas- 


irements and ao, from those at good geometry. The 


principal problem in the determination of o, is the 
elimination of charged secondaries from the last counter. 


While at lower energies® this can be accomplished by 


placing additional absorbers in front of the last counter 


+ 


to remove inelastically 
860 Mev this method 


e 
charged 


be impracticable. 


scattered particles, at 
was found to 
rhe determination of o; is complicated by the inter- 
of Rutherford scattering with the diffraction 
Rutherford scattering is appreciable only 
ll compared with the first 
diffraction minimum, a portion of the 


angle of the 


considerable 
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VERTICALLY EXPANDED VIEW OF 
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primary maximum in the diffraction pattern can be 
observed. This was the case for the light elements at 
315 Mev." The situatior 


momenta, however, since 


becomes worse at higher 


he diffraction angle decreases 


as 1/kR~1/p, while the angle for a given value of 
the Coulomb cross section decreases more slowly, as 
1 (pp 


3. EQUIPMENT 

A. Counters 
Counters 1, 2, and 3 were 2}-in. diam disks, } in. 
thick, of plastic 


Each counter was viewed e lye wise hy 


3 


scintillator ined commercially. 
two matched 
1P21 photomultipliers, whose outputs were connected 
in parallel Counter 4 was a 6 In disk of pl iSli« vit wed 


Most 


was 


by three photomultipliers symmetrically placed 


14, 


ng of powdered poly 


of the data were taken wit}! ounter which 


homemade by compression mold 


ny 
styrene activated with terpheny!. Since this counter 
was not perfect y transparent, its pulses were non 
iniform in size and smaller than those of the other 


> end of the experimental work it 


was possible to obtain commercially 6 in. plastic scinti 


ter 4B 


these, produced much larger pulses 


lators of good quality. Cour made with one of 


ver the 


inilormly 


entire surface. The datum points taken with counters 4A 
} 


and 4B have been plotted 


10-15 


separately on the graphs 
Figs 


B. Electronics 


Negative pulses from the anodes of the photomulti- 


pliers were amplified by Hewlett-Packard distributed 


MEV 


PROTONS 859 









amplifiers and clipped to 3X 10~° sec in length by 18-in. 
The tl 


coincidence circuits, one forming triple 


delay lines pulses then entered two identical 


icidences for 


cou 


the incident beam, and the other, q iadruple coinci 


dences for the transmitted beam. The outputs of the 

coincidence cir lits were fed into cathode followers, 

and then to one of two identical amplifier 
rhe uniform 


width from these circuits were then transmitted to the 


discriminator, 


and gating circuits pulses of 10>’ -se¢ 
St alers. 
The coincidence circuits were of a type designed by 


distributed 





Garwin modified along the lines ol a 


amplifier by Madansky 4 These circuits were designed 


to torm Ip to sixfold coincidences 


The 
circuits 


without pairing 


resolving time of the 


counters plus coincidence 


was tested by delaying or advancing the pulses 
! | 


Irom one counter by ch anging the « ab e iengti bet ween 


the counter and the coin idence circuit | iwure 2 shows 
typical cable curves of counting rate versus cable 
difference. The half-width of the peaks indicates a 


resolving time of approximately 7X 10~* se 
The discriminator was an EF P-60 secondary-emission 
tube, whose grid bias was adjusted to set the discrimi 


nation level. Plateau curves of counting rate vs bias 


voltage were flat over 1.2 volts, with a total variation 


of 5% over the whole plateau. In practice, the bias was 
A gating circuit cut off the 


EF P-60 except lor a period of 80 msec at the end of 


held constant to 0.05 volt 


the acceleration cycle of the Cosmotron. 


The fast scalers were Hewlett-Packard 10-megacycle 


scalers capable of resolving three pulses in 0.2 psec 


'R. Garw Rev. Sci. Instr. 21 
“LL. Madansky 


59 (1950 


private communication 
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auxiliary monitor. This rate was 0.15% of the positive 
: | particle rate. Assuming a positive to negative meson 
/ A ratio of not greater'® than 3, this gave a meson con- 
. 


tamination of less than 3%, which was completely 


RATE 
yA 
L 


negligible. 


TING 
» 


B. Proton Energy 


OUN 


6 
/ The beam energy was determined both by a range 


$00 ¢ \ \ measurement and by the method of a current-carrying 
e y | * wire."* In the latter case the incoming proton energy 


Lk 
A / \ . | was found to be 867 Mev. The energy of the protons 
/ }c “o_ incident on the absorber was 859 Mev, 8 Mev having 

beak been lost in the first three counters. The uncertainty 

in the wire measurement was about 1%. In the other 
in copper was taken and 
nuclear interactions 


measurement, a range curve 








I 7 ‘ ( 
tion of f 1 differentiated graphically, taking nu 
f, respective into account. The mean range was 360 g/cm?, with a 
, half-width at half maximum of about 30 g/cm’. A range- 
° by & Gipre puis , e energy curve, prepared by Dr. R. Sternheimer, using 
‘ ting r varied from 100 to 1000 per Cosmo , . . we , 7 . 
dienes — 1 I a the experimental values’? at 340 Mev and an integra- 
tr yule which asted 30-80 mes ec1riming ny , - e > : ‘ . . 
my ope ec. Assuming a maxi tion of an energy loss formula including the density 
m average rate o ‘1(P ner « ond dur rthern ce . yn . “ 
wes rate of 3X 10* per sé Sang a ind Cerenkov effects, gave an energy of 840 Mev 
‘ ‘ ra 1 hand " onsiderable ae . . ° ° . 
oa So o mae ——— o — orresponding to this range. Consideration of such 
‘ } aT } a ny f+ 7. -_ ‘ ‘ 
it De ) | ¢ ea \ I € ¢ effects s stragg g and n tiple scattering fa led to 
ratus w found to be 2.2107 se > 
In 2.2 r “d e ser agreement with the re measurement 
\ tux iry monitor (see Fig. 1 onsisting ol two 
ers 0 le ¢ la se marate svster { ele \Or—~+ . + oe - 7 7 7 
is | ¢ T in eT Cal | Ss WwW Ist ) o~ 
eck that tuations rate were rea | a pated + | 
‘ sed h strumental failure. It v _— 
the measure ent | Dear i as | 
C. Magnet and Absorbers ; 4 - 
4 . ° j 
The ilyzing magnet had rectangular 36 x18 £ ERTICA 
z 
wle eces wit i 6 gap. The field was ) 10 . | 
. . on og | 
s producing a deflection of 11.9° for 870-Mev = whe 
protons. The absorbers were all 8 in.x<8 n are > L aeitiie i | mbes 
‘ irious knesses for each element g ey 
e Ratewe: 
4. AUXILIARY MEASUREMENTS 
¥ A —_ ry 
A. Beam Contamination & $+ 
aid Ran 
The analyzing magnet removed a! particies Ir the . 
beam except protons, mesons, and positrons of mo 
. é : " -- — 
mentum approximately 1500 Mev The number of a * 
heavy mesons ns, and positrons of this momentun a HORIZONTAL 
n the 32° beam is estimated to be negligib - re ; 
ompared t thre mber of r mesons We eretore —oO—. | 
nates of Pe a atet . f > aed ' 
onside; t co | ] la rT) > { SI esMe | \ | A 4 4 > 4 
3 2 0 2 3 
positive pions. 5S e the proto ind meson velocities ONS TANCE (INCHES) 
ire oo s ira is mome iT o ais g s em | 3 Dis f the 7” , ; 
by time of flight, and since the protons had too long a The size of the € cour is indicate 
range to be absorbed out w . rreativ atte it " s. The tted curve is the axially s 
. i x ite tf 1Z il 
the mesons... detert ition ol e beam contamunat}l 
was made by a direct method. The magnet polarit 
was reversed, and the negative parti les of the same L. C. L. Yuan and S. J. Linde tu Phys. Rev. 93, 1431 
1entum hic ’ he nior , ner ol 954) and private munication 
momentum, W ‘ could only be pions plus any eie * DeWire. Ashk und Beach. Phys. Rev. 83. 505 (1951 
trons and muons present), were counted relative to the C. J. Bakker and E. Segré, Phys. Rev. 81, 489 (1951 








CROSS SECTIONS 
Since the latter method was believed to be more 
reliable, the energy of the incident protons in this 
experiment was taken to be 860+50 Mev, half-width 
at half-maximum. The mean energy in the absorber 
varied from 857 to 825 Mev for the samples used. 


C. Beam Distribution 


Owing to imperfect collimation and to scattering by 
the counters, the beam incident on the absorber was not 
uniformly distributed over a circle 2} in. in diameter. 
For the purpose of calculating the multiple scattering 
correction, it was necessary to measure this distribution. 
This was accomplished by counting at different posi- 
tions with a small (1 in.X} in.) counter in quadrupule 
coincidence with counters 1, 2, and 3. No appreciable 
divergence of the beam was found; the lateral distri- 
bution is shown in Fig. 3. 


D. Efficiency of Counter 4 


Because of scattering by the defining counters and 
by the air, the “efficiency,” 
triples without absorber, was always less than 97% 
However, for any particular geometry the efficiency was 
always smaller for counter 4A than for counter 4B, 
indicating that one or both of these counters was not 


or ratio of quadruples to 


100% efficient over its entire surface. Since the sub- 
tended angle 6 would be affected by a nonuniform sensi- 
tivity, this was measured with a small probe counter. 
Counter 4B was found to be essentially 100% efficient ; 
the result for counter 44 is shown in Fig. 4 


E. Accidental Coincidences 


Since the instantaneous counting rates were unknown, 
the rate of accidentals could not be calculated but had 
to be measured. This is usually done by displacing one 
counter at a time or delaying its pulses. One is then 


faced with the problem of combining these partial 
' 


accidental rates. Moreover, in a collimated beam in 


which a large fraction of the counting rate is due to 
true beam particles this method overestimates the 
accidental rate: with one counter displaced or its pulses 
delayed, a beam particle can give rise to an accidental 
count which under normal conditions would be a true 
the present experiment ‘‘accidental”’ 
runs were frequently taken by adding 20 feet of cable 


to counter 4. Fortunately, 


coincidence. In 


the resolving time was such 
that this rate was usually below 0.6% of the normal 
rate and could be neglected even if the true accidental 
rate was somewhat different. Therefore, an accurate 
calculation of the accidental rate was not necessary. 
The uncertainty introduced will be discussed later. 
With the magnet off the 
0.05% of the normal triples rate 


background was less than 


5. EXPERIMENTAL PROCEDURE 


The line of centers of counters 1, 2, 
justed to maximize the coincidence counting rate. That 


and 3 was ad- 


this line lay along a proton trajectory was confirmed 
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Fic. 4. Uniformity of counter 44. The variation of efficiency is 
shown along the vertical and horizontal diameters. The difference 


betwee! 


dotted lines indicate the edge of the counter 


these arises from the location of the phototubes. The 


by the current-carrying wire method. The cable lengths 


between the counters and the coincidence circuits were 


set at the center of the cable curve (Fig. 2 


, and plateau 
curves were taken on each of the two circuits counting 
triple and quadruple coincidences by varying the dis 
criminator on one circuit and using the other as a 
monitor. That the discriminator voltage was set at the 
middle of its plateau and that the cable length curve 
was flat-topped was checked at the beginning of each 
day’s run. For a given geometry, the “efficiency” re 
mained constant from day to day and served as a 


check on the stability of the electronics, 


convenient 
since every other run was a “‘zero”’ run (without ab 
sorber). The failure of almost any component in the 
electronics would have affected the efficiency. Through 
out the experiment the magnet current, discriminator 
voltage, and accidental coincidence rate were frequently 
che ked. 

For each element, points were taken at various 
to 6= 20 
various thicknesses of absorber were used. Each point 
was based on a run (approximately 50.000 counts in 
the triples) with the absorber in, and a “zero” run with 


geometries from 6=1.5 For some elements, 


the absorber out. The zero run was taken immediately 
before or after the absorber run, or both. In computing 
the transmissions, only the zero run taken for each 
point was used, in order to eliminate the effects of slow 
drifts in the apparatus; all the zero runs for each 
geometry were nol averaged. Some of the points were 
repeated during the course of the experiment, some 
times after a lapse of several months. The spread of 
these repeated points was consistent with the statistical 


errors. 

















6. CORRECTIONS AND ERRORS 
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sorber, and 1—F is the fraction of the beam lost by 


multiple scattering; that is, the observed transmission 

is FJ / J, instead of J// 

m of F is made difficult by such factors 
wide beam and the nonuniformity of 


If the beam were extremely narrow, the 





particles emerging from the absorber would have a 
gaussian distril n the deflectio and this 
gaussian Can easily be integrated over tne solid angle 
subtended by counter 4. In the case of a wide beam, 


ticles off the axis of the beam will have 


nowever, par Icie’s O 


gaussians centered about different points in the cross 
section of the beam, and there must be an additional 
integration ove e beam distribution. Moreover, after 
traversing a thick absorber, the beam will have been 
spre oO space aS well aS 1n angie In connec tion 
s problem we ive been fortunate in having the 

is e of Dr. R. M. Sternheimer. Sternheimer’s 
res the torm ol irves of F as a function of 
e€ parameters ry and p where po 1S the radius of a 
lor I r beam in units of the radius of counter 4, 

r, is a function of the rms scattering angle and the 

gt et! rr ement. Since in this case the beam 
vas not uniform, it was necessary to approximate the 
beam distribution by a superposition of four uniform 
beams of different radii and intensities. The assumed 
distribution is shown in Fig. 3. For each experimental 
point, ro was computed using radiation lengths given 


Rossi,'® F(p») was found for each po from Stern- 


heimer’s curves, and F was obtained by averaging the 
four / p S uit ippropriate veignts 
Che re ting o,, depends critically on the value 
iss ec T e& elective radi is © ot counter 4. For 
er 48, ® was quite close to its physical dimension 
se for counter 44. ® was somewhat smaller, 
yv y ) é ¢ é yt t 5 er see Fig 5 
‘ 0 
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ee 
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CROSS SECTIONS FOR 


A value for ® was obtained by comparing cross sections 
measured with counters 44 and 4B at good geometries, 
the tion changes rapidly with angle 


cToOss sect 


where 
These cross se tions fell 


tering. 


because of multiple scat 
curve if the subtended angle for counter 44 


on a smoot! 


was computed with ®& 65 in., which is a reasonable 


2 
value in view of Fig. 4. Thus counter 44 was assigned 
an effective radius of 2.65 in. for the purposes of com- 
puting 6 and o,,. The error in o was estimated roughly, 
taking into error in computing F, 
incertainty in ® for counter 4A, and the uncertainty 


account the the 


in the beam distribution. 

It was | oped that the variation of the meas ired cross 
sections with absorber thickness would prov ide a check 
iracy of the multiple 


tu scattering correction, 


on ine at 


since, to a first approximation, the absorber thickness 
should affect only om However, it was disc overed that 
the calculated value of o,, for thick absorbers was too 
large to corrected cross sections into agree- 


ment W 





corrected thin absorber measurements. 


This dis repancy was ittnib ited to the lack ot a 


defined geometry in the experiment, and to the in- 


ilracy of some of the ass imptions, suc > one 


act 


implicit in Eq. (3) that diffrac ted particles will be lost 


in the same pr noninteracting particles. 


| yportion as 


Because of the uncertainty in this correction whenever 


it is large, no experimental points for which F was less 


} 


than 0.9 were usec 


th this restriction, the errors in the remaining 


Even wi 


good and termediate geometry points tor the heavy 


elements were extremely large. One could not hope to 


reduce o,, by reducing the absorber thickness by, say, 
a factor of 4, since the increase in 1/Nx in Eq. (3) is 


e decrease in fF. However, 


e the error in o, by reducing the beam 


sufficient to compensate for t! 
one could redu 
reasing the uncer- 


For 


considerably de 


diameter, thereby 


taintv in the assumed beam distribution this 
ts were remeasured ising a 1} in. 


itioned. 


reason, some poin 


as previousiy mel! 


C. Charged Secondaries 


Since, as discussed earlier was not possible experi- 
mentally to eliminate from the transmitted beam 


charged products of interact ns emitted in the forward 


direction, the data take it poor geometries had to be 
corrected for the effects of charged secondaries The 
these were taken into account will 





D. Accidental Coincidences 





lo com 1 correction for accidental coincidences 
would be di ilt because the accidental rate (a is hard 
to measure, as was ment oned before, and b) fluctuates 


beam intensity and beam 


bunching timate of the maximum 


effect on o of neglecting to « identals we 


have used the probably conservative measurements 
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mentioned in Sec. 4E, to set an upper limit of 0.0075 
for the ratio of accidental to triples rates. In the extreme 
where the accidental rate is unaffected by the 
insertion of the absorber, the effect would be 
Ao=0.0075(T—1)/T'Nx, where [ the 
transmission without absorber to that with absorber. 


case 
on @¢ 
is the ratio of 
This error is partly systematic and partly statistical. 


It was calculated for each datum point and, for 
simplicity, was combined with the other errors as if it 


were a random error. 


E. Beam Spread 


Because of the non-negligible diameter of the beam 
the 
position of diffraction patterns centered on different 
The effect will be to 
for intermediate angles and to leave a(@) 


observed angular distribution will be a super- 


points in the beam cross section. 
increase o(@ 
unchanged in the limits of both good and poor geometry. 
The problem of computing the correction is similar to 
that 


Sternheimer'® 


of finding the multiple scattering correction, 


has pointed out that the same curves 


for F could be used if the diffraction pattern is replaced 
by the Gaussian 


bk RA) =} J y( 


1k? R? exp| —} kRO)/0 
which closely approximates the optical model pattern 


first maximum. Here R is the nuclear radius, 


in the 


k the propagation constant, and J, the first-order Bessel 
function. Then the error Ao introduced in o(@ 
ly by Aco —ad F (19,0) — F (0,9 


total diffraction cross section, and 


is given 
is the 
is given by 2/kR4 


2h-in. diameter beam, this yields a maximum 


rough |, where 4 


For the 


or 


~5%, occurring for @ somewhere near the 


correction ol 
first diffraction minimum. However, the points taken 
should 


the 


with the 1}-in. diameter beam, for which Ae 


have been much smaller, did not seem, within 


statistical accuracy, to be systematically lower. Because 






of the diffi ely, 


ilty of computing the correction accurat 
no correction was made. The points taken at inter 


mediate geometries, therefore, are not necessarily a 


good indication of the shape of the integral angular 


distribution 


F. Double-Diffraction Scattering 


ise of thick absorbers introduces the possibility 


The 
, 


that an elastically scattered parti le will undergo one 


or more additional scatterings before leaving the ab 


sorber For the absorbers ised the probability of double 


scattering is at most 10 or 15% of that of single scat 
tering. The effect on the angular distribution is merely 
to “smear out” and widen the diffraction pattern 


sugnhtiy since the doubly scattered parti les have a 
distribution which is essentially the convolution of the 
wits 


diffraction pattern by itself. The correction in o(@ 


estimated to be small and has been neglected. 
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TABLE I.—Conti<ued 
Beam 
liam 
clement 6 (deg n Counter 4 x 1 ge t @ (mb gm (mb @ (barns) 
( 1.52 24 i 1 422.9 19.3 13412 
1.53 24 { 2 418.2 6.7 30+ 22 
1.53 2 { 3 $14.5 5.1 444255 0.381 +0.011 
1.54 2 { 4 423.4 3.3 54+ 26 | 
1.56 2 { 6 426.2 32 (9 +25 | 
2.04 2 ! 4 384.8 34 20+13 0.365 +0.014 
3.0 2 { 4 332.8 3.7 3343.2 0.330 +0.005 
17 ? { 4 89 4 3.0 0+0 0.2894+-0,0035 
5.7 2 1 4 66.3 28 0+0 0.2663 40.0033 
7.4 2 { 4 246.9 2.9 0+0 0.2469+0.0034 
8.4 2 B 4 242.0 1.8 0+0 0.2420-+0.0025 
10.6 2 { 4 179.0 26 0+0 0.2090.4-0.0030 
11.1 24 B 4 212.5 29 0-+0 0.2125-+0.0033 
14.2 23 { 4 179.5 2.4 0O+0 0.179540,0027 
0 25 B 4 143.3 1.7 0-+0 0.14334-0.0020 
He 1.53 24 ! 2 311.3 14 10-+9 
1.54 24 { 4 317.3 2.5 21412 0.296 +0.007 
1.56 24 A 6 315.7 1.9 9 + 13 
2.04 24 { 4 289.0 2.4 7+6 0.282 +0.006 
30 24 { 4 61.3 2.2 0.6+1.1 0.2607 +0.0030 
47 4 { j AR 21 0+0 0.2368 4+-0.0026 
5.7 24 { $ 217.7 21 0-+0 0.2177 40.0028 
74 24 { j 201.7 0) 0-+0 (0),2017 40,0024 
11.0 4 R j 172.5 24 0+0 0.1725-4-0.0027 
13.0 7 { 4 153.9 19 0+0 0.1539+0.0022 
0.0 24 B rl 117.6 1.2 0+0 0.11764+0.0014 


G. Statistics and Other Errors 


The standard deviation due to counting statistics 


was computed from the formula 


where 7 and Q are the number of triple and quadruple 
coincidences with absorber, J») and Qo are the corre- 
t absorber, and I’ TO OT 
is the ratio of the transmission in the “zero” run to 
that in the ‘‘absorber” run. In view of Eq. (1), the 


al standard deviation in o(@) is 


sponding numbers withou 


e,(0 1/Nx)fe(T)/T] 5) 

In plotting the cross sections against 6, one should 
ise that angle at which the mean solid angle 2 is sub- 
tended. However, the use of the geometrical center of 
the absorber in computing @ introduces a negligibly 
small error. The diffraction pattern was slightly smeared 


e beam, but this effect 


effect of the 


it by the energy spread of tt 


oO 


was small compared with the geometrica 


absorber thickness 


‘ + = 
[he absorber thicknesses were known to within 2%. 
: doa 
[he magnet current was held constant to 1%. 1 





error due to discriminat and the slope of 


or bias drift 
the plateau was icss h 


an 0.2%; t 


tk is was small com- 
pared to the statistical error. As mentioned previously, 
the 
The error ca ised by the 


ily one count in 150 would be missed 


beam contamination was completely negligible. 


dead time of the apparatus 
or 


was small, since 


at a maximum counting rate of 3X10" se 


7. RESULTS AND COMPARISON WITH THEORY 
A. Determination of a, 


rhe observed cross sections a9(@) are shown in Table I 
together with values of the multiple scattering correc- 
tion and the corrected cross sections ¢(@). In Table I, 
A is the atomic number; @ is the half-angle, in degrees, 
subtended by counter 4 at the center of the absorber; 
x is the nominal absorber thickness in inches; ¢, is the 
statistical counting error; and a, is the correction for 
multiple scattering. The diameter of the beam and the 
counter (4A or 48) used as counter 4 (see Sec. 3) are 
also shown. The values of @ were computed using 2.65 in. 
for the radius of counter 4A and 3.00 in. for that of 
counter 4B. Runs taken at different times under identi 
cal conditions have been combined. Points for which 
the multiple scattering correction was large (Ff <0.9) 
the 
the error in ¢,, and 


have been omitted. The error in o includes (a) 
statistical standard deviation, (b) 
(c) the error due to the neglect of accidentals. 

From the data in Table I, one can hope to obtain 
(a) the inelastic cross sections o, from the poor geometry 
points and (b) the total cross sections o;(=o4+¢4) 
from the good geometry points 
large angles are appreciably affected by the presence 


laries in the solid angle subtended by 


The cross sections at 


of charged secon 
the back counter since, as discussed earlier, it was not 
possible experimentally to eliminate these secondanes 


7 ? 
parte 


from the transmitted beam. The effect of these es 
is to cause the apparent cross sections to decrease with 
increasing subtended angle even beyond those angles 


for which elastic processes should have an effect. To 
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diffraction scattering extends to larger angles and 


because the secondaries may be bunched forward and 
mger as nearly isotropic in the angular interval 
considered. If one plots the corrected 


poor ger ymetry 


| 
ac 





ross sections against 2 as before, the points do not lie 
on a as shown for C in Fig. 6. If the 
irvature were due entirely to nonisotropic secondaries 
in estimate of o, could be obtained by a more or less 
onjectural extrapolation of the curve to 2=0. There 


-asons, however, for treat irvature 


1S spurious and omitting the points at small angles. 
Ihese include errors such as caused by the neglect of 
the rrection for the finite width of the beam (the 
orrection being largest for light elements and inter 
mediate geometries), errors in the ymputed residual 
diffraction scattering (the uncertainty is large for many 


beir Y aS good an 


approxi 








n f lor light elements as for heavy ones), or even 
, 
en 
TT i 
Te 
extr 
cider 
Space 
r 
i ree 
ce 
Re 
mere 
Nit the opt ai le 
The values of o, found in this manner are given in 
Table II The error quoted ‘ des i) the error in 
the intercept given by the least-squares method. (b) an 
te of the error due to finite beam diameter, the 
error in neglecting the factor 1—2eV’./(p3c) due to the 
{ | eid nd } in estimate I the ] eT 
the va ty of the extrapoilatio! The last factor 
rts on iratively large error to the Be and ( 
Ss se ns 


B. Theoretical Curves and Formulas 





. et 
lr the optical mode! ot the transparent eus, the 
] } rf , ; > 

‘ Ss 1s regarded isa orm snnere ¢ rac S R 

S + o r 1 

) - ge/ah 

7 472+0.10 oss 1). 97 

of +O 09 } 57 0 906 

4 98+0.07 { 5 0.94 

% 4 5 375+0.06 0.55 0.89 
0.196+-0.032 » 81+0.21 0.58 0.84 
0.147+0.022 2.56+0.18 57 0.82 
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c. 8 xample of a diffraction pattern, calculated by th 
WKB mu G ; . € scatte WKB formula f Gatha and Ridce for the cattering of 
protons \ setae ae c. 
ompi dex of reira In order to compute the angular distribution for 
en tb, /] K /2) (6) proton scattering in which the Coulomb field cannot be 
neglected, one can extend the neutron model to the 
Where Ro 1S the wave ber of the incident particle case in which the potential consists of a square well 
a ee . } } bt a oe bomaainiel ‘ : 7 
outside the nucieus, k= Kot h K, 2 is the propagation plus a screened Coulomb field. Assuming a uniform 
constant inside the nucleus, and A is the absorption charge density in the nucleus, the potential is then 


constant in nuclear matter, given by 


4 y ts 
A $A lor R i) 
He re oO ~ € ive f é C0 ross section 
side e€ nucieus 
For the iS¢ | ¢ I the res ng expressions 
lor I are ( b 


oe "(1+ ZA 7}| 9 


The expression for /(#) cannot be integrated analyti- 
imit KR it approa 


l hes the formula 
for a cylindrical nucleus. Thus for large opacity the 


cally , but in the 


differential cross section can be approximated by 


ata Ta J koR siné) 
(10) 


sin? 


V (r) = Vp tiV24+-Ze’ (3R?—2*)/2R°, r<R, 
r>R. 


. (11) 
Ze*/r) exp(—r/a), 


For convenience we have used a formula given by 
Gatha and Riddell” for scattering by a complex square 
well potential plus an unscreened Coulomb field in the 
WKB approximation. These authors used an expression, 
Schiff, 


given by for scattering by a modified Coulomb 


potential; and the nuclear phase shifts were computed 


from Langer’s formula.” In applying this formula to 
the present case of a large number of phase shifts, we 
have replaced the sum over the phase shifts 6; with an 
making / a continuous variable by 


integra] 
approximating P,(cos@) by Jol (/+-4)6]. Angular distri 


over l, 


butions were computed numerically for two or three 
values of K and R, with k,=0, for each 
Examples of these curves are shown in Figs. 7 and 8 


element. 


The integral angular distributions, shown with the 


experimental data in Figs. 9-14, were then calculated 
llowing manner. To find o(@) for each K and R, 


» tr > 7 
in the toi 


™K. M. Gatha an 


R. J. Riddell, Phys. Rev. 86, 1035 (1952 





™L. 1. Schiff, Quantum Mechanics (McGraw-Hill Book Com 
pany, Ir New York, 1949), p. 120 
2N. F. Mott and H. S. W. Massey, The Theory of Alomt 


Collision niversity Press, London, 1949), p. 127 
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C. Integra! Angular Distribution did not level off at large angles. The former method was 
In order to compare the data of Table I with theo- therefore used for determining this correction 
retical curves of the integral angular distributions, one [he data of Table I for Pb, Sn, Cu, and Al, with 
must compute a further correction 6,(@) for detection the effect of secondaries subtracted, are plotted in 
of secondaries and apply it to the values of o(@) in Figs. 9-12. In Figs. 13 and 14, the data for C and Be 
Table I. This correction is easily found from the are presented without this correction, since the un- 
graphs (see Fig. 5) used for the extrapolation to certainty in hitting the points (see Fig. 6) to a unique 
determine s simply the difference between the straight line prevented a reliable evaluation of 6,. The 
ordinates at 0 it 2(6) of the least-squares straig theoretical curves discussed above for various values of 
line the optical parameters are also shown on the graphs. 
he correction 6, was also computed by an alternate The physical limits of the absorbers are indicated as 
isa } a ‘ . rr. 
procedure making use of the angular distribution of _ limits on 6; these are not to be construed as the standard 
secondaries from 114 stars found by Widgoff ef a/™ in deviations in 6 
= ' ¢ ¢ eat As can be seen from Figs. 9-14 the computed theo- 
Z ea : ‘a 


ication retical curves do not fit the experimental points well at 











CROSS SECTIONS 
all angles. In all cases the measured cross sections seem 
to level off with increasing @ more gradually than the 
theoretical curves for k,;=0. This is particularly notice- 
able in Cu (Fig. 11), where both ends of the experi- 
mental curve seem to have the proper slope, but the 
middle is considerably more rounded. The assumption 


¢ 


of a large &; will increase oy relative to o., but not 


A diffuse nuclear 


enough, since the opacity is high. 
not 


edge would smooth out the ripples in o(@), but 


change its general shape. The assumption of a spin- 
orbit term in the interaction™ also does not alter the 
shape of the curve sufficiently. However, this effect 
may be purely instrumental, since the corrections due 


to finite beam size and multiple diffraction scattering, 


which we have neglected, are largest in the intermediate- 
COPPER 
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Fic. 11. Att ss r( 
Sas er Fig. 10 
ingle region ind at least part of the dis repancy 
probably arises from these causes 


Figs. 13 and 14), the observed angular 


In C and Be g 
distributions may depart from the theoretical curves at 


angles to an extent which cannot be ascribed to 


large 


the detection of secon There is thus perhaps an 


iries 


the opt al model with the above 


indication that 


assumptions does not predict the correct angular distri 
bution for light 


iss 


elements. Indeed, there has already 


FOR 


been 


diffraction minim 


assumption 


suggested by several authors,” or a theory whi 


he Jastr 
te comn 


95, 577 ( 


evident 


ternheimer, and Yar 


wand J. I 


Cc does not have a 


t 340 Mev 


t thee 


{ i 


) } } 
inimum a Perhaps the 


of a rounded as 


potentia 
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D. Determination of ¢, 
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the at 
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which were computed with interference taken into 
account. 
pe ee E. Determination of Optical Parameters 


4 : 4 NTER 6 é To show the consistency of the data with an inter- 


pretation in terms of the optical model, we must com- 


pute the parameters K, R, and &,. Since at most only 

2 ‘ two quantities, ¢, and oz, have been measured for each 
; ~ — element, we must make an assumption about one of 
> = ' the three parameters. K and R are related by Eq. (7) 

ssi and oa, is uniquely determined by these two parameters 

om ete SS in Eq. (8). One can, therefore, either assume an 

7 ro(R=r,A*X10-" cm) and obtain a value for &, or 

assume @& and derive R. The latter alternative was 

chosen, since recent electromagnetic measurements of 

ear radii have thrown doubt on the earlier values 

as VGLE (06 of ro, and since & should be close to the free nucleon- 

| 14.A ‘ f Be. See pti ' - nucieon ross sectior The effects of the exclusion 


. ah a 
principle are estimated to be small at this energy. The 


value chosen for ¢ was 45 mb, an average between the 
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CROSS SECTIONS FOR 


to the range of nuclear forces. The slope of the line 
yields an ro of 1.25+0.02, corresponding to a K of 
(0.56+0.03) X10" cm™, where the error in K does not 
include the uncertainty in ¢. The upper limits for ¢4 can 
be used to find an upper limit for &,/ K, using the curves 
given by Bethe and Wilson** for o4/R® as a function 
of o,/wR® for various values of k,/K. The result is 
k,/K<0.4 for Al and <0.5 for C and Be, corresponding 
to a maximum real well-depth V; of about 50 Mev. 


8. CONCLUSION AND COMPARISON 
WITH OTHER DATA 


The nuclear cross sections measured in this experi- 
ment are consistent with an interpretation in terms of 
the optical model of a transparent nucleus, with 
K =0.56X 10" cm™, R= (1.2540.02)A'X 10-" cm, and 
a nonvanishing value of k;, although it is probable that 
the data for light elements would be better fitted by a 
more elaborate model. The inelastic and total cross 
sections determined from the data are shown in Fig. 16, 
together with high-energy cross sections measured by 
other authors. It is seen that both o, and o; are rising 
at very high energies, corresponding to the measured 
increase in op,’ and a,_,."' The present measurements 
of oq fit well on these curves; but the values of o:, 
which are upper limits, are too high, as expected. The 
value of about 0.5 for k,/K found from these values of 
a, is in agreement with the value found by Coor et al.' 
for Be and C but is somewhat higher than their average 
value of 0.3 for all the elements. The above values of 
ry and K are in good agreement with other data at 
Coor et al." 1.28, K=0.48 (in 
units of 10" cm~') for 1.4-Bev neutrons; Nedzel’ finds 
ro= 1.23, K=0.51 for 410-Mev neutrons; deCarvalho! 
finds ro>= 1.23, K 
and Riddell” fit the 340-Mev proton data® with r 
K =0.30. 


than the values around 1.4 found from low-energy data 


high energies: give r 


0.5 for 315-Mev protons; and Gatha 
Ae 


are considerably lower 


These values for r 


and are more in agreement with recent determinations 
of the size of the nuclear charge distribution.”’ 


The values of o, determined in this experiment are 


also consistent with an optical model in which the 


nucleus has a constant central density plus a diffuse 
boundary. In particular the data have been compared 
with such a model constructed by Williams,” in which 
the shape of the nuclear density distribution is obtained 
from the results of the high-energy electron scattering 


experiments of Hofstadter ef al.” and the absolute 


size is determined from the high-energy neutron cross 


sections of Coor et al The data of the present experi- 


** 1H. A. Bethe and R. R. Wi Phys. Rev. 83, 690 (1951 

77 V_ L. Fitch and J Ra water, Phys. Rev 92 789 (1953 ; 
Hofstadter, Hahn, Knudser McIntyre, Phys. Rev. 95, 512 
1954 Pidd, Hammer, a Raka, Phys. Rev. 92, 436 (1953 
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Fic. 16. N iclear absorption and total cross sections at high 
energies, plotted as functions of energy. Cross sections for protons 
are indicated by solid points; cross sections for neutrons, b ope! 
points. This ¢ mmpilation is complete only above 200 Mev 
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MacKenzie, Phys. Rev. 80, 23 (1950); K—J. DeJuren, Phys 
Rev. 80, 27 (1950): J J DeJuren and B J Mover. Phys. Rev 
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ment fit this model very well. It does appear that the 
nuclear force size of medium to heavy nuclei, as de 
termined by high-energy neutron and proton cross 
is about 5% larger than the 


section measurements 


charge distribution size. 
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esults of a pre ur ture on the ~—@ decay spectrum are given. The data are consistent wit! 
ysed by Miche! with a parameter p=0.50+0.10. The background and systematic errors 


HISTORICAL INTRODUCTION upper-energy cutoff; W=52.71+0.07 Mev."'> The 
cent s us is shown in T: > 
HE experimental data'-" on the , the Present status is shown in lable I. wee 
é e conf st present. Michel" } In view of the interest in the analysis of the 8 decay 
u me are confusing preset ichel® has : eee Pcnaee 
a of the muon, we present a brief account of an experiment 
in progress and give our preliminary 8 spectrum. 


Sor 
, , , , 
yzed these spectra in terms ol a generalized 6 decay 


where he has shown that for ¢ nergies above a few Mev 


- APPARATUS AND PROCEDURE 


here 1s only a singie-parameter ltamily oO! theore 





ectra it the interaction representation obe vs sin ple 
variance requirements. The data have been analyzed" Figures 1 and 2 show the experimental apparatus. 
terms of this parameter o. which can go from 0 to 1 Che analyzed and collimated electron beam of approxi- 
The decay is assumed to £0 via two neutrino mately 400 Mev is from the Stanford Mark III linear 
electron accelerator. The beam is 3 to } in. in diameter; 
. 2 , 
uP" ve beam current is 510° electrons per pulse measured by 
n case a secondary-emission monitor.'* The beam strikes a lead 
I { radiator 0.065-in. thick; the x-radiation and electrons 
4/ ? —_— . . . 
V(E)dl 3(W— k)+2, k—W I 1 pass through a target of lithium 1-in. X 1-in. X 2-in. long. 
ie 3 Low-energy mesons produced in the lithium come to 
} f 4] P iu +} rest with relatively uniform density in the target. The 
‘ ‘ ‘ f eT? ne IM) r n ind > Cc ° ° . of x . 
positive pions decay to muons, which also stop and 
— i lh alle : ia decay into positrons with the characteristic 2.2-ysec 
mean life. The positrons which leave the target at 90 
Refer to the beam enter the vacuum chamber of a double- 
M ‘ st focusing magnetic spectrometer 
0.23 ral orbit spe gane, Gardner, Hut \fter magnetic analysis, the positrons are detected 
‘ 013 } t r ‘ ; . . . ° 
‘ O18 ¢ ry F ¢ 5 by making a fast coincidence between two in. thick 
+ 0262026. ; Hubl é scintillation counters, 1% in. by 1} in., spaced two 
papa : : ches apart, with time resolution 5X10~* sec. This 
0.0 : - mut is the ed ito a delaved incidence gear 
of ’ 0 rv s ‘ g ia] 
4 ‘ = 5 LEAD an@ NCRETE wit 
— a € 
a * a ’ ’ s 4 
. t ; 7 ¢ , 
aay i ese va , + 4- RAY MONITOR . 
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MEASUREMENT OF yut— st 


which allows counting after the beam pulse. This equip- 
ment was built for pion-production experiments'* by 
C. Newton, W. S. C. Williams, J. A. Narud, G. Masek, 
and W. K. H. Panofsky. The gates where counts are 
recorded are arranged as follows: Gate No. I opens 
2.2 usec after the beam pulse and remains open for 
2.2 usec ; gate No. II opens 4.4 usec after the beam pulse 
and remains open for 4.4 usec. 

Figure 3 shows the spectrum obtained by varying the 
current in the spectrometer magnet windings. The 
maximum magnetic field is approximately 4500 gauss. 
The curves plotted are the folds of our resolution into 
various theoretical spectra. The normalization of the 
folded theoretical curves to the data is arbitrary. 

The resolving power of the system is made up of two 
major parts: (1) The energy loss of the positrons leaving 
and {2) the finite heights of the target 
source and the detector crystal. (The shapes of these 


the target; 


resolutions are shown in Fig. 4 
7 MYLAR wincDOW 
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Fic. 2. Side view showing magnet section and counter location 


ANALYSIS OF DATA 


The data as shown in Fig. 3 have been corrected for 
background and the variation in efficiency arising from 
the constant momentum resolution of the spectrometer. 
This causes a yield proportional to E times the spectrum 
variation for the yield 
1). This imposes extremely low background 


study of the low-energy portion of 


which gives approximately an E* 
from Eq. 
conditions on the 
the spectrum. 
Our background is of two types: (1 


energy also leave the target, pass through the spec- 


Pions of low 


trometer, and can stop in the first or second counter, 
depending on their range. These decay and some of the 
real coincidences with the proper 


ling on the solid angle of one 


positrons will cause 
period, the number depen: 
to the other. We have varied this solid 


substituting a 1-in.X 1-in 


counter relative 
angle by a factor of ten by 


<4-in. counter six inches behind the original second 
counter as indicated in Fig. 2. Results are shown in 


Fig. 5. There is no discernible change within rather poor 


, Newton, and Yodh, Phys. Rev. 98, 751 (1955 


Panofsky, 


DECAY 


SPECTRUM 
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Fic. 3. Data on yw decay obtained with 1-in, by 1-in. lithium 
target 2-in. long in primary beam direction. Solid curves are 
obtained by folding the theoretical spectra into our resolution 
lhe vertical normalization of the data to the curves is arbitrary 


statistics in the region of the end point and we believe 
this effect to be negligible in either geometry. The pions 
that stop in other places will also produce a real signal 
indistinguishable from the assumed process. This also 
is checked by substituting a carbon target which will 
have a larger real signal relative to those events com- 
pared to lithium because of the larger stopping power 
of carbon. We observe no significant change in the data 
in the low-energy region. 

(2) The second type of delayed background is ex 


a background of neutron 


There is 


tremely puzzling 
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making the subtraction described above is the better 
alternative to getting a better de- 
Unfortunately, an accident in the 


although poor 
tection geometry. 
form of an electrical fire made necessary the complete 
rewinding of the spectrometer magnet. Consequently, 
it will not be possible to obtain any further experimental 
data for several months from this writing. 


RESULTS 


The data show a very sharp upper end resolved to 
four percent at half-maximum. The end point at present 
is calibrated only very crudely (approximately two- 
percent error). 

We conclude from the data that the spectrum ob- 
tained is consistent with a 8-coupling characterized by 
1 ‘Mi ere the error 


is based upon sta 


hel’ parameter of p 0.50 + 0.07. wh 
istics alone. Combining the systematic 


0.50+0.10. 


errors of about the same size we obtain p 


Pas II. Correction to data for long-period background 

( s ( ar Cy are the counts in the two delayed gates 

B are the signal and background computed using Eqs. (2 

§ I T 2.473 

7 ' i 
79 32 47 5 38.4 
11.3 30 56 16.9 40.0 
17.0 71 61 57.8 35.1 
26 123 7S 150.6 28.3 
R 3 153 91 198.1 28.1 
33.9 181 109 232.2 34.9 
106 232 116 340.7 16.7 
43.0 267 132 394.8 17.5 
45.2 266 155 350.6 452 
46.3 242 137 $26.2 36.4 
18.6 242 133 333 ¢ 31.8 
30.9 16 119 297.2 28.6 
52.0 112 67 144.2 21.0 
52.6 66 SA 660 24.7 
$3.7 25 19 249 95 


We find it entirely im 


to change our resolution or efficiency or background in 


any mechanism 


, 1 
possible to devise 


e region of most significance (40-50 Mev) to alter 
ese conclusions significantly. However, we must admit 
it the same remark appnes to most of the other 


» do not 


experiments with which we agree. In particular, 
e latest result of S igane ¢ i1.° seems to be extremely 
e and the result entirely different. We are 
rateful to Dr. Sagane for informing us of his progress 
ad tor sugges g many checks which we hope to 
erform it e future 
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The nuclear internal momen 


distrifutions of protons in observed between lithium, beryllium, and boron. The observed 





light nuclei have been studied with the 340-Mev scattered proton 


beam from the synchrocyclotron. The two protons from a quasi- 
and the 
analyzed. In the limit of 
the impulse approximation, conservation of 


} 


elastic scattering event are detected in coincidence, 





energy of one of them is n 


agne 


nergy and momentum 





can be employed to solve for the momentum of the struck proton 





lhe best fit to the experimental data for beryllium was obtained 
with a Gaussian momentum density distribution with a 1/e value 
Mev. Fermi 


distributions did not fit so 


of about 20 rectangular) and Chew-Goldberger 






well. Qualitative differences were 


I. INTRODUCTION 


O* of the basic properties of the atomic nucleus 
is the momentum distribution with which the 
neutrons and protons are moving inside the nucleus. 
If the correct nuclear spatial wave function were known, 
then by a fundamental quantum-mechanical principle 
we could obtain the momentum-density distribution as 
follows. 

If vir 


then the wave function in momentum space ¢(k) can 


is the solution of the Schrédinger equation, 


be found by a Fourier transform 


o(k ec’ Wy (r)dr 
dr 
where the momentum p=%k, and 2rh is Planck’s 


probabi ily 
momentum lies between #k and #(k+dk) is 


quantum of action. Then the 
P(k)dk Ci@¢ k dk, 
his 


ipancy of the phase states; 


where C is a normalizing coefficient 


gives a 
measure of the fractional o 
wish to know the n 


if we imber of nucleons with given 





momenta we must multiply by the volume of phase 


space available, which is proportional to 4rpf*dp. In 


the absence of a correct nuclear spatial wave function, 
it has not been possible to obtain information on 
momentum distributions in this manner. However, 


any wave functions which may be proposed in the 
future should be able to correctly predict the observed 
momentum distribu 


‘ 
wr 
tion 


On the basis of a statistical gas model of the nucleus, 


Fermi was able to predict a momentum distribution 
neutrons and 
3)rR?, 
A* cm, and { 
lary nuclear excitation 


onsidered as a gas of 
protons which is confined to a volume Q 4 


where the nuclear radius R 1.510 
nber. At ordis 


lithium spectrum was interpreted as being caused by two types 
of protons in lithium; two core protons that have a large momen 


tum distribution and a third proton that has a rather low kinetic 
energy. This 


supported by the 
observed lithium 


lithium, be 
beryllium indicated that the protor 


speculation was shape of the 


spectrum, and by the relative yields from 


vilium, and deuterium observed from 


Phe spectrum 
1s in beryllium have a larger 
+} 


momentum than the protons in the lighter elements studied 


rhere were some indications that the fifth proton in boron may 


behave similarly to the third proton in lithium 
) I 


energies of about 10 Mev the particles will oc upy the 


lowest available states, for—owing to the close confine 
ment of the particles 


widely spac ed levels Following ] erm,’ we have for the 


the energy-level spectrum has 
number V of states of momentum less than pmax of a 
proton confined to a volume Q: 

V = 2[ 4p mnaxQt/3(2eh 


two 
a particle with spin 4. At 


factor of two takes account of the 


possible orientations of 


where the 


complete degeneracy the number of states is just equal 
to the number of protons, and if we assume further 


that Z 


1/2 and insert the above value for 2, we get 


) 


2(49/3) (1.5K 10°" A4) 


1.05 10~" cgs units, 
which corresponds to a kinetic energy of 21 Mev. Thus 


the statistical gas model predicts that all momentum 
states are occupied up to a maximum corresponding to 
about 21 Mev, and that 
occupied. 


For the 


states above this are not 


deuteron we do have available a fairly 


reliable wave function, namely the Hulthén wave 
function (e~*’—e~*")/r, where (ah nucleon mass) 


(deuteron binding energy) and 8/a=7. This function‘ 
is a close approximation to the numerical solution of 
the Schrédinger equation using the Yukawa potential 
7 is obtained from the effective range 
theory of Blatt and Jackson 


The value 8/a 
The Fourier transform 
of the Hulthén wave function is proportional to 


1 1 
ch'+p? Sh'+p 


Thus this distribution can be used as a check on the 


Orear, Rosenfeld, and Schluter, Nuclear Physic 
University of Chicago Press, Chicago, 1950), p. 159 
*G. F. Chew, Phys. Rev. 74, 815 (1948 


* J. Blatt and J. D. Jackson, Phys. Rev. 76, 18 


* Fermi, 


1949 
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experimenta yrocedure. Unfortunately there is no 
ear evidence for the validity of this distribution for 
ign momenta 


6 j 
Serber nas used t? 





e Hulthén n n distribution 


omentur 


to explain the angular and energy distributions observed 
by Helmholz et al.? when 190-Mev deuterons are inci 
lent on various target nuclei. We consider an inter 
ictior which the proton of the deuteron co ides witt 
target nucleus, while the neutron does not. The 
eutron would continue forward with half the energy 
of the deuteron, except for its internal momentum wit! 
resp t to the deuteron The components ot this mo 
mentum parallel to the beam direction w dd to or 
ibtract from the beam momentum of the neutron 
A 1tner ymentun if the riginal deuteror 
) inge the energ or the ¢ erging eutron vhile 
€ trar erst omponents of the interr momentun 
A tribute to the observed angular spread ol the 
eutror 
The re erst t re ibove strip g process is 
been observed by Hadley d York,’ wv ave found 
leuterons 1 tritons prod ed } ) harcdme if 
i Ss targe th 90-Mev neutrons. Since their 
stril oO peak ec n the forward directio ind 
r ener pproximate €G to that ofl 
( ( eutro e observed deuterons could not 
a ) ener ( poratio art es If the dent 
eulr I t partner pr l t rget I eus 
Z t moment s that eir re tive 
ment iorms a state 1 the deutero the the 
eulr i Pick e pr ar emerge as 
i@uteror This | wee obvio Siy \ ves the r me 
t distribution of the struck nucleus. as we s that 
f the de eron. Chew 1 Go lberger Nave € Liner 
the observed distribut leuterons, postulating 
Phis distribut equal t 
ao T \¢ ; p 
W t t a i TY t t I wre » ‘ T 
energy ol 18 Nev Nelove is heerve | k le 
terons at var s angles using 95-Mev protons. Pick 
deuterons fr var S target é have also hee 
s ingles to the beam by Bratena 
energies from 95 Mev to 138 Me 
I is bee ible to f York’s data with a 
excited Fern is distribution w temperature ol 
9 Mev. However ess cal 1 and experiment 
ire quite CCIsE sw be stinguishabie tron 
gaussian distril 
Inter , Anatase ‘ ve a prof 
effe e production of mesons tr ¢ act 
*R. Serlx Phy H 72, 1008 (1947 
He McMillan, and Sewell, Phys. R 72, 1003 (1947 
|. Hadley and H. F. York, I s. | 80, 345 (1950 
N. B Nature 137, 344 (193¢ 
G. F. Chew and M. L. Ge crg Phys. Re 77, 470 v™ 
W. Se e, Phys. Rev. 92, 1328 (1953 
\. Bratenah! and B. J. Moyer. Phys. Re 9? S3R(A 1953 
He 1 Phys. Rev. 80. 171 (1950 
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meson production from complex nuclei tends to give 
more information about the structure of the nucleus 
than interactions mesons. The threshold 
bombarding energy can be lowered considerably, since 
the bombarding nucleon may encounter a target nucleon 
that is moving toward it with considerable momentum, 
which will increase the energy available in the center- 
of-mass system. Thus free nucleon-nucleon production 
of x mesons'‘ requires 290 Mev, while in nuclei x mesons 


about of 


an be produced by incident nucleons having energies 
as low as 180 Mev. This effect was first predicted by 
McMillan Teller. A complete discussion of 
nucleonic production of mesons in complex nuclei has 
been given by Henley and Huddlestone'* and by 
Henley,!” 


and 


using several momentum distributions. The 
affects the production threshold, 
function, and the energy 


ised 


rib ition 


excitation spectrum and 
ingular distribution of the produced mesons as com 
pared with those resulting from collisions with free 
nucleons used as targets. For 340-Mev protons incident, 
the cross section at 90° depends markedly on the 
ile at O° the effect 


as great. This can be accounted for as follows. 





leon momentum distribution, while 


is not 
lhe produced mesons are observed'* at energies up to 
bout Mev. At 90°, the in free 


a SO) 
icleon-nucleon collisions is cut off at about 9 Mev by 


meson spectrum 


energy-momentum conservation. Hence the form chosen 


which 


for the broadens the 
At 0°," 
the free-nucleon cutoff does not occur until about 
70 Mev. so that tl 


momentum distribution, 
spectrum to 80 Mev, has considerable effect how 
Cveq, 
1e influence of the momentum distri 


tion 1S less sign 


ificant. Henley used a gaussian distri 
value of 19.3 Mev, a O°K Fermi 
egenerate gas model, and a modified Chew-Goldberger 


distribution. 


bution with a 1/¢ 


The Chew-Goldberger distribution men 


tioned above was found to have too many high- 
nomentum components, and also has an infinite average 
energy. Therefore Henley suggested a modified Chew- 


Goldberger distribution of the form 

a+ r *(8°-+ r 
his has an average energy of 48.1 Mev 
and still fits York’s data fairly well. Nevertheless 


where » 


Henley found that the best fit to the experimental data 
e Gaussian distribution with 1/e 
value of 19.3 Mev. Somewhat similar calculations have 
been performed by Block, 
the Columbia cyclotron energy of 380 Mev; they found 


best fit 


1 


was obtained from t 


Passman, and Havens" for 
to be given with the original Chew-Gold 
In work,” 
a gaussian distribution with a 1/e value 


+} 
e 


berger distribution some later however, 


they have used 


of 14 Mev 


*R. E. Marshak 
ny, Inc., New York 
W. McMillan and I 
* FE. Henley and R. Hu 
E. M. Henley, Phys 


McGraw-Hill Book Con 
1952), p 
eller, Phys. Rev. 72, 1 (1947 

dd , Phys. Rev. 82, 754 (1951 
$5, 204 (1952 
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llestone 


Rev 





“C. Richman and H. A. Wilcox, Phys. Rev. 78, 496 (1950 
Block, Passman and Havens, Phys. Rev. 83, 167 (1951 
» Block, Passman and Havens, Phys. Rev. 88, 1239 (1952 
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High-energy scattering experiments also provide a 
powerful means for studying internal momentum distri- 
butions. When 340-Mev protons are incident on a 
hydrogen target, the scattered protons at a given angle 
have a unique energy, sivice this is a two-body collision 
with the struck proton at rest. Nonrelativistically this 
energy is just Ey cos*#, where Ep is the incident energy 
and 6 is the angle of observation. If the struck proton 
is moving inside a nucieus instead of being a free 
particle, the observations are somewhat different. 
[Instead of a sharp peak, the energy spectrum is smeared 
out, owing to the motion of the struck proton. The 
faster it is moving the greater is the spread in the 
observed energy. Also the peak of the distribution is 
decreased in energy, since the binding energy of the 
proton knocked out and the excitation energy of the 
residual nucleus must be supplied by the incident 
proton. 

Chamberlain and Segré' have bombarded lithium 
with 340-Mev protons, and studied the pairs of protons 
emitted in coincidence as a function of the angle 
between the two protons. Their data could be fitted 
by a Fermi gas momentum distribution with a maxi- 
mum energy of 20 Mev. They found a peak in counting 
rate when the angle between their two counters corre- 
sponded to that for free nucleon-nucleon scattering. 
This is important evidence for the nucleon-nucleon 
nature of these scattering processes in light nuclei. 

Cladis” has made a more direct measurement of 
internal momenta. When a 340-Mev proton is incident 
on a nucleus, it is reasonable to think of a nucleon- 
nucleon collision instead of a nucleon-nucleus collision, 
since the De Broglie wavelength of the incident proton 
is comparable with the internucleon spacing in nuclei. 
Cladis has proposed the name “quasi-elastic scattering” 
for this type of event, since the process is inelastic in 
that a rearrangement of the nucleus is brought about, 
but elastic in the sense that a nucleon-nucleon collision 
occurs in the nucleus that resembles the scattering of 
nucleons by free target nucleons. Cladis observed the 
momentum distribution of single protons quasi-elasti- 
cally scattered from carbon at 40°, and deduced the 
nuclear internal momentum distribution with the aiP 
of an equation developed by Wolff,” which gives the 
energy spectrum of the nucleons scattered at a given 
angle as an integral over the nucleon momentum distri 
butions. Cladis found the best fit 
distribution with a 1/e value of 16 Mev, but concluded 
that any Gaussian with a 1/e value between 14 and 
19 Mev would not be inconsistent with the experi- 
mental results. 

It is clear that if both protons emerging from a 
collision can be detected in coincidence, together with 


to be a Gaussian 


% Q. Chamberlain and E. Segr?, Phys. Rev. 87, 81 (1952). 

=]. B. Cladis, thesis, University of California Radiation 
Laboratory Report UCRL-1621 (unpublished), and Cladis, Hess, 
und Moyer, Phys. Rev. 87, 425 (1952) 

3P. A. Wolff, thesis, University of California 
Laboratory Report UCRL-1410 (unpublished 
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momentum analysis of one of the protons, the event 
has been more explicitly defined. In this case, conser- 
vation of energy and momentum can be used, at least 
in the limit of the impulse approximation*~** to defi- 
nitely fix the momentum of the struck nucleon. In the 
present experiment the momentum distributions of 
protons quasi-elastically scattered from protons in 
various light elements been observed under 
conditions that detect both particles emerging from 
the collision. 

Chew and Wick*® have given the following criteria 
for the validity of the impulse approximation: 

(I) The incident particle never interacts strongly 
with two constituents of the system at the same time. 

(Il) The amplitude of the incident wave falling on 
each constituent (nucleon) is nearly the same as if that 
constituent were alone, 

(III) The binding forces between the constituents of 


have 


the system are negligible during the decisive phase of 
when the incident particle interacts 
strongly with the system. 

For the case under consideration, we have: 

(I) The wavelength of the incident 340-Mev proton 
is A=0.22X10~-" cm, while 2r9>=2.8X10~" cm. Thus, 
the wavelength of the incoming proton is smaller than 
the diameter of the nuclear volume for light elements, 
and it is reasonable to consider nucleon-nucleon colli- 


the collision, 


sions. 

(II) The mean free path for high-energy nucleons in 
nuclear matter is of the order of 4X 10 
is greater than the above diameter of nuclear volume 


83 om,?7.28 which 
Thus the attenuation in passing through a light nucleus 
should not be too great. 

(III) The kinetic 


emerge from collisions in this experiment are in the 


energies with which particles 
region of 150 Mev, whereas the nuclear binding energy 
is of the order of 10 Mev, and the nuclear potential 
energy is of the order of 30 Mev. Thus, the energy 
during collision is much larger than the nuclear binding 
energies. 


Il, EXPERIMENTAL METHOD 


The experiment is done with the scattered external 
beam of the 184-inch synchrocyclotron, which gives a 
15-20 usec pulse of 340-Mev protons, with a repetition 
rate of 60 per second. The equipment is set up in the 
experimental area called the cave. A vertical section 
including the incident proton beam is shown in Fig. 1 


A. Target 


The target is required to be a parallelogram by two 
considerations. First, the width presented to the spe 
trometer must be as narrow as possible in order to 


™ (5. F. Chew, Phys. Rev. 80, 196 (1950 
% (|. F. Chew and G. C. Wick, Phys. Rev. 85, 636 (1952) 
* (5. F. Chew and M. L. Goldberger, Phys. Rev. 87, 778 (1952 


7 A. J. Kirschbaum, thesis, University of California Radiation 
Laboratory Report UCRL-1967 (unpublished) 
* Fernbach, Serber, and Taylor, Phys. Rev. 75, 1352 (1949) 
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—— 35 ANTHRACENE COUNTERS C. Energy Spectrometer 
80 MEV 1. Description.—The momentum of the upper proton 
" —o rr 300 MEV me j ith a bending agonet and - f 2c 
Ry IS measured with a bending magnet and a row OF 35 


ROME TER Thy anthracene counters, viewed by 931A or 1P21 photo- 
. mT lier tubes. The scattered beam emerges into the 
Y ave in the form of a line approximately one-sixteenth 


wide, which is tilted at 13 degrees from the hori- , 








2? COUNTER NO, z zontal, as shown in Fig. 2. It was desired to have this 
ft ER TELESCOPE ine serve as a line source for the spectrometer, i.e., the 
’ i : z 
>: saeinials pei pole faces of the magnet should be perpendicular to it. 
4 - 1 1 " ‘ ‘ 
C / 40° i Thus it was nece ssary to b uild a steel stand to hold the ° ® 
a e ; . 
- L#. . - tt seven-ton magnet six feet above the floor, tilted at an 
NIZATION angle of 13 degrees. The target holder was fastened to 
¢ AR 1AMBEF ; : ‘ ee é, 
2 this stand, and the base for the 55 anthracene crystals 
WNTER NO.3 _— was also permanently attached, making it possible to 
NTER NO.4~ 7 ‘ do all aligning and calibrations outside the cave. Fora 
> run the whole assembly was lifted into the cave with 
the overhead crane 
2. Resolving Power f Particle Spectrometer. 
resolving power of the spectrometer depends on (1 
r ene re i ‘ the ieng ‘ i : ; “ 
F target width considered as a slit, (2) the width of 
f r | ‘ . ~ 1iL@eéTr a ba 
Lelescolx yunter No. 2 5) Une widths of the 35 
‘ ‘ ? Ty ” f roer . 
inthracene rystais 4) the energy SS Ol protons in 
e eners ( e target. Hydroge _— ; pa 
e targets 1d (5) the smali-angie scattering in tele 


SCOT ounter No ) The over-a resoiving power of 


ding’’ together the 





‘ = adel the spectrometer Is ¢ yy 
\ ery i 0 | 
. dths due to ea tors [his process 
' m target to I 
[ is been described vious report = The 
. . . 
spectrometer resolution can be checked experimentally 
( ) r er v7 \ é i t Z 
it the energy orresponding to scattering Irom a 
~ ¢ f | ft a 
yvdrogen target. Such protons are monoenergeti and 


B. Counter Telescopes the shape and width of the observed spectrum repre 





sents the resolution of the equipment Chis was approxi- 
’ ro 'r r . i I 
a | $ i 11S 1 are l¢ 
I h 0 Mev | vid i ulf-height for this 
‘ e | ) ) ter telescopes ) 
. experime I see Fig. 4 
t tray ene ewed by 1P21 Dp t . 
j r / \ r 
: niet i. \Nalure S ered Particles Deltecte \lesons 
‘ ‘ ce rabi I Il } ; 
( CT ” t ‘ 4 t t 
‘ ‘ e ¢ g ectrometer the roper 
| { r the k ne t these rys 
’ ‘ 
, 1 + ‘ ’ ? i 
N t ) par es ) ‘ 
, t measured j ‘ 
‘ eT rr 1S T> sible 
‘ Ww | l * . 
é é te t gy rate ( ou e! 
\ ; N } e made t Ker, since small-angle 
‘ yg ‘ t itter. ( ter N 1 defines the 
{ t r l¢ ed the wer telescope. It 
ect ‘ y e plane of S " 
Terie rt t S piane 
) 
~ h ters N 1 i No. 2 are re ve 
t > AY ¢ Scatter £ f pr s ye i 
! t ener aS y thr 4 ind thus 
et? i t ‘ gy syste st pe er 1oved 
) 1 ») rh ‘ 
| rystal is viewed Irom bi s by 1P21 photo 
er tubes, wit hn aiun yusing of the size 
| r ithodes to permit max gnt coe 
Fic. 2. Scattered proton bea 
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will not reach even the lowest energy channel unless 
they have an energy greater than 300 Mev. The 
number of deuterons and alpha particles entering the 
spectrometer had been measured (without demanding 
correlated particles) by Hess with an absorber tech- 
nique” and found to be less than five percent. When a 
correlated particle technique is used the deuteron and 
alpha-particle contamination is greatly reduced below 
this figure, since the angular correlation demanded by 
this experiment greatly favors protons. It is therefore 
assumed that all particles with which we are here 
involved are protons. 


D. Electronics 


A block diagram of the electronics is shown in Fig. 3. 
Signals from the 1P21 photomultipliers that view the 
crystals in the telescopes go through an adder-and- 
shaping circuit to a coincidence circuit® which, with 
these shaped pulses, operates with a resolving time of 
5X 10~* sec. Signals from the 
trometer are amplified and trip a one-shot multi- 
vibrator which in turn actuates a mechanical counter. 
The output of the coincidence circuit is counted on a 
scaler, and also makes a 0.4 usec gate which turns on 
the 35-channel amplifiers. 


35 counters in the spec- 


E. Monitor 


An argon-filled ionization chamber was used to 
monitor the beam current to which the target was 
exposed. The scattering of the beam by the various 


monitor 


targets introduces a negligible error in the 


readings. 
Ill. EXPERIMENTAL PROCEDURE 


The exact height of the line distribution of the 
scattered proton beam is first determined with a photo- 
graphic film. Since this height drifts slightly from time 
to time, owing to unknown causes, it is necessary to 
shoot a film every few hours during the run. With the 
beam at a fixed level, plateaus are obtained of telescope 
coincidences per monitor as a function of photomulti- 
plier voltage and of linear amplifier gain. The time at 
which the coincidence gate is sent out to the 35-channel 
amplifiers is then varied to achieve the optimum 
counting rate 

Two types of accidentals may occur: (1) in the 
telescope quadruple coincidence circuit, (2) between a 
35-channel counter and the telescope gate. Both types 
level. The 
inserting a 2 usec 


can be measured by changing the beam 
second type can also be measured by 
delay in the telescope gates sent out to the 35-channel 
amplifiers, so that the gate could not coincide with a 
real pulse. Results of these two methods are in agree- 
ment. 


*™ W.N. Hess (private communication) 


* R. Madey and K. Bandtel, Rev. Sci. Instr. (to be published) ; 


University of California Radiation Laboratory Report UCRL- 
1880 (unpublished 
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Fic. 3. Block diagram of electronics 


The following data are recorded for each run: (1) 
number of gates, (2) the integrated beam, (3) the time 
interval, and (4 the 35 registers. 
Repeated runs on various targets are made in sequence 
The beam 
there is a constant 


the readings of 


to minimize the effects of long-term drifts 
intensity is kept constant so that 
proportion of accidentals for a given target 


IV. ANALYSIS OF DATA 
A. Subtraction of Accidentals 


The spectrum obtained from the 35 registers must be 
corrected for the two types of accidental counts men- 
tioned above. The greatest number of counts resulting 
from teles ope acc identals may be exper ted when one 
proton passes through the top telescope and another 
particle, which is not a companion proton from the 
same collision, passes through the bottom telescope 
Thus the channel counts arising from this type of 
accidental gate should have a spectrum similar to that 
obtained by gating the 35 amplifiers by the upper 
telescope only. This accidental spectrum is subtracted 
out. The remaining spectrum is made by true correlated 
proton gates, but there are still accidentals between 


the 35 channel pulses and the gates. This accidental 
spectrum is determined by delaying the gates by 2 usec 


as described in the aforementioned, and subtracted out 


B. Channel Efficiencies 


Each of the 35 channel counters has a different 
energy width for accepting protons, ranging from 15 
Mev at the high-energy end to 2.2 Mev at the low end 
Thus, the counts in each channel must be divided by 
its energy width to give a true number of counts per 
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spect an then be compared with the experimental! 
data 

The point involved in the discussion of the solid 
angle 2; may be clearer if we consider a simple analogy. 
Consider the collision of two nonrelativistic particles 
of equal mass which are to be detected after the collision 
by point counters 90° apart. There is a definite restric- 
tion on the angle with which the struck particle was 
moving before the collision, since conservation of energy 
and momentum will require that before the collision 
the struck particle had to be moving perpendicularly 
to the incident particle. This same general type of 
effect carries over into the more complex problem 


onsidered in this experiment 
V. RESULTS 
A. Hydrogen 


pectrum obtained from hydrogen is shown in 
This is an experimental check of the resolution 

€ spectrometer, since protons scattered from 
hydrogen at a fixed angle are monoenergetic. The full 
it} height is about 20 Mev, which agrees 
calculated from the above spectrometer 


resolution theory. The solid curve is only to guide the 


eye but is consistent with the resolution curve generated 


» parameter widths mentioned in Sec. II-C-2 


lard 


hown in all curves are standard deviations 


B. Deuterium 


obtained from deuterium shown in 
[his isotope was observed in order to check the 
hod used, since its momentum distri- 


known The solid curve was 
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Fic. 6. Proton energy spectrum from lithium 


computed from this distribution by the method out 
lined previously. Since this curve lies inside the experi- 


mental points at its edges, the simple wave function used 


here does not lead to enough high 
} 


momentum compo- 
nents. However, the experimental errors due to subtra: 

tion of the carbon spectrum and accidentals are large in 
this region, since the experiment was not designed to view 


a narrow distribution such as that from the deuteron 


C. Lithium 


Che spectrum obtained from lithium is shown in Fig 
6. The shape is rather similar to that obtained from 
the deuteron. The narrow peak in 
due to the unpaired protons having lower kinetic energy 


the center may be 


The peak occurs at an 
hydrogen peak. The 
knocked out of the 


given to 


than the two paired protons 
Mev 
binding energy « 
lithium (10 Mev 


the recoil nucleus 


energy 12 lower than the 


I the proton 
and the excitation energy 


estimated to be 10 Mev 


must be 


given up by the two recoiling protons. Thus we could 


expect the peak to be by approximately the 


observed amount. The solid curve is explained in 


Sec. VI-B 
D. Beryllium 


The spectrum obtained from beryllium is shown in 


Figs. 7 and 8. The best fit is obtained from a Gaussian 
momentum distribution with a 1/e value of about 20 
Mev, although—as shown in Fig. 7—Gaussians with 
1/e values of 16 and 25 Mev can fit the data. The 


Gaussian distributions are too low at the high-energy tail, 


but this is the region where the impulse approximation 
is less valid, and also the errors from subtraction of the 
background become large. Curves obtained from a degen 
erate Fermi gas distribution (square distribution) are 
shown in Fig. &, with Fermi energies of 15 and 25 Mev 
ssian. Figure 8 also 


These do not fit as well as the Gau 
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shows a Chew-Goldberger” distribution,” which appears 
to be too narrow. 


E. Boron 


The spectrum obtained from boron is shown in Fig. 9. 
The solid curve is to guide the eye to the boron points, 
while the dashed curve is a best fit to the beryllium 
points, for comparison. The distribution is more peaked 
than that of beryllium; this may be owing to the 
presence of an unpaired proton which is moving with 
lower kinetic energy. 


F. Relative Yield 
The relative yield per nuclear proton was as follows: 


Observed Calculated 





Hydrogen 100 100 (assigned 
Deuteron 6 33.6 
Lithium 13.3 

Beryllin 4.4 65 

Boron 5.1 


In order to obtain an adequate counting rate with 
good spectrometer energy resolution, it was necessary 
to use targets of varying dimensions. The spatial distri 
bution of the proton beam varies considerably (Fig. 2). 
Therefore the above observed yields can be considered 
to indicate only the general trends involved. 

The observed relative yield provides a good check 
on the internal consistency of the experiment. As 


explained previously, each value of the struck-proton 
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Fic. 7. Proton energy spectrum from beryllium (Gaussian 


® The Chew-Goldberger momentum density distribution } 


Vip const) -a/(a*+ p*)*, 


where ? is the nucleon momentum a ywmentum corre 


energy of 18 Mev 


sponding to a nucleon 





M WILCOX 


Exemm * 15 MEV 
Evenm: * 25 MEV 


— CHEW-GOLOBERGER 


ay uilab 
Viky 


and for | 


wave function, 
from a Gaussian 
momentum density distribution with ; lue of 
16 Mev. TI check turned out quite well, as 


seen in the above tab hen nparing the observed 


an be 


and calculated yield ild remem- 


ber that there sions 


in beryllium—that is, here f the correlated 


tons emerging further 


cleon-nucleon These 


AND B. 


MOYER 


events are not counted, since in general the angular 
correlation of the protons is lost. Wolfi** has calculated 
that one-half of the collisions of 340-Mev protons on 
carbon will be of this type. If one assumes a loss of 
one-third for beryllium, and reduces the calculated 
yield by this amount, a good agreement is obtained 
with the observed yield. 


VI. CONCLUSIONS 
A. Quantitative Results from Beryllium 


This 


momentum-density distribution is best approximated 


experiment has indicated that the beryllium 
by a Gaussian function with a 1/e value of 15 to 25 
Mev, with the best value of about 20 Mev. This is in 
good agreement with the results for carbon of Henley” 
and Cladis.” In examining nucleonic production of r 
mesons in complex nuclei, Henley found the best fit 
with a Gaussian momentum distribution with a 1/e 
value of 19.3 Mev. With the nucleon scattering experi- 
ment previously described, Cladis found the best fit to 
be a Gaussian distribution with a 1/e value of 16 Mev. 
The Chew-Goldberger" distribution, which was used by 
these authors to explain the production of deuterons 
by the pickup process, gave a poorer fit in this experi- 

‘nt the Gaussian. The completely degenerate Fermi 
rectangular curve 


An excited Fermi distribution, } 


stribution gave the poorest fit of 


ywever, will re- 
semble a Gaussic hin the accuracy of this experi- 
ment 

As pointed out in Se 


IV-C, the 


] 
experimental 


efficiency for observing nuclear protons having a large 
for ob- 


momentum is much less than the efficiency 


200 
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serving nuclear protons having a small momentum. 
Thus very high momentum values contribute very 
little, and the results are not statistically significant. 
The results given here do not disagree with the paper 
of Selove," who finds from studying a pickup process 
that there is a very high energy tail to the internal 
momentum distributions. 


B. Qualitative Results from H, D, Li, Be, and B 


The narrow peak of the experimental spectrum 
obtained from hydrogen establishes the spectrometer 
resolution. The observed curve from the deuteron is 
only slightly wider, as would be expected, because the 
is only 2.2 Mev. It is well known that 
the deuteron spends more than half the time outside 


binding energy 
the potential well. In the exterior region (which is 
classically forbidden), the wave function has the form 
p= Ae~*"/r, 2M B/h?)-', M 
¥ 


B=binding energy, and A is a constant. The expecta- 


where a nucleon mass, 


tion value of the kinetic energy in the exterior region 


then is B. 
Owing to the difficulties in working with a helium 


target, no spectrum was obtained from helium ; however, 


since the alpha particle is a tightly bound, stable 


structure, one might expect a considerable average 


kinetic energy. 
The lithium spectrum consists of a broad base with 

a peak at the center whi 
from the deuteron. In 


h is very similar to the peak 
could 
with 


observed lithium we 


postulate two types of protons: two protons 
considerable average kinetic energy which belong to 
the “‘core’’ of the nucleus, and a third proton which 
has considerably less momentum, comparable, in fact, 
to that of the proton in the deuteron. This hypothesis 
has been compared with the experimental data in two 
ways, first by comparing the relative yields from the 
deuteron, lithium, and beryllium, and secondly by 
predicting the shape of the observed lithium spectrum 
by using the spectra from the deuteron and beryllium. 

rhe reason that the relative-yield data are significant 
of detection of collisions depends 
on the energy of the struc K proton, as has been explained 
Thu the 


a large probability of 


ihcien y 


previously slowly moving in the 


proton 
deuteron has being counted, 
because of the large solid angle 92; associated with it, 
as explained in IV-C, while the more energetic protons 
If we 


are 


in beryllium are counted with a lower efficiency 
the 


moving similarly to the 


assume that two “core” protons in lithium 


protons in beryllium, and thus 


are counted at the beryllium rate, and that the third 


proton is being counted at the deuteron rate, we can 


from lithium on the 


predict a yield (per nuclear proton 


} +} 


basis of the yield of 36 from the de } 


+ Irom 
14.9 1s 


iteron and 4 
beryllium. The calculated lithium yield of 
consistent with the observed yield of 13.3. 

now be 


The shape of the lithium 


predicted from the shapes of the deuteron and beryllium 


spectrum can 


spectra. If we normalize all these spectra on the basis 
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of the observed yields (i.e., the area under the curve is 
proportional to the yield), and then add twice the 
beryllium spectrum (representing the two lithium 
“core” protons) to the deuteron spectrum (representing 
the single lithium proton outside the core) we get the 
predicted spectrum for lithium. The curve obtained in 
this manner is the solid line drawn in Fig. 6, and is 
seen to be in good agreement with most of the experi- 
mental points. 

All the current nuclear models, including Maria 
Mayer’s very successful shell model,™ put the third 
proton in lithium in a # state of orbital angular mo 
mentum, since the two lowest-energy S states available 
spin up and spin down) have already been occupied 
by the two “core” protons. The binding energy of the 
last proton in Li’ is 10.1 Mev, but its average kinetic 
energy is just a few Mev; therefore this proton would 
be like that not be 
expected to spend much time in the region exterior to 


not in the deuteron and would 
the potential well. 

The spectrum obtained from beryllium was consider 
ably broader than that from lithium. As explained 
above, the beryllium spectrum has been fitted by 
assuming a Gaussian momentum-density distribution 
for all the protons in beryllium with a 1/e value of 
about 20 Mev 
model is valid, 


To the extent that the alpha-particle 
and that Be® is composed of two alpha 
subgroups plus an extra neutron, it is reasonable to 
assume that all the protons in beryllium have similar 
momentum distributions. 

The spectrum observed from boron was in general 
similar to that from beryllium, except that it is some- 
what narrower. This could be explained on grounds 
that the fiftl 
third proton in 
proton is one of five, the percentage effect would be 


proton in boron is somewhat like the 
lithium discussed above. Since this 


smaller. 

Because the binding energy for the “last” proton in 
Li® is distinctly different from that in Li’ it would be 
very desirable to employ separated isotopes in this 
investigation; and a similar remark can apply to B® 
and B". The smallness of available targets of isotopic 
form makes it unreasonable to 


purity in elemental 


pursue this refinement under the present techniques. 
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four relativistic equa 


energy and mo 


ident particle 
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momentum | 
. 
Ma, SIND; COSD — " — 
, ¥ : ci to iid 2b T2035 
JOSERVED PROTON ENERGY € wiv 


+ Mas sinO, cosd, 





; E, for berylliur 


inknown quantities: the energy of proton number 3 
gular variables) 


and the energy and direction (two angu 


of the recoil nucleus. The four equations involving 


conservation of energy and momentum are then 


sufficient to completely define the collision. 


Since the nucleus was originally at rest, the struck 


nucleon must have been moving with momentum equal 
of the recoiling nucleus. The 


and opposite to that of 
energy of a proton having the same momentum as the 
recoiling nucleus is designated Es. 


rhe solid angle 2; in which the struck nucleon must 


be moving is calculated numerically. The equations of 


motion are first solved for the emerging protons passing 
through the centers of the telescope counters, and then 


for the emerging protons passing through the corners 
) 


of telescope counter No. 3. Telescope counter No. 2 


is assumed to be a point counter, since its dimensions 
are an order of magnitude smaller than counter No. 3. 


Thus the extreme directions of struck nucleon mo- 
the solid le 2; 1S 


mentum are determined, and 


defined. The calculations are repeated for a range of 
values of struck proton momentum, and Q; is deter 


mined as a function of E; 
Che proton-proton differential scattering cross section 
Ss approximately independent of energy and angle in 


the c.m. system at these energies. However, since the 


] 


struck proton is ving, the transformation of solid 


me 
ingle from tl c.m. system to the laborat ry system 
from event to event. This change 
umerically and found to amount 


ith momentum ? has available 


In general 


to Pdp, or (y E\)dE. since 


ase space pr portional 


2ME. However, for this problem the available 
ase space is onl f the total, namely 


Ie) iV EsdE 1us the number of detectable 


i 1 by nuclear protons moving with an 


ollisions produced by I 
energy between £; and E;+dE; will be proportional to 
V (Es) (Qs/ 4) (\/Es)dEs, where V(E;) is the energy 


distribution of the nuclear protons. These collisions 
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will result in scattered protons in telescope counter 
number 2 having a small range in values of E». Thus 
each value of Es results in a distribution of protons 
about a particular value of EZ». The observed spectrum 
N(E:) can be obtained by graphical addition of the 
contributions from all values of Es. 

Figure 11 shows the relationship between the struck 
proton energy Es and the observed proton energy FE» 
for beryllium. The solid curve is for the case of a proton 
going through the center of telescope counter number 3, 
while the dashed curves represent protons which go 
through the sides of telescope counter number 3. Thus 
this figure indicates the effects of the finite size of this 
counter. It should be noted that a given value of E+ on 
the left-hand half of the curve (E2<170 Mev) corre- 
sponds to a rather wide range in values of Es, whereas 
a given value of £, on the right-hand half of the curve 
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(E,>170 Mev) corresponds to a smaller range in values 
of Es. Thus for a flat-topped momentum distribution 
such as the Fermi (rectangular), contributions from 
many values of £, will add up at a particular value of 
E; to produce the characteristic double-peaked curves 
However, in the somewhat narrower Chew-Goldberger 
distribution this effect is largely washed out. 

It should be further noted that each value of E, 
corresponds to two values of EZ». Thus the information 
comes in twice, i.e., either the left half or the right half 
of the experimental curves would determine the nuclear 
momentum distribution. The agreement of the experi 
mental points with both halves of the calculated curves 
thus gives a measure of the internal consistency of the 
experiment. 

The nuclear momentum distribution is assumed to 
be isotropic. 
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The spectrum of electrons arising from 


muons are arrested in the gas of a high-pressure hydrogen-fil 
of the decay electrons are determined from their curvature in a magnetic field of 7750 gauss. Th 
of 415 electrons has been analyzed according to the theory of Michel 


be 0.64+0.10 


A. INTRODUCTION 


HE determination of the spectrum of electrons 

which are produced by the decay of the muon is 
one of the most honored problems in particle physics.'~" 
Some of the difficulties in arriving at definite conclusions 
from the mass of data are discussed by Williams.’ One 
of the principal difficulties is the generally poor resolu- 
that 
accompanied by detailed discussions of the resolution 


tion has been used. The earlier data were not 


of the respective techniques. The lack of resolution was 
principally due to radiation losses of the decay electrons 
in the material used to arrest the muons 

The present experiment employs the gas of a hydro- 
gen-filled diffusion cloud chamber working at a pressure 
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mu 


the decay of the negative 


The significance of this result in terms of the beta 


mu meson has been determined. The 
liffusion cloud chamber. The momenta 

spectrum 
is ound 


rhe shape parameter, ; 


interaction 18 GIscusse d 


of 19 atmospheres, to stop negative muons and to 
Phe 


experimental arrangement has already been reported.’ 


observe the momentum of the decay electrons 


In addition to the negligible radiation and ionization 
losses, the lack of dead mass allows an examination of 
the entire spectrum. This virtue eliminates the necessity 
of arbitrarily normalizing the data 


B. EXPERIMENTAL CONSIDERATIONS 


Negative mesons from the 60-Mev pion beam of the 
Nevis cyclotron are moderated and allowed to enter 
the diffusion chamber, where a small fraction of pions 
Muon 
endings are scanned for associated decay-electrons. 
Momenta of the electrons are determined from curva 


and muons spiral to rest in the gas (see Fig. 1 


ture and angle measurements and from the value of 
the magnet field (7 
event. 

Because of the finite depth of the sensitive layer, the 
visible path length of roughly half of the decay electrons 
that their the data would 
seriously impair momentum resolution. The 
decay from Bohr orbits, and hence any criterion which 
requires that the electrons be emitted within some 


7750 gauss) at the time of the 


is so short inclusion in 


mesons 


" Sargent, Cornelius, Rinehart, Lederman, and Rogers, Phys 
Rev. 98, 1349 (1955); referred to as I 
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statistical reliability of the point. It extends (AV+1)! 
Ap from the point, where AN is the number of events 
in the electron momentum interval Ap 
le in Fig. 2 are 


resolution functions at 20 and 50 Mev The resolution 


The curves above the momentum sca 


lunction at momentum p represents the distribution of 


momenta which would be observed from a monochro- 











> 
matic source of electrons with momentum p. These are 
determined by the method of Appendix I. The resolu- 
tion function at momentum Pp turns out to have a 
width at half maximum given by R= (0.066+0.020) p. 
~~ , : 
Figure 3 illustrates the results of improving the resolu- 
tion by a more stringent set of criteria. These further 
imit the solid angle for acceptable tracks. The resulting 
tracks are less steeply inclined to the horizontal and 
ire longer. This division of the data is useful in studying 
the propagation ol! resolution errors 
D. ANALYSIS OF DECAY SPECTRUM 
The reaction being observed has been interpreted as 
10 vi gy es é ¢ 
| Ty vi *¢ yrs 1) 
I I 
The theory ~ this reaction has bee developed by 
Tiomno, Wheeler and Rau and by Michel.” The 
SIM ‘ ‘ | rheé resi to any € ) } P f x 
e rea 1) isa weak interaction of four spin-} particles 
S Dia tne mome Six r ’ | 
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track was 1 n ength. In the 15-50 Mev /c momet momentum between p and p+dp, x= p/W, and W is 
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is compared with experiment. The negative mesons 
are not at rest when they decay. From a study of stars 
made by stopped pions and muons," we have established 
that 35415 percent of the muons decay from the K 
shells of mesonic oxygen, nitrogen or carbon which 
constitute a 0.4 percent impurity in the gas. The 
remainder decay from the K shell of mesonic hydrogen. 
The large fraction decaying from the impurity arises 
from the long lifetime of mesonic hydrogen and the 
large cross section for collisions in which the muon is 
transferred to the impurity. Porter and Primakoff'® 
have calculated the expected spectrum shape for a 
meson decaying from a 1s orbit about a nucleus of 
charge Z. 

Their result, P’(x) for Z< 
sented by smearing P(. 
function R;(o.« 
o=a(Z/2 x, a 


10, is essentially repre- 
with a bell-shaped resolution 


which has a width at half-maximum 


Actually, the equations of reference 15 were used to 
compute P’(x 


The second modification is the experimental resolu 


tion function R(x) (Appendix I). Thus, 
P”'(x) [ x: y) P’(y)dy. 4 


This is much more important than R;. P’’(x) is plotted 


in Fig. 4 for p=0, ;, and 1 along with the 


mental points 


experi- 


It is necessary to see whether the data are adequately 
represented by a curve with some value of p and, if 
such is the case, to define a measure of the reliability 
of the empirically determined p. Assuming the data to 
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Fic. 4. Theoretical spectra for muon decay. The Michel curves 
for p= 0, 0.25, 0.50, 0.75, and 1.00 are folded with the experimental 
resolution of Fig. 2. The poor resolution experimental points are 


also shown 


represent an unbiased sampling of the u-electron decay 
spectrum, there remain five sources of error to consider 
in comparing theory with experiment 

i) The uncertainty in the vertical position of the 
points in Fig. 2 which result from the finite number of 
events observed in a given momentum interval. 


ii) The uncertainty in the horizontal position of the 


points which results from conversion of radius of 
curvature measured in reprojection to electron momen 
tum. The conversion goes via a “momentum scale 
factor” denoted by H. The uncertainty AH in H 


arises from a lack of precise knowledge of the magnetic 
field and from imperfect reprojection. Since the field 
is known to 1.0 percent and the fiduciary mark spacing 
is reproduced in reprojection to 0.5 percent, AH/H 

0.011. 

(iii) The upcertainty, both vertical and horizontal, 
in the position of the points which result from a lack of 
We take w= 207.04+-1.0 
The analysis assumes that two zero 


knowledge of W=,yp/2. and 
AW /W =0.005 
rest-mass neutrinos are emitted in the decay 

iv) The uncertainty in the position of the curves 
which results from lack of precise knowledge of the 
half-width R 


lution functior 


and the shape S of the momentum reso 
We find AR/R 


to minimize this effect, we 


0.35 for the data of 
Fig. 2 


computed p from the better resolution data of Fig. 3 


In order have also 
In this way, statistics are traded for resolution in order 
to uncover any possible large systematic effects which 
could arise from finite resolution. 

The simplest method of obtaining the shape pa 
rameter, p, from the data is by the method of moments." 
This method, although statistically not efficient, gives 
the propagation of various errors quite simply 

lable I summarizes the results of various estimates 
based on moments. Only the major uncertainties are 
displayed here 

In Table I, Apy is the contribution to the uncertainty 
Ap due to the horizontal scale error AH. Ap, is the 


* The ith moment is X Si xj\dx 
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Determination of p by momer 





“ 0.67 +-O.05 0.11 

OOo O09 

1) 6 +O OG 0.11 

0.64 009 

0.72 0.03 0.19 

O75<x*<- O69 +-{) 02 0.18 


R2« rig. 3 
15 rig 
statistical standard deviation. The split moment is 


designed to uncover a systematic error in the scale H 

To use the data more efficiently, a least squares 
analysis has been performed in order to determine p 
and to test the theoretical shape with the best value of 
p determined. To do this, the sum 


U=)5 


has been evaluated for each of the five curves of Fig. 4 
rhe results are plotted for the poor resolution data in 
rhe 


minimum thus determined 


Fig. 5 curve is fitted by a parabola and the 


The result is 
p=0.64+0.09 (standard deviatior 

various confidence levels are indicated on the 
M (p 
This < 


ically expected average chi sq 


0.64 is 18 for 


with 


minimum value of x 
igrees we I] 


11S 16 


18 intervals and one parameter 


the 


Statist lare whl 


cessary to investigate the sensitivity 


uncertainties AH, AW, AR, AS, and Al 


1 by varying the indi 


Finally, 


of p to the 


rhis is accomplishe ated pa 


rameters by given amounts, which changes the positior 
of either the points or the curves ol Fig 3 i | then 
recalculating p 
The results are 
Apu +35AH H 3.5«0.011=0.039, 


2.8AW 
$4xX10"AR/R 


Apu 28% 0.005 = 0.014, 


Apr 0.044 0.35=0.015 


If S is Gaussiar 0.005 ; if 
F=1 (all 


less than 0.01 


~~. et hanged by ess t} an 


mesons decay from oxygen) p is changed by 


[he sensitivity of p to improvement of 
ated in 


The 


curve of Fig. 1 cor 


the resolution is indi 


lable I and ina comparison 
of Figs. 2 and 3 results show that the resolution 


tains an undetected ‘tail’ whict 


+0.540.5 


negative positive positive negative 
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probably accounts for the events between 65 and 80 
Mev."’ The origin of this tail probably arises from 
track distortions, not observed in zero field studies 
tracks. The results of 
Table I indicate that no large error is introduced by 
the 


which are carried out on flat 


the unknown and possibly asymmetric tail in 
resolution function 

Combining al! uncertainties, we find 

p=0.64+0.10 (standard deviation 
E. DISCUSSION 

There has been disagreement between values of p 
obtained by different experiments. Vilain and Williams 
have examined the decay spectrum of positive muons 


m® = 100-2579 +202," 
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with an expansion cloud chamber and have found 
p=0.50+0.12, a value which agrees both with the 


present work on negative muon decay and with the 


earlier pl emulsion measurements of the 


olographi 
positive spectrum by Bramson, Havens, and Seifert 
iS tor positive the | 


| result 
result has stimulated an 


However »agane obtalr muons 
. rr} 


p=0.23 rhe latter 


exhaustive search for possible systematic errors. For 


example, the same set of pictures has yielded a mass 


measurement for the x~ meson which is about 1 percent 
In addition, several long muon 


tracks were used to obtain the muon mass by residual 


below the best value 


ipeting events, e.g., a +O'*—+(O"*)* +¢ 
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CLOUD-CHAMBER STU 
range in hydrogen vs curvature. Also, #*—y* decays 
at rest were studied. These serve as an independent 
and overall calibration of the horizontal scale to better 
than 3 percent. No other sources of error have been 
discovered. There is of course the (remote) possibility 
that the spectra of positive and negative muons are 
different.'* Before the present results can be applied 
to a determination of the beta-decay coupling constants, 
they must be corrected for radiative effects. The inner 
bremsstrahlung contribution has been computed by 
Lenard.” Nonradiative corrections of the same order 
have recently been examined.” We have estimated that 
these effects would increase p by approximately 0.04. 
Thus the value of p obtained from this experiment is 
0.68+0.11, where the error has been increased to allow 
for the uncertainty in the radiative corrections. Michel 
and Wightman* have discussed the implications of the 
knowledge of p on the beta-decay coupling constants, 
assuming the usual connections between Fermi inter- 
actions. The muon decay spectrum shape may be used 
to give some information as to the importance of the 
pseudoscalar component and as to the relative sign of 
the scalar and tensor interactions. This information is 
beset by ambiguities of (1) the distinguishability or 
indistinguishability of the neutrinos in Eq. (1) and 
(2) the correspondence of the four Fermi particles in 
nuclear beta decay (pmev) to those in muon decay 
(myer, uvev, etc.). The acceptable solutions are listed in 
Table II. The input data are: |g,/g;, =0.85+0.13, 
o= 2°B/(y*r, log2) = 1.22+0.05, p=0.68+0.11." 

The authors wish to thank Dr. L. Michel, O. Kofoed- 
Hansen, and J. Steinberger for helpful conversations 
on this problem. 

APPENDIX 
A. Angle Measurements 

The bottom of the diffusion chamber contains a black glass 
disk upon which is scribed a grid of fiduciary lines. In measurement 
the image of the grid is projected onto a rear surface screen at 
unity magnification. It is generally possible to reproduce all 
fiduciary dimensions to one part in two hundred 
10 inches apart and intersect the 
lenses are 133.5 cm above the glass 


The camera lens axes 
black glass normally. The 
The three-dimensional information required for analytical recon 


are 


struction of events in space is knowledge of the height z of points 
on a track above the black glass. Let View A be the reprojec tion 
of the picture taken by the camera whose lens axis intersects the 
black glass at A, with a corresponding definition of View B 
Let the displacement of View A of a point on a track from a line 
DE, perpendicular to AB, be d4 cm, and that in View B be dg 
Then the height s in cm above the black glass of the point on the 
track is related to d=d4—dg by: 2=131.0d/(25.40+d). 131.0 
appears in the numerator instead of 133.5 as a result of the effect 
introduced by the 2.5-inch thick top glass of the chamber. The 

*W Panofsky, at the Fifth Annual Rochester Conference on 
High Energy Physics, presented results of K at Stanford 
on positive muons which indicate a value of p=0.55+0.1. See also 
Crowe, Helm, and Tautfest, Phys. Rev. (to be published) 

* A. Lenard, Phys. Rev. 90, 968 (1953 

* R. Finkelstein and R. Behrends, Phys. Rev. 97, 568 (1955 

1 L. Michel and A. Wightman, Phys. Rev. 93, 354 (1954 

= J. B. Gerhart, Phys. Rev. 95, 288 (1954); O. Kofoed-Hansen 
and A. Winther, Phys. Rev. 86, 428 (1952) and O. Kofoed-Hansen 


(private communication 


Crowe 
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dip angle of a track is the angle between the tangent to the track 
and a horizontal plane. s; and 2; are the heights above the black 
glass of two points 1 and 2 on a track and s is the projected arc 


length between 1 and 2 as measured in, say, View A 
Then approximately, 


2X 131.0) + (Ac’/s) (6/131.0)], 

where 6 cm is the distance, measured in the direction tangent to 
the track from A to the point on the track halfway between 1 
and 2. } is positive if the track is going up as one proceeds along 
it away from A 
different, but the resulting tana should be the same 


tana = (Az/s)[1+ (2: +2 


If one used View B, s and 6 would in general be 
The first 
correction term is a magnification correction on s, reflecting the 
fact that when the reprojection magnification is adjusted to be 
correct for distances on the black glass projected distances 
between points above the glass appear too large. The second 
correction term is the conical reprojection correction to first order 
131.0 
this experiment. Az may ordinarily be measured to 0.15 cm 


in (tana Ihe above expression for tana is adequate for 


B. Momentum Measurements 


A singly charged particle with momentum ? and dip angle a 
moving vertical field H_ kilogauss 
traverses a right circular helix characterized by pitch angle a and 
radius p. P in Mev/c is related to p and a by p=0.3Hp/cosa, 
where p is measured in cm. Ordinarily in this work 5 cm<p<60 


in a uniform magnetic ol 


cm and p’, apparent p, is satisfactorily measured by fitting a ruled 
circular template to the reprojected track. p and p’ are related by 


{1 26 tana 
=e 131.0 131.0 


The symbols have the same meaning and the corrections the same 


(36*+- 4a") tan*a/ (131)? 


origin as in the expression for tana. p’ has reference to the radius 
of curvature of the reprojected track at a single point, z is the 
height of that point above the black glass, and a is the distance 
to the appropriate fiduc lary mark measured perpendicular to the 
track 
correction of p corresponding to the last term was 0.2 percent 


In the measurement of the w-decay spectrum the median 


The equation is correct through terms of the second order of 
cloud-chamber dimensions modulated by tana and divided by 
131 cm. The use of a finite length of track to measure p implies an 
tana|, a correction which 
becomes smaller 


additional correction of first order in 
becomes inc reasing!y important as p For p 
sufficiently small it makes the template method of measurement 
inappropriate 

The multiple-scattering uncertainty may be calculated. The 
possible magnitude of photographic and reprojection distortion 
effects has been checked by photographing ruled templates and 
has been found to be determined essentially only by the fidelity 
with which one can reproduce in reprojection the correct relative 
position of the fiduciary marks. With moderate care, the uncer 
tainty in momentum due to this effect is a small fraction of a 
percent 

On occasion, the magnetic field was reduced to 120 gauss and 
the absorber external to the chamber was removed. Most of the 
particles then photographed would be mesons with a most prob 
able energy of about 65 Mev, or momentum of about 150 Mev/« 
Some mesons with decidedly lower momentum and occasional 
protons and electrons would also be present. The small residual 
field to 
scattering would otherwise be interpreted as distortion 


Serves identify low-momentum tracks whose multiple 
The results of this series of photographs lead to the conclusion 
that for Jong, flat tracks the turbulence-induced radii of curvature 


are probably greater than 100 meters 


C. Momentum-Resolution of the y-Decay 
Spectrum 
The visible length of most of the decay electron tracks is less 
than 15 cm. For such short tracks the measurement error in the 
radius of curvature p is larger than 1 percent and it makes the 
major contribution to the total uncertainty of the momentum 
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measurement. In order to assign a standard error to each momen R:(p,p) was found for p= 20 and 50 Mev/c by using events with 
tum measurement an estimate of the measurement error was momenta between 15 and 25, 45 and 55 Mev/c respectively to 
h event find Q(¢). The resolution functions for p= 20 and 50 Mev/c are 

lhe resolution function K2(p,p’) represents the probability per shown on Fig. 2 for all events and on Fig. 3 for the more restricted 








mace tor ¢a 








unit momentum interval of observing electrons with momentum data 

p’ if the actual entum of all electrons is ¢. If O(c) represents For the two values of p, the shapes of R(p,p’) are very closely 
the} probability distribution function of standard momentun identical and the half-widths are nearly proportional to p. The 
errors for all events with momenta roughly equal to p, then uncertainty in the value of the resolution width is quite large 





estimate of K(p,p") is perhaps of the order of 35 percent) because of the arbitrary 


ire of the assignment of standard measurement errors to the 
2x individual events. 


YSICAI kK VIEW VOLUME 99, NUMBER 3 AUGUST 1, 1955 


Asymmetry in High-Energy p-n-» Double Charge-Exchange Scattering* 
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Fic. 1. Schematic layout of p-n-p polarization experiment 


The maximum proton beam energy was 340 Mev. In 
the approximation of nonrelativistic nucleon-nucleon 
collisions between the beam and target 
nucleons at rest, one sees from the geometry that the 
energy of the neutrons is a constant, independent of the 
scattering angle. There is, of course, a variation in 
energy of the ejected neutrons because of the internal 
momentum distribution inside the target nucleus. As 
the momentum of the bombarding protons changes 
with a change of scattering angle, this variation in 
energy is a function of the scattering angle. 

The second target was placed in the collimated 
neutron beam. The fluxes of protons to the right and 
left of the axis of the neutron beam were measured 
simultaneously by means of two counter telescopes 


protons of 


Targets, Counters, and Electronics 


Targets of carbon and tantalum were used. The first 
and second tantalum targets were both of 10 g/cm’ 
thickness. The first and second carbon targets were 
4.1 g/cm’ and 1.5 g/cm’, respectively. The solid angle 
subtended by the second target from the first target 
was 2X 10~* steradian. 

The right and left counter telescopes were made as 
nearly identical as possible. The counters were all liquid 
scintillators with dimensions of 2 by 2 by § inches for 
the front and 3.5 by 3 by 0.75 inches for the rear 
counters. The solid angle subtended by the counter 
telescopes from the second target was 0.04 steradian 
The counter photomultipliers were adequately shielded 
from stray fields by means of soft iron and yw metal 

Crystal diode double-coincidence circuits with diode 
clamps were used for both telescopes. Each circuit had 
a resolution time of 10~* sec. 
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scale not uniform 


The plateaus of the coincidence counting rates with 
respect to the photomultiplier high voltages were 
located by raising the voltages until the coincidence 
counting rate for a pair of counters remained constant 
when the voltage of either counter was lowered by 100 
volts. In addition, all counters were supplied by the 
same high-voltage source to help avoid false asymmetry 
due to high-voltage drifts 


PROCEDURE 


With the first target in the 0° position, the second 
target and the collimators were aligned by means of a 
telescope situated about 75 feet from the first target. 
This defined the axis of the scattered neutron beam 
The counter telescopes were then placed in the plane 
of the first scattering at approximately equal angles to 
the right and left of the axis of the neutron beam. 

With the unpolarized (0°) neutron beam in use, the 
counting rates in the right and left telescopes, with 
background subtracted, were equalized by small adjust- 
ments in the detector angles. The backgrounds, which 
were of the order of 10%, were determined by count 
ing with the second target removed. The above ad 
justments were always within the limits of the esti 
mated error of about 0.3° in the original positioning. 
This procedure had the effect of eliminating false 
asymmetries due to small differences in solid angle and 
counter efficiencies between the right and left telescopes. 
The counters were then left fixed throughout the run, 
and all angle changes were made by moving the first 
scatterer (situated inside the cyclotron). 

Counting rates were then obtained for both a 45° left 
and a 45° right first scatter. Asymmetries of the same 
magnitude but opposite sign, obtained for right and 
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This potential gives no odd angular momentum states, 


and predicts an asymmetric distribution about 45°." 
The subsequent measurement of the p-n quasi-elastic 
polarization using a proton beam of known polariza- 
tion allows an estimate to be made of the n-p charge 
exchange polarization for carbon bombarded by 170- 
Mev 
315-Mev incident protons is, from Chamberlain et al.,' 
P -16%+2%. 
can apply this polarization to the p-n-p asymmetry 
45° the 
e=P,P.2, where P, is the polarization in the first 
scattering and P,.= P(E 
second scattering. A polarization is 


scattered at 45 


neutrons. The p-n quasi-elastic polarization for 


Ignoring the energy difference, we 


for a 45° lab) scattering through relation 
is the polarization in the 
obtained for 170- 
equal to P,(170, 45 


applied 


Mev neutrons 
64°>+15% 


to the 30 $5 


The same procedure can be 
p-n-p asymmetries 
Mev 
the energy differ- 


and the 35°—35 


Using the p-n polarization at 285 given in the 


lollowing paper, ang again ignoring 


ence between the p-n and p-n-p initial energies, we 
obtain the polarizations P2(170, 45 43% 249% and 
P.(170, 35 29% errors quoted are all 


+12%. The 


probable errors and the ir resolution for the 
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Asymmetry in p-n and p-p Scattering from Targets Bombarded 
with 285-Mev Polarized Protons* 
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ASYMMETRY IN p-pr 


expressed by 
e=(L—R)/(L+R)=PyP pn, 


where e is the asymmetry, / and R are the neutron 
counting rates at equal angles to the left and right, 
P, is the polarization of the incldent proton beam, and 
Px is the polarization which would occur in a p-n 
collision in which the initial nucleons were unpolarized. 
In this experiment the polarized proton beam de- 
veloped by Chamberiain ef al.’ was used as the first 
scattered beam. Neutrons and protons ejected from 
the second target were then counted in coincidence 
with the scattered protons (quasi-elastic coincidence). 


APPARATUS 
Experimental Arrangement 


The polarized proton beam was obtained by scatter- 
ing the internal proton beam of the 184-inch cyclotron 
on a Be target, and by bringing this beam out into 
the experimental area by the method described in 
reference 2. This beam has a polarization of 65.0+4 
percent, an energy of 285+15 Mev, and a flux of ap- 
proximately 10° protons per second entering the bom- 
bardment area. 


Counters and Targets 


Figure 1 shows the general arrangement of the target 
and counters in the bombardment area. 

The counters were all plastic scintillators. Counters 1 
and 3 were rectangular in shape, 3 by 3 by 0.25 in., and 
6.5 by 6.5 by 7% in., respectively. Counters 2 and 4 
were cylindrical, 2 in. diam by 7 in. long, and 5.5 in. 
diam by 4 in. long, respectively. The angle between tele- 
scopes 1, 2 and 3, 4 was kept at 85° in the laboratory sys- 
tem. This angle is the approximate relativistic nucleon- 
nucleon scattering angle. The distances between the 
second scatterer and the telescopes were altered for 
different angles of observation in order to obtain an 
optimum ratio of counting rate to background. The 
solid angle subtended by the 1, 2 telescope was varied 
between 0.2 10-? and 0.8 10~* steradian, and that 
subtended by the 3, 4 telescope was varied between 
0.03 and 0.3 steradian. The counter phototubes were 
surrounded by soft iron and yu metal to shield against 
stray magnetic fields. It was shown that the shielding 
eliminated any effect of the magnetic field on the 
photomultipliers. 

The targets were thin slabs, of vertical dimension 
greater than that of the incident beam. The thin dimen- 
sion was oriented perpendicular to the incident beam 
in order to allow the scattered particles to get out of 
the target. The targets had the following composition 
and dimensions: carbon, 143 by }4 by 9 in.; beryllium, 
2 by 7s by 4 in.; lithium, 3 by 0.25 by 3 in 
Wiegand Phys 


? Chamberlain, Segré, Tripp and Ypsilantis, 


Rev. 93, 1430 (1954 
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Figure 1 shows the coincidences demanded from the 
four counters. The output of each of the four counter 
photomultipliers was amplified by distributed amplifiers 
and then split into two channels. The signals from the 
first of the two channels (from each of the four counters) 
were mixed directly into fast-coincidence circuits of 
10~*-sec resolution in the four possible combinations of 
pairs. The signals from the other channel were further 
amplified and fed into two 10~*-sec coincidence circuits 
with outputs 4 and 2 delayed in time by one rf cycle 
(6X 10~* sec). The delayed circuits gave a simultaneous 
measurement of accidental events. The outputs of the 
10-*-sec coincidence circuits were then amplified by 
linear amplifiers, shaped by variable gates, and mixed 
appropriately (see Fig. 1) into coincidence circuits of 
10~-*-sec resolution time. 


PROCEDURE 


The position of the beam was found by means of 
x-ray film, and the target was then placed in the center 
of the beam. Photographs were taken periodically to 
monitor possible changes in the beam position. All the 
counter angles were measured with a transit centered 
at the target position. The estimated angular error was 
of the order of 0.1°, and intentional misalignments of 
this amount gave errors in asymmetry of less than 
1%. 

The plateaus of the counters were located by raising 
the photomultiplier voltages until the coincidence 
counting rate for a pair of counters remained a constant 
when the output pulses from either counter were 
attenuated by a factor of two. 

The incident beam was monitored by an argon-filled 
ionization chamber. 

An absorber that rejected protons of energy less than 
0.7 E, cos*6 was placed in front of Counter 1, where Eo 
was the energy of the polarized proton beam and @ was 
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I were defined by the telescope with poor angular 
nf resolution 
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Proton-Proton Scattering in Nuclear Emulsions at 432 Mev* 
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High-energy protons from the unpolarized external beam of the Carnegie Institute of ‘Technology cyclo 
tron were sent through Ilford GS nuclear emulsions of the normal and 4X gelatin types. The emulsions were 
area-scanned for Y-shaped stars representing events of elastic collisions of the incident protons with hydro 
gen nuclei in the emulsions. These events were identified through angular measurements. With known 
densities of hydrogen atoms in the emulsions, the differential cross sections of proton-proton elastic scatter 
ing were calculated. The result is consistent with counter measurements. 


INCE the advent of high-energy machines in various 
laboratories, proton-proton scattering experiments 
have been among the first group performed because of 
the fundamental importance of studying nucleon- 
nucleon interactions. The present work was performed 
to verify counter techniques applied in the energy 
region of 440 Mev. In the present work, we use the 
hydrogen atoms of the gelatin in nuclear emulsions as 
the target for the high-energy proton beam and study 
the angular distribution of the elastic collisions identi- 
fied by means of angular measurements. The advantages 
of this method are: (1) the complete event, incoming 
and both scattered protons are recorded simultaneously ; 
with energy discrimination and ability to recheck every- 
thing; (2) relative differential cross sections are inde- 
pendent of errors in monitoring; (3) it is possible to 
observe events to as low an angle as 5°; (4) the ratio of 
the background to the elastic events is relatively low. 
On the other hand, the chief disadvantages are the low 
statistics for the amount of work invelved and the un- 
certainty in the personal error of missing events during 
scanning. 

Photographic plates 1 in. by 3 in. with 200 micron 
Ilford G5 emulsions of normal and 4X gelatin types 
were exposed to the external proton beam of the 
Carnegie Institute of Technology cyclotron. The plates 
subtended an angie of 0.2° from the collimator hole and 
were area-scanned for events corresponding to the elas- 
tic scattering of protons from hydrogen nuclei in the 
emulsion. The technique has the advantage of positive 
Atomic Energy Com 
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identification of events and the disadvantage of re 
quiring excessive time to obtain good statistics. 

Between 1 and 4X 10* protons per cm? passed through 
the plates parallel to the supporting glass and perpen- 
dicular to the long edges of the plates. With these ex 
posures, some events were missed when both of the 
proton tracks had low grain densities (cases close to 
symmetrical scattering) or when their scattering planes 
made large angles (@) with the field of view in the 
microscope. Therefore, we do not include in our data 
events near the symmetrical scattering angles and limit 
ourselves to small azimuthal angles (@). From the point 
of view of identifying events from the background, it 
is also necessary to limit ourselves to small ¢ because 
space angles can be measured more accurately and there 
is less distortion of tracks during shrinkage. 

In order to eliminate the contribution of background 
events, i.e., quasi-elastic collisions of incident protons 
with the nuclear protons of elements in the emulsion 
other than hydrogen, we set the following stringent 
criteria for an elastic collision event: 

(1) The tracks must have the proper grain densities 
(energy discrimination). 

(2) The three tracks must be coplanar, i.e., the 
azimuthal angles @ of the two scattered tracks must be 
within 2° of each other (coplanarity). 

(3) The space angle between the scattered proton 
tracks must agree with the calculated angle within 1 
(correct space angle). 

As @ (the scattering angle in the 
system) decreases below 20°, the angular tolerances 
were increased by a factor of two because of the dif- 
ficulty in measuring the @ of the forward (high-energy) 
track due to the small projected angle and the in- 
accuracy in measuring the low-energy dark track due to 
distortion and scattering in the emulsion. When such 


center-of-mass 








BLE I. Number of events, and from these the differential 
r 4 ( in var sng@uiar 4 | 
@ limites 16.2 346.9 53.1 664 
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a track stops in the emulsion, the range becomes a 


reliable ( he k 
The mean proton energy in the plates is 432+8 Mev 


including the 


uncertainty and spread of the peak 
2 The differential cross sections were calculated 


energy 
on the basis of mean free path from the total length of 
incident tracks through a volume of emulsion with a 
known number of atoms of hydrogen 


The main errors are governed by the statistics and 


the efficiency of scanning. Our estimate of the latter, 


based on extensive rescanning, gives an efhciency of 
97+3 percent 


RESULTS 


Three groups of data were obtained. 
ios : : 

The first group consists of 38 elastic events in norma! 

50 satisfy the stringent criteria 


events and 8 fall inside th 


emulsion 
e doubled tolerances all 
The upper limit for @ is 
f low 
i 


a higher quasi-elastic background is 


for small-angle scattering 
66.4 


: 
large angles. Also 


scanning emcien 


be use ¢ 


chosen at 
exper ted above this angle from a theoretical estimate. 
16.2 

— 


scanning efficiency decreases when the low-energy pro 


The lower limit for @ is chosen at because the 


tons tracks are short and angular measurements of 


thick tracks are not too reliable 





The number of events in each angular region are 
idded up and listed in T: also gives the dif 
ferential cross sections deduced from these numbers 


The corresponding average cross sections obtained by 





the counter group are also listed 


> » f , } 5 
ar region, we found 15 


In the same volume and angul 


quasi-elastic events within 5° of the correct space angle 


1 
and 5° of the coplanarity, which implies a background 
f random 


of 2 percent in the region of acceptance 


distributed 


Sutton, Fields, Fox, Kane, Mott, a Stallwood, Phy Rev 


Ac F. CLARE 


The second group of data is concerned with further 
work to find small angle events, chiefly with diluted 
(4X) emulsions which have four times as much gelatin 
as normal G5 emulsions. Because of the low grain 
densities we limit ourselves to @ less than 44.4°. The 
grain densities of the low-energy tracks are already 
and 44.4 


which corresponds to 35° in 


e region of 6 between 36.9 


quite small in tl 
thus, we limit @ to 20 
normal emulsion and is therefore close to our former 
limit of 30°. At the smaller angles, we allow ourselves a 
higher limit in @ up to 50°, because the tracks are 
sufficiently dark to be seen and the lower distortion 
permits reliable measurements. 

Table II shows the total number of events in each 
angular region and the differential cross sections. The 











Tasie II. Number of events and the deduced differentia 
cross sections at smal! angles 
6 limit 16.2 258 36.9 44.4 
1 0.04 0.10 0.20 0.30 
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cross section in the region 0.1<1—cosé<0.2 is less than 
two probable errors above the counter result. 

\ third group of six events was found during part of 
the scanning of the second group. These events lie be- 
and 16.2°. The choice of a lower limit of 5 
assumes that tracks with ranges more than 10 microns 
are seen. Because of the shortness of the tracks ending 


in the emulsion we choose 40° as the upper limit for 


tween 5 


rhese 6 events represent a cross section of 4mb/sterad, 
} 


which is more compatible with destructive than con- 


structive Coulomb interference.** 
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K-Series X-Rays from =-Mesonic Atoms*} 


M. Camac, A. D. McGuree,} J. B. Pratt, anp H. J. Scuurte$ 
University of Rochester, Rochester, New York 
(Received April 28, 1955) 


The K-series x-rays from the x-mesonic Be, B, C, N, and O atoms have been studied. In each case meas 
urements have been made of the 2p-1s quantum energy, and of the fraction of stopped pions which give rise 


to K-series x-rays (the “K-series yield”). The yields are: Be, 18.8+1.7%; B, 13.6+1.5%; C, 


9.5+1.0%; 


N, 4.5+0.5%; O, 34+04%. The decrease in yield with increasing Z is attributed to nuclear absorption 
of the pion from the 2p state. The 2p-1s quantum energies are: Be, 4343.5 kev; B, 6843.5 kev; C, 9247.5 
kev; N, 132+2.5 kev; O, 163.8+2.7 kev. The expected energy in the case of oxygen, if only electromagnetic 
interactions are important, is 176.0 kev; the difference is presumably due to a pion-nucleus interaction 


which is repulsive in the 1s state. 


I. INTRODUCTION 


HE formation of a mesonic atom as a step in the 
absorption process for negative mesons has been 
postulated for some time, and evidence for the existence 
of such atoms has been obtained both with cosmic 
ray'* and machine produced** mesons. We have 
observed the K-series x-rays from the -mesonic Be, 
B, C, N, and O atoms. In each case we have measured 
the quantum energy, and have determined the fraction 
of the stopped pions which give rise to radiative transi- 
tions to the mesonic 2s level. 


The sequence of events from the stopping of a nega- 

* This research was assisted by the U. S. Atomic Energy 
Commission 

t Based in part on theses submitted by A.D. McGuire and 
H. J. Schulte to the Graduate School of the University of 
Rochester in partial fulfillment of the requirements for the 
degree of Doctor of Philosophy 

¢ Now at the University of Minnesota, Minneapolis, Minnesota 

§ Now at Los Alamos Scientific Laboratory, Los Alamos, 
New Mexico 

! Experimental evidence for radiative transitions in u-mesonic 
atoms: W. Y. Chang, Revs. Modern Phys. 21, 166 (1949); E. P. 
Hincks, Phys. Rev. 81, 313 (1951); A. Farfarman and M. H 
Shamos, Phys. Rev. 87, 219 (1952); G. G. Harris and T. J. B 
Shanley, Phys. Rev. 89, 983 (1953); F. D. S. Butement, Phil. 
Mag. 44, 208 (1953); W. Y. Chang, Phys. Rev. 95, 1288 (1954) 

2 Experimental evidence for y-mesonic Auger transitions 
Cosyns, Dilworth, Occhialini, and Schoenberg, Proc. Phys. Soc. 
(London) A62, 801 (1949); C. Franzinetti, Phil. Mag. 41, 86 
(1950); W. F. Fry, Phys. Rev. 79, 893 (1950); A. Bonetti and G 
Tomasini, Nuovo cimento 8, 693 (1951); Groetzinger, Leder, 
and Ribe, Phys. Rev. 81, 626 (1951). 

* Experimental evidence for #-mesonic Auger transitions 
Menon, Muirhead, and Rochat, Phil. Mag. 41, 583 (1950). 

‘ Experimental evidence for radiative transitions in r-mesonic 
atoms: Camac, McGuire, Platt, and Schulte, Phys. Rev. 88, 134 
(1952); Schulte, Platt, and Camac, Phys. Rev. 89, 905 (1953); 
Camac, Platt, and Schulte, Phys. Rev. 89, 905 (1953); Stearns, 
DeBenedetti, Stearns, and Leipuner, Phys. Rev. 93, 1123 (1954); 
McGuire, Camac, Halbert, and Platt, Phys. Rev. 95, 625 (1954); 
Sterns, Sterns, Leipuner, and DeBenedetti, Phys. Rev. 95, 625 
(1954); Sterns, Sterns, DeBenedetti, and Leipuner, Phys. Rev. 
95, 1353 (1954); Sterns, Sterns, DeBenedetti, and Leipuner, 
Phys. Rev. 96, 804 (1954); Sterns, Sterns, DeBenedetti, and 
Leipuner, Phys. Rev. 97, 240 (1955) 

5 Experimental evidence for radiative transitions in ~-mesonic 
atoms: V. Fitch and J. Rainwater, Phys. Rev. 92, 789 (1953); 
Sterns, DeBenedetti, Sterns, and Leipuner, Phys. Rev. 93, 1123 
(1954); Koslov, Fitch, and Rainwater, Phys. Rev. 95, 291 (1954); 
95, 625 (1954) 

* Experimental evidence for w-mesonic Auger transitions: H 
Morinaga and W. F. Fry, Nuovo cimento 10, 308 (1953); W. F. 
Fry, Nuovo cimento 10, 490 (1953). 
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tive meson in condensed matter to the absorption of 
the meson by a nucleus has been considered in detail 
by several authors.’ A pion is first bound to a particular 
nucleus in a quantum state characterized by large 
values of the principal and orbital quantum numbers 
(n, l~16). The cascade process to lower energy states 
can occur through Auger® or radiative’ transitions. 
The Auger effect predominates, in the low-Z elements 
considered here, for transitions between states of n> 3. 
Then radiative transitions become important, and 
nuclear capture competes with radiation in depleting 
these states of low quantum number. 

Our determination of the fraction of stopped pions 
which give rise to the 2p-1s radiative transition (the 
2p-1s “quantum yield’’) thus measures the nuclear 
capture probability for pions in the 2p state. We shall 
discuss the limits of validity of this measurement 
below. The branching ratio is expected to have a Z* 
dependence, since the radiative transition probability 
varies as Z‘ and the nuclear absorption probability 
varies as Z*. (There are Z protons in the nucleus and 
the fraction of the time the 2p pion spends in the 
nucleus varies as Z°.) Messiah and Marshak" predict 
the branching ratio to be 0.2Z?, and our results are 
consistent with this prediction. 

The measured quantum energies are in all cases 
within 10% of the energies predicted by assuming 
electromagnetic interactions only between the pion 
and the nucleus. For nitrogen and oxygen, however, 
the measured Ka quantum energies are less than the 
predicted values by 2% and 7% respectively. We 
believe these differences are significant. They pre- 


7R. E. Marshak, Meson Physics (McGraw-Hill Book Company, 
Inc., New York, 1952), Chap. 5. Marshak gives a summary of the 
original papers and many references. References on the problem 
of meson capture not listed by Marshak include: R. Huby, Phil 
Mag. 40, 685 (1949); R. L. Rosenberg, Phil. Mag. 40, 759 (1949) 
*E. H. S. Burhop, The Auger Effect (Cambridge University 
Press, Cambridge, 1952), Chap. 7. G. R. Burbridge and A. H 
de Borde, Phys. Rev. 89, 189 (1953); B. L. Joffe and I. Ya. 
Pomeranchuk, Zhur. Eksptl. Teort. Fiz. 23, No. 1 (7), 123-4 
(1952); A. H. de Borde, Proc. Phys. Soc. (London) A67, 57 (1954) 
°H. A. Bethe, Handbuch der Physik (Verlag Julius Springer, 
Berlin, 1933), second edition, Vol. 24, Part 1, 440. 
‘ A.M. L. Messiah and R. E. Marshak, Phys. Rev. 88, 678 
1952). 
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imab 5 indicate a meson-nuclear interaction which is 
repuls ve for a meson in the 1s state 
Il. EXPERIMENTAL METHOD 
The «¢ xperiment arrangement is shown in Fig. 1 
Pions were produced in an aluminum target in the 
University of Rochester 240-Mev synchro yclotron. 


Negative pions of approximately 50-Mev energy were 
deflected and foc the 


cyclotron magnet and by 


used by fringing field of the 


a separate external] magnet 

rhe x-meson beam was defined by the 6-in. horizontal 
vertical entrance 
the 


and 3-in. aperture of the secondary 


magnet and by 14-in. diameter of the meson 
ae Identification of the parti les as pions was 
by their magnetic rigidity and range in aluminum 
X-Ray Detection Apparatus 
The detection apparatus is shown schematically 

| g ? All detectors ee counter 5 were plasti 
scintillators Thi apparatt was used both 1 for 
taking range measurements and determinir gy the parti le 
composition of the meson beam, and (2) for observing 
mesonic x-rays. A threefold teles ope yunters 1, 2 
and 3) defined the incoming pion beam. An aluminum 
step wedge between counters 2 and 3 was adjusted 


so that the | 


ween ct 


low-Z material 
(We sl all call 


1a block of 
and 4 


ons stopped i 


inserted bet yunters 3 the 


block the “stor pper’’.) Counters 4 and 6 were used in 
anticoincidence. Counter 4 rejected events vhicl 
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charged particles went completely through the meson 
stopper. Counter 6 was a 3 in.X3 in. plastic counter 
with a 1.5-in. diameter hole in the center. It rejected 
events in which a pion outside the beam defined by 
counter 3 gave rise to a count in 3 by a secondary 
process. 

The x-ray detector, counter 5, was a cylindrical 
Nal (TI) crystal of 14 in. diameter enclosed in a moisture- 
proof container” and mounted on the photocathode of a 
DuMont type 7292 photomultiplier. Its thickness was 
equal to several mean free paths for the x-rays under 
study. 

A block diagram of the coincidence circuit is shown 



























































Fig. 3. The resolving time of the coincidence system 
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I 3. Simplified block diagram of the electronic equipment 
Coincidence inputs to scalers shown here are those used while 
ecording mesonic x-ray spectra. Other coincidence combinations 
vuld be selected for other purposes. 


was about 5 10~° se 


anticoincidence 


. Events causing the coincidence, 
combination 1-2-3-4-5-6 opened the 
0.5-microsecond gate of the gated amplifier. The ampli- 
tude spectrum of the 
in time 


» pulses in counter 5 which occurred 
coincidence 
measured 


e with the above type of event was 


on the 24-channel pulse-height analyzer. 


Energy calibration of the system was established by 
means of x-rays from artificial radioactive sources. 
Because of the large amount of background radiation 
and the high detection efficiency of the Nal crystal, 
five feet of were required as 
hielding between the cyclotron and the x-ray detector. 
purpose of the shielding was to attenuate fast 
les (mainly neutrons) originating in the cyclotron. 


approximately brass 





ark, Rev. Sci. Instr. 24, 
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In addition the detector was surrounded in all directions 
except that of the incident pion beam, by several addi- 
tional feet of brass, lead, and concrete to attenuate 
secondary neutrons and gamma rays which scattered 
about the cyclotron building. Under operating condi- 
tions, a typical background counting rate of events 
in which more than 20 kev of energy was lost to the 
Nal crystal was 3X 10*/sec during the time the proton 
beam irradiated the target. At such background count- 
ing rates the random coincidence rate of 1-2-3-4-5 
events (the bar denotes anticoincidence) was negligible, 
and the probability of detecting an unwanted event 
in an arbitrary opening of the 0.5-usec gate was also 
negligible (~10~*). We nevertheless observed broaden- 
ing of the x-ray pulse height spectra if the background 
substantially exceeded this value. We believe the im- 
portant time constant in this connection is the recovery 
time of the Nal crystal from the occurrence of a high- 
energy event to the time at which this event contributes 
a negligible fluctuation (<20 kev) from the average 


light output from the crystal. 


Range Measurements 


Integral range curves were taken by plotting the 
number of coincidence events 1-2-3-4 as a function of 
the thickness of aluminum between counters 2 and 3, 
using the number of 1-2 coincidence events as a monitor 
The thickness of aluminum varied in steps of 
}g/cm?. This procedure then yields the number of 


incident particles which penetrate the entire length of 


was 


the telescope. An integral range curve and its derivative 
are shown in Fig. 4. The mean range corresponds to an 
initial energy of 51.5 Mev. The width of the derivative 
is consistent with a spread in the incident energy of 
about 1 Mev. 

Differential range curves were obtained by plotting 
the combination 1-2-3-4 versus aluminum thickness, 
again using 1-2 coincidence events as the monitor. An 
event 1-2-3-4 represents a meson stopping in either 
the stopper or counter 3. Figure 5 shows typical differ- 
ential range curves taken with and without the meson 
stopper in place. The peak in the lower curve of Fig. 5, 
taken represents particles 
stopping in counter 3. The ordinate of the stopper in-out 


with the stopper removed, 


difference curve represents particles stopping in the 
stopper only; the width indicates the thickness of the 
stopper in equivalent range in aluminum. 

rhe beam contamination consists primarily of muons 
and 
target and have the acceptable magnetic rigidity. A 


electrons that originate in the vicinity of the 


determination of the range of the particles of identical 


magnetic rigidity should suffice to identify the com- 


ponents of the beam. For 51.5-Mev pions, muons of the 


shou d have 


momentum 62-Mev energy and a 


a range of 18 g/cm? of Al; electrons should have 130- 


Same 


Mev energy and a range of over 20 g/cm? of Al. In 
addition, some pions undergo decay in flight after 
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Fic. 4. Typical in 
tegral range curve and 
its derivative, taken 
with meson stopper in 
place 














magnetic analysis. The decay muons whose paths are 
parallel or antiparallel to the pion trajectory also may 
contaminate the beam. Each of these components has 
been identified in range measurements and checked by 
specific ionization measurements in a thin Nal crystal. 

In addition to the above contamination of the pion 
beam, we have also found x-ray evidence for muons 
with the same range as the pions. In the experiments 
reported here, these muons are mainly due to r—y 
decays in the counter telescope after the pions lose most 
of their energy. Calculations show that roughly 0.5% 
of the pions should undergo such decay. Muons with 
the same range as 51-Mev pions may also arise from 
pions of lower energy that decay in the fringing field of 
muons enter the secondary 


the cyclotron. These 
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Fic. 5. Typical differential range curves taken with and with- 
out the meson stopper in place. The difference between the two 


is also shown 
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CHANNEL 


spects in the same condition as when mesonic x-rays 
were beir 


i observed, except that the cyclotron was 
Since the I x-ray yield is | compa turned off, and the gated amplifier was triggered with 


r-MeESO! x-ray 1 1 of a few ‘recent for ox. 1, rather than meson events. 
u-mesonic x-ray S a sensitive indication of Identification of the observed radiation as mesonk 
contamination t topp pa he x-rays rests on the following: The pulse-height spectrum 
of pulses in the x-ray detector in coincidence with 
mesons stopping in the stopper displayed a maximum 
in each case within , of the energy predicted for the 
mesonic A ay the element of the stopper. By 
introduction of metal foils between the meson stopper 
he detector, it was established that the peaks 
ra yle ded the exper ted'® x ray absorption 
Ir previously published cu ich a foil is shown in Fig. 2 as ‘**x ray absorber.” 

oxygen yield was substantia y in error for 

Beryllium 
III. MESONIC X-RAY MEASUREMENTS 


Figure 6 shows the pulse-height spectrum of pulses 


stoppers were ber. 
rt ‘ 


CH 


in counter 5 in coincidence with x~ mesons stopping in 
The callibration curve of Fig. 6 was ob- 

ie beryllium runs the same amplifier 

1e abscissae of the two curves are identical. 

» zero of energy is in channel 1. The calibration curve 

of the fluorescent radiation from Ta emitted 

x-rays from the Hg source were absorbed in a 
eo hin Ta foil placed in the ‘‘x-ray absorber” position 
nsity Hg — Fig. 2). The familiar escape peak'’ is seen in the 


ig. < 
posited permanen | 1 counter 4. Bot! 


calibration curve. 


nuclea ray'® following 8 dex f Hg™ and the 7 ; 
— cay os H rhe predicted instrumental width for the spectrum 
A x-rays of ollowing internal cor t 


of a monochromatic x-ray line at the r-mesonic Be Ka 


observed ] } ] ith th l 
energy, extrapolating the observed width at the « alibra- 
tion energy by use of an E~! energy dependence, is 31%. 


The observed width is 36% The discrepancy may be 
in Theory 


Hollar 


469 (1953 
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due to the presence of x-rays from higher transitions, 
or Compton broadening by the stopper and back- 
ground broadening. We adopt the interpretation that 
the observed Be x-mesonic x-ray spectrum consists of 
Ka radiation with possible radiation from K8 and 
higher transitions, in unknown intensities. 
The measured energy of the peak of the Be spectrum 
is 43+3.5 kev. The weighted average energy of the 
Ta K calibration spectrum was taken to be 57.2 kev. 

To aid in the determination of the background to be 
the x-ray 
yield, a run was made with a 0.022-in. thick Pb absorber 


relative 


subtracted in determination of mesonic 
in place for the same number of stopped mesons as in 
the upper curve. The true background must lie above 
remove 
addition to absorbing the 


the lower curve since the Pb absorber must 
some of the background in 
mesonic x-rays. The true background was assumed to 
lie between the dashed lines shown. Uncertainty in the 
knowledge of the background to be subtracted con- 
stitutes the dominant error in the yield measurement. 


Boron 


In the boron mesonic x-ray spectrum of Fig. 7 it was 
determined that the energy threshold of the amplifier 
gate was sufficiently low not to distort the shape of the 
escape peak associated with the boron mesonic x-rays. 
This procedure insures that all of the main peak was 
above threshold. The calibration for boron was estab- 
lished with the Tl A x-rays from the Hg™ source. The 
abscissas of the curves are identical, the zero of energy 
the 
the predicted channels. Using 


being in channel 4 in this case. In both curves, 
escape peaks appear in 
72.1 kev as the energy of the peak in the calibration 
curve leads to a value of 68.0 kev for the peak of the 


boron mesonic x-ray curve. 





The width of the boron mesonic x-ray curve predicted 
from the width of the calibration curve is 29.4%, while 
31.0% is observed. This observed width is not consistent 
with an intensity of the #-mesonic K@§ line of more 


than 25°% of that of the Ka even if no other source of 


line broadening were present. The interpretation 
adopted is that the Ka line represents at least 75% of 


the intensity of the boron r-mesonic K series, and that 
the observed energy of the boron rKa line is 68+3.5 kev 

The lower curve of Fig. 7 was taken with a 0.050-in 
thick tungsten absorber in order to estimate the back- 
ground. Some evidence of tungsten fluorescence can 
be seen in the lower curve. The true background was 


assumed to lie between the two dashed lines shown. 


Carbon 


For carbon, no difference in mesonic x-ray yield was 
found from graphite and from CH, stoppers, which 
supports the assumption that hydrogen present in 
chemical combination plays a negligible role in the 
formation of the mesonic atom.’ The spectrum (not 
shown) from carbon appears considerably broader thar 
predicted from the calibration curves. The excess widtt 
of this spectrum is attributed to drift in gain of ar 
amplifier during the taking of the data, and to a higher 
background counting rate in the x-ray detector. The 
cyclotron was intentionally operated at higher beam 
level than optimum for best resolution in order to speed 
the taking of data. Speculation as to the relative in 
tensity of the Ka and K@ lines in carbon on the basis 
of the observed line widths does not seem profitable 
Within the experimental accuracy, the peak in the 
carbon mesonic x-ray spectrum appears at the energy 
predicted for the Ka lines. 
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a w-mesonic K-series radiation appears in the 2p-1s line, 
tc. 2 
w | 132.0e25KEV and that 3p-1s and higher transitions account for the 


, 
remaining 20+5%. None of the observed 3p-1s and 
\ ; higher transition intensity can be attributed to simul- 


} 


taneous collection of K- and L-series quanta, since 














j 0.016 in of copper foil was used to filter the x-ravs 
ol Py The yu-mesonic x-ray intensity is consistent with 1.5% 
WW + _ . 
Zz re. muon contribution to the stopped particies, ll one ’ 
} } PI 
Boe is +l . 
= i assumes that all muons give K x-rays 
x ri . : ’ cial 
re) r | bs he alibration was established with a Cd 
« 2 tH . vy ray’® taken to have an energy of 171.2 kev. Since 
- j ® nis y ray 1s followed by a delaved + ray, it was con- Ps 
| : ; : : 
200 . venient to delay the calibration signal for coincidence, 
. , 7 : 
ze ° ind e delay line attenuated the idbration signal 
z . ' 
| A DV ak wv imount to correspond | qu tum energy 
5 b , >} 7 
Oo wi s { 156.84 1 5 Kev The vidt ol é 0 meso! 
| ? , } ai ; +} 
100 4 4 : - 2p-1 r pre cted fron | pr ) 5s 2 ~ Ol € 
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* ’ amnonent f uidth 3794 7¢ 
comp O dth 22427 
7 a The energy of the nitrogen x-mes Ka x-ray ne¢ 
. S measure » be 132.2+2.5 kev 
° r tant 
4 be 12 16 20 24 
CHANNEL 
Oxygen 
I RN K 9 eS x , 
The a I . t ‘ Se The pulse-height spectrum resulting from _ pions 
r ¥ R eal | 4 rh ¢ t ft t t > 
‘ 7 “ : a stopping in water is shown in Fig. 9. Resolution into 
uAa x energ he TI, es the uckgr ’ ! : 
Z ver components has been done in the same manner as that 
described above for nitrogen, except that a small com- 
Nitrogen ponent at ~100 kev has been added. Such a component 
s expected from the mesonic carbon A x-rays, due to 
rhe pulse-height spectrum o ed Tor the nitrogen pions stopping in the last telescope crystal; one can 
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number of the stopper in Fig. 
calculated from the formula 


10. These yields were 


where Y is the yield. The 


detined 


remaining symbols are 


and their determination from experimental 


lable I 


quantities obtained in our experiments. 


data is discussed below ists the values of these 

\, is the number of observed x-rays, obtained by 
determining the total area under the appropriate peak 
in the pulse height spectrum, and subtracting the back- 
ground assigned by tl 
Ina 


1e methods previously discussed 







cases, uncertainty in the assignment of back- 
For Be, B, and C this 
summation includes both x- and w-mesonic x-rays 


ground is the dominant error 


E is a correction required in the case of Be to take 


account of x-rays collected by the counter but un 
fluorescent iodine 
Axel 
“escape peak’’ fell within 
" 


summation included 


detected because of escape of the 
quantum. E 
+} 


is computed from the graph of 
For 


1e other elements the 
+} 7 


e range of detection and the 
these events 


CU. is the contribution to the observed yield from 


u-mesonic x-rays. This quantity was experimentally 


here 
ld 


determined in the case of oxygen, w t is appreciable 


compared to the #-mesoni and where the 


is 0.009. The 


X-ray yie 
two peaks can be reso ved ( in this case 


same value was assumed to be appropriate for Be, B, 
and C. In the case of 
+] 


resolved and this corre 


nitrogen the two peaks were 
tion was not made 

\, is the number of stopped pions. It is determined 
1-2-3-4-6 


particles 


by counting the coincidence events and 


which 
t} 


multiplving by the fraction of beam 


is determined from 


his 


ome to rest in the stopper 1€ 


usually 


differentia] fraction 


ibout 0.86 


range curves was 


eis the probability that an x-ray quantum originating 


in the stopper would be detected by the counter if 


no matter intervened between the point of origin and 


the counter. € was computed by determining the 


counter efficiency-solid angle product for a number of 
source points within the stopper, and then taking the 


results over the volume in 


weighted average of suc! 
which the mesons stopped. The details of this calcula 
tion are given elsewhere 

K is the correction required for Compton scattering 
and photoele 
around the source point 


tri absorption of x-rays in the matter 





counter: that is. the 
meson stopper, anticoincidence counter 4, any metal 
x-ray filters, and the 


the Nal 


CTOSS Se ( 


foils used as aluminum shell 


housing crystal. AK was calculated from the 


known tions tor absorption and scattering, 


using a mechanical model to perform the spatial inte 


A.D 


ishe 


McGuire thesis Universit f Rochester 1954 
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Fic. 9. Oxygen A-series mesonic x-ray spectru 1 alibra 
tior The arrow marked «# locates the center of the observed 
Kam x-ray peak. The one marked uw is placed at the predicted 
uKa x-ray energy) The dashed line indicates the background 
level assumed for the yield calculatior The sma peak near 
hannel 11 is e expected contribu lue to carbon mw x-rays 
from mesons stopping in counter 5 Zero energy is in channel zero 


scattering cross sections. 


differential 
rhis result was checked at quantum energies of 32 kev 


over 


grations 
(Cs87) and 72 kev (Hg™) by measurement with an 
“analog”. A 


the desired source position with respect to 


source ot the radioisotope was 


point 
placed 


the x-ray counter, and the relative counting rates were 


1) bare, and (2) surrounded by 


same electron density, 


found with the source 


material of the shape and posi 


tion relative to the counter as that used during mesonk 


x-ray runs. For both methods a number of source 
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Taste II. Data on radiative and absorption probabilities for pions in 2p state. 
Population of 2p level Ratio of absorption to radiation probability 
Ka yield Pr W/W, 
Flement y ig Upper limit Lower limit Upper Lower Predicted 
Be 0.150+0.016 0.804+-0.05 4.340.7 3.2 
B 0.1094+0.014 0.80+0.05 6.341.0 5.0 
( 0.0764-0.009 0.80+0.05 0.18+0.06 95414 2.4+1.1 yp 
N 0.040 4+-0.008 0.80+0.05 0.25+0.06 19+4 5.2+2.0 98 
oO 0.031+0.010 0.80+0.05 0.34+0.03 25+10 99248 12.8 


used, and K is the weighted average over 
the volume in which pions stopped. The two methods 


points were 


were in good agreement; we found by either method 
that the Compton scattering probability for a single 
quantum is about 20%, but in the aggregate, for our 


geometry, the in-scattering is nearly equal to the out 


scattering plus absorption 


IV. CONCLUSIONS 
Nuclear Absorption 


The yields of the w-mesonic K-series x-rays furnish 
information on the pion absorption rate by the nucleus 
from the 2p state. Consider the 2p-1s mesonic x-ray. In 
order to emit this x-ray the pion must first reach the 
2p level; let P2, be the probability that a stopped pion 
reaches the 2p state 


transition to the 1s state or else undergoes nuclear ab- 


The pion then makes the radiative 


sorption from the 2p state; let the probability per 
Se’ ond for these prov eCSSES be uM 


Auger 


, and W, respectively. 


(The probability of an transition or of m-u 


decay is negligible.) Hence 

V25-1= P2,W,/(Wo+W, 
and 

W = WA (P2p/¥2p-)—1}. 

Since the mesonic atom is hydrogen-like, W, is 
readily evaluated: W,=1.75X10"Z* sec Vapi. 1S 
measured directly in this experiment for nitrogen and 
oxygen, and for the other three elements it is reasonable 
to assume that the 2p-1s yield is 80% of the total K 
yield 

P py Can only be bounded with our present informa- 


tion. Since 20°; of the A-series radiation is observed 
to come from 


exceed 0.80 


3p-1s and higher transitions, P:, cannot 


A lower limit can be obtained from the 


Tasie II]. Observed and predicted 2)-1s quantum energies 

—r ; z fe 
Obeerve e ne t 

energy " ” 

klement kev ke k k 
Re 43 435 43.9 1 +35 1&5 
K 68 435 6&8 1 435 42 
( 92 +7.5 91 7 +75 5.6 
N 132 +2.5 134.9 2.742.5 10.4 
oO 163.8427 176.0 12.2427 17.7 


L-series yields given in the following paper,” at least 
in the cases of O, N, and C, since mesons yielding 
L-series radiation must occupy the 2 state (or the 2s 
state, but it is much more probable that a meson initially 
in a 3p or higher p state radiates to the 1s level). Table 
II lists the upper and lower limits obtained for the 
ratio W,/W,, together with the values of this quantity 
predicted by Messiah and Marshak." 


Quantum Energies 


The measured energies of the mesonic Ka x-rays 
(2p-1s transitions) are given in Table III for the five 
elements reported here. We list in the same table 
the predicted x-ray energies assuming electromagnetic 
effects only. These predicted values are found by solu- 
tion of the Klein-Gordon equation for the hydrogenic 
(point nucleus) meson-nucleus system, and the use 
of these solutions in first-order perturbation calcula- 
tions to find the corrections required for the finite 
extent of the nucleus and the polarization of the 
vacuum. These calculations have been performed by 
Grunstra and are described in detail elsewhere”; his 
methods are essentially similar to those used by the 
Columbia and the Carnegie groups.”! 

Differences between the observed and the predicted 
quantum energies are presumably due to a non- 
electromagnetic interaction between the pion and the 
nucleus. Such an effect is expected because of the pion- 
interaction. Estimates have recently been 
made by Deser, ef al."' of the energy shift of the 1s level 
resulting from the pion-nucleon interaction. These 
estimates make use of the pion-nucleon scattering 
lengths given by Orear™ and assume that the scattering 


nucleon 


lengths of the nucleons in the nucleus are additive. 

We include in Table III a comparison of the ob- 
served energy shifts with those predicted by Deser 
et al. We find, as does the Carnegie group, some evidence 
for a nonelectromagnetic interaction. 

*Camac, Halbert, and Platt, following paper [Phys. Rev. 99, 
905 (1955 

=B. R. Grunstra, thesis, University of Rochester, 1954 
(unpublished 

™ Specifically, these calculations assume a pion mass of 272.7m,; 
the nucleus a sphere of uniform charge density and radius 1.2 
<X10-"4Alcm; and no energy shift due to polarization of the 
nuclear charge. Grunstra estimates that this last effect, if present, 
does not change these quoted energies by more than 0.5% 

= J. Orear, Phys. Rev. 96, 176 (1954 
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The yields of the L-series x-ray lines from r-mesonic atoms have been measured for fourteen elements 
between Z=6 and 26. The total yield rises from 18% at carbon to a maximum of about 70% in the vicinity 
of aluminum, and then decreases. This decrease is caused primarily by nuclear absorption of pions from 
the 3d state; the 3d—+2p yield determinations thus measure the nuclear absorption rate from the 3d state 
The low-Z drop-off is predicted qualitatively by theoretical calculations of the meson cascade scheme 
The observed relative intensities of the different L-series emission lines are substantially independent of Z 
in the range 62516. The 3d—+2p transition energies are consistent with electromagnetically predicted 
values within the experimental error of 3 to 5% for Z <28 


I. INTRODUCTION 


HE x-ray emission lines from pi-mesonic atoms of 
light nuclei have been studied by Sterns, De- 
Benedetti, Stearns and Leipuner' and by Camac, 
McGuire, Platt, and Schulte.** Using the same equip- 
ment and similar techniques as the latter group we 
have measured the yield and the relative intensities of 
the L series for the elements Z=6 to 17 
(except Z=10) and also Z= 20, 22, and 26. These data 
furnish information on the competition between the 
3d—2p radiative transition and the nuclear absorption 
of pions from the 3d state, and also on the cascade 
scheme of the mesonic atom. We have obtained energy 
measurements of the 3d—+2 transitions for some of 
these elements, providing additional information on the 
specific pion-nucleus interaction. 
The formation of the mesonic 
the experimental procedure are described in the pre- 
ceding article. We proceed here with a discussion of 
the L-series data. 


inclusive 


atom and details of 


Il. EXPERIMENTAL DATA 


To illustrate the important features of the L-series 
data, we discuss in detail spectra obtained from several 

* This research was assisted by the U. S. Atomic Energy 
Commission 

t Based on a thesis submitted by M. L. Halbert to the Graduate 
School of the University of Rochester in partial fulfillment of the 
requirements for the degree of Doctor of Philosophy 

1 Stearns, DeBenedetti, Stearns, and Leipuner, Phys. Rev. 93, 
1123 (1954) 

?Camac, McGuire, Platt, and Schulte, Phys 88, 134 
(1952); McGuire, Camac, Rev. 95, 
625 (1954) 

* Camac, McGuire, Platt, and Schulte, preceding paper [Phys. 


Rev. 99, 897 (1955) } 
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chosen the spectra of 


We 
aluminum, and iron, shown in Figs. 1, 


elements. have oxygen, 
3, and 4. The 
vertical scales have been adjusted so that each spectrum 
is normalized to the same number of stopped mesons 
as the no-absorber spectrum for that element. The bars 
shown represent the standard deviation in a representa- 


tive point. 
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Fic. 1. Oxygen L series. Each spectrum was taken with the 
indicated x-ray absorber placed in front of the x-ray detector 
The energy scale was determined by independent calibration with 
radioisotopes 
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the x-ray absorption coefficients in copper’ at the 





dicted transition energies. 
The 


obtained from th 


relative intensities of the various transitions 


e graph have to be corrected for ab- 
sorption in the meson stopper. The lower-energy lines 
are attenuated more than the higher-energy transitions, 
making the latter appear more prominent in the spectra. 
The peak in channel 2 cannot be due to low-energy 
x-rays because the opaque-absorber curve also shows it. 


inearity in the 


Phe peak is instrumental, caused by non|l 1 


he tirst three cf 


nanneis. 


2. Aluminum, Z= 13 


1j 


il 


In ad 


aluminum L series 


the 


he low- 


r 


to the L8 and higher 


Fig. 3 


tion transitions, 


shows stru 


ire on t 


energy side of the main peak as well. The iodine escape 


peak® for the La line should be centered on channel 7; 
of the main peak 


this accounts for the broadening 








lower cl iels are probably due to 


VU series 
as Z increases 


an 





These become 
the 
the 
for 


liative transitions 
However, 
of 


reshold 





ly important 
not 


spectrum does 


VU -series intensity 


give an accurate measure 


because the energy tl 


x-ray detection was not low enough to include all of 
the VU series 
rhe energy scale was determined by using the 72.1- 


kev Tl x rays from an Hg” source 


3. Iron, Z=26 


The striking features of the iron L series (Fig. 4 
umely the prominence of the M series and the relative 
smallness of the La line, are typical of the L spectra 
of the elements of Z217. An accurate determination of 
the L yield is therefore very difficult. The drop below 
hannel 5 is due to electronic cut-off. The energy scale 
was determined with the 279-kev nuclear y ray from 


an Hg™ source 


An absorber substantially opaque to the x-rays in 





this energy region was not used because it would have 
been inconveniently thick. Instead, we made use of a 


0.030-in. tungsten absorber which should remove abou 





30°], of the La quanta. Dropping this curve in the 
vicinity of channel 15 by another 70% below the no- 
ibsorber spectrum gives an equivalent of the opaque- 
absorber curve. The dashed line suggests the result of 
such an operation. We believe the dashed line gives 


an absolute upper limit to the area of the peak. A 


lower limit wi is probably closer to the true value is 
obtained by drawing a line under the observed peak 


whi is tangent to the spectrum outside the region 


of th e peak In either case, the no absorber sper trum 


above a substantial background, larger 


than that under the low-Z spectra because a much 


A. H. ¢ pton a S. K. Allis Y-Rays in Theory and 
I crimen D. Va Nostrand Compa Ine New York, 1935 
Sex edit Appendix 9 

P. Axel, R Sci. Instr. 25, 391 (1954 
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Fic. 3. Aluminum L series. Each spectrum was taken with the 


indicated x-ray absorber placed in front of the x-ray detector 


The energy scale was determined by independent calibration 
with radioisotopes 
used for a reasonable 


thicker NaI crystal had to be 


detection efficiency at these energies. 


Ill. CALCULATION OF YIELDS 


We define the yield as the fraction of pions coming 
to rest in the stopper which give a mesonic x-ray of the 
desired type. In evaluating the L-series yields the 
problems encountered are somewhat different from those 
in the K-series case. We computed the L yields from a 


formula similar to that previously*® used: 


N, 
V,<p*EK 


where .V, is the number of x-rays, .V, is the number of 
stopped pions, ¢ is the over-all efficiency of the x-ray 

“I 
,p is 


the effective photofraction, E is the escape correction, 


) 


detector (including the solid angle for detection 


and K is the correction factor for photoabsorption and 
scattering. These quantities are discussed below. 

Most of the formula are energy- 
dependent and vary appreciably over the energy range 
spanned by the L series. This necessitates computing 
the yield for each line of the L series separately. In 
practice, however, only the La and 18 were treated 
separately ; the higher transitions, because they cannot 
be individually resolved, were lumped together and the 
correction factors calculated for some energy between 


factors in the 


the 5—+2 and ~- 
encountered in the L-yield calculations also differed 


»2 transition energies. The problems 
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from those met with in the K yields in that absorption 
of the Z x-rays in a given stopper was more serious 
because 1 quanta are of much lower energy. 

N,, the observed number of stop events, included 
particles stopping in counter 3 as well as the stopper; 
the range curves tell what fraction actually came to 
rest in the stopper, usually between 85 and 95°%. Large- 
angle scatterings in the stopper could have caused 
false stop events, but we have estimated that these con- 
stituted no more than a small fraction of a percent of 
the total. From the oxygen A spectra we learned that 
about 1% of the stopped particles give a w x-ray.’ We 
assumed the same is true for the Z data and accordingly 
multiplied the number of stopped particles by 0.99 to 
arrive at the number of stopped pions. The 1°7 of the 
stopped particles which are muons make a negligible 
contribution to the Z yield. 

We used Teflon plastic (CF.) and CCl, stoppers for 
the fluorine and chlorine data and assumed that these 
elements capture mesons in proportion to Z.° In a 
rough check of this ‘‘Z-law’’ we found that the number 
of carbon x-rays from CF, was 0.21+0.11 of that from 
graphite, which is consistent with the Z-law prediction 
of 0 25 
\,, the number of x-rays, was difficult to evaluate 


because of uncertainties in background and in how one 
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The dashed line under the La peak represents a 
lower limit to the background in that region. It was extrapolated 
from the observed attenuation of the 0.030 in 


radioisotopes 


tungsten absorber 


*R. E. Marshak, Weson Physic 
Inc., New York, 1952), p. 170 


(McGraw-Hill Book Company, 





908 CAMAC, 
separates the individual lines of the L series. The 
curves taken with absorbers opaque or partially opaque 
to the L series determine only a lower limit to the back- 
ground because any undesired y rays of the same 
energy as the mesonic x-rays are also attenuated. The 
background counts are in time coincidence with stopped 
mesons. They probably result from stars following 
nuclear absorption of the pions. For Z<16 the no- 
absorber curves approach the opaque-absorber curves 
in the regions where there are no mesonic x-rays (see 
Figs. 1 and 3), and we have taken the difference be- 
tween the two as the observed number of x-rays. 

For the elements Z2 17, we could obtain only approxi- 
mate upper and lower limits on the La areas because 
of the presence of x-rays from the M series and the 
large background. The upper limit corresponds to 
identifying as the background the opaque-absorber 
spectrum (or its equivalent constructed from a partial- 
absorber curve as described above), and the lower limit 
to using only the area of the bump on the no-absorber 
spectrum at the La energy. The treatment of the 18 
and higher transitions was complicated even more by 
simultaneous detection of M and L quanta emitted in 
succession by a mesonic atom. Absorption evidence 
in the Z= 20 spectrum is consistent with the apparent 
LS peak being almost completely composed of pulses 
caused by detection of La and Ma quanta together; 
after correction for Ma quanta we find the relative in- 
tensity of the 18 line is 7%+5%. For elements of 
Z= 20 we have assumed for the yield calculations that 
none of the 6 or higher transitions are genuine; these 
counts have been grouped with the main La peak. 
Fortunately the error in the total yield because of 
these uncertainties is far less than that due to the un- 
certainty in the background 

e, the efficiency-solid angle product for x-ray detec- 
tion averaged over the x-ray “‘source,”’ was calculated 
by numerical integration, using the total y-ray absorp- 
tion coefficient in NaI at the energy of interest as 


given by White.’ The average efficiency-solid angle 
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7G. R. White, National Bureau of Standards Report 1003, 
1952 (unpublished) 


Total L yield vs Z 
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AND PLATT 
product varied between 5 and 20°, depending on the 
energy and the geometry. 

Corrections must be made for the x-ray interactions 
in the crystal which give a pulse smaller than that cor- 
responding to the full energy. We calculated for our 
geometry the ratio p* of the photopeak area to the 
area of the Compton continuum plus photopeak 
(“effective photo-fraction”) from the data of Maeder, 
Miller, and Wintersteiger.* We corrected the separated 
L-line areas for escape of iodine K x-rays using Axel’s 
calculations.’ K is a correction factor needed because 
(a) not all of the mesonic x-rays initially directed 
toward the detector actually reached it—some were 
absorbed or scattered by the intervening material 
(stopper, counter 4, and the “window” of the Nal 
container), and (b) some mesonic x-rays not initially 
directed toward the detector were scattered into it by 
this material. We have estimated the factor K by 


TaBLeE I. Final results for total L-series 
yields and relative intensities 








Total Higher 

Zz yield la Lg transitions 
6 0.18+0.06 0.79+0.28 0.1340.03 0.08+0.02 
7 0.25 0.06 0.73 014 0.17 0.05 0.10 0.03 
8 0.34 0.03 0.70 0.10 0.17 0.05 0.13 0.03 
9 0.37 0.09 0.78 0.13 0.16 0.07 0.13 0.03 
11 0.64 0.05 0.78 0.07 0.12 0.03 0.10 0.03 
12 0.50 0.04 0.79 0.10 0.13 0.04 0.08 0.01 
13 0.68 0.06 0.77 0.08 0.12 0.04 0.11 0.01 
14 0.75 O11 0.75 0.08 0.15 0.03 0.10 0.03 
15 0.52 0.14 0.73 0.13 0.13 0.03 0.14 0.03 
16 0.59 0.14 0.73 0.08 0.13 0.05 0.14 0.03 
17 0.46+0.08 

—0.18 
20 0.31+0.08 

—0.07 
22 0.16+-0.17 

—0.08 
26 0.12+-0.26 

—(0).04 


| 
| 


il 


supplementary experiments in which we measured the 
transmission of analogs of the stopper, counter 4, and 
the window for photons of various energies from radio- 
isotope sources. For one set of Z=6 spectra the factor 
K for the La line was only about 33°7; above 40 kev 
it was always greater than 80°%. 

For most elements studied several independent sets 
of spectra were taken, often months apart; the yields 
calculated from these independent runs agree well. The 
final results listed in Table I are weighted averages 
of these separate determinations. The fractional errors 
are large for Z=6 and 7 because of uncertainty in the 
transmission factor K. For the other elements un- 
certainty in the Z areas of the spectra is the most 
important. The purely statistical error is of relatively 
little significance. 


* Maeder, Miiller, and Wintersteiger, Helv. Phys. Acta 27, 3 
(1954). 
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IV. RELATIVE INTENSITIES 


In Fig. 5 are plotted the total yield results of Table I. 
A smooth curve has been drawn through the points 
to emphasize the general trend. The point for Z=12 
lies further off the curve than the estimated experi- 
mental error allows, but we feel this may be due to some 
accidental error. The error bars shown for Z<17 are 
the rms sums of the estimated errors in the various 
factors in the yield formula. For Z >17 the errors in- 
troduced by background subtraction dominate. We 
believe the subtraction method used to determine the 
lower limit is closer to the correct procedure than that 
used for the upper limit and we have indicated with 
open circles our best estimate of the true yield value. 

Measurements of the relative L yield have been 
published by the Carnegie group.' Allowing for the 
difference in the way background is subtracted (their 
procedure is equivalent to the method we used to find 
a lower limit on the areas), our results agree with theirs. 

By relative intensity of a certain L transition we 
mean the number of such transitions occurring divided 
by the total number of all Z transitions occurring. The 
relative intensities for the elements Z216 are also 
listed in Table I. We have mentioned that L@ and higher 
transitions appear to be unimportant in the Z217 
elements; this is to be expected, for when the n—3 
transitions go radiatively rather than by Auger emission 
a meson is more likely to be brought into the circular 
Bohr orbits. However, the experimental evidence is not 
reliable enough to allow us to assign these elements 
relative intensities for Table I. 


V. NUCLEAR ABSORPTION FROM THE 3d STATE 


A meson entering the 3d state will leave in either 
of two ways: (1) by a 3d—29 radiative transition (La), 
or (2) by direct nuclear absorption. (Auger transitions 
are unimportant for any elements we have studied; 
m-u decay is also unimportant.) We denote the prob- 
ability that a stopped meson enters the 3d state by 
Pya, the 3d—+2p radiative transition probability by 
W,, and the probability of nuclear absorption by W,. 
The yield Y34.2, of La quanta (not the total L yield) 
is thus given by 


Y 34+2p= P3qW, (W,+ W,). 


We attribute the observed decrease in L yield at high Z 
to a more rapid increase with Z of W, compared to W,. 
This is theoretically expected from the following rough 
argument: Assuming hydrogen-like wave functions 
apply, W,~Z* and W, ~Z*; the latter dependence 
arises from multiplying the probability density near 
the origin for a d-state meson (~2Z’) by the num- 
ber of particles in the nucleus which can absorb the 
meson ( ~Z). 

We have plotted 1/¥j4.2, against Z for Z211 in 
Fig. 6. Solving the previous equation for W,/W,, 
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>o 4g ins ds 























Fic. 6. Plot of 1/¥sa.2, vs Z. The right-hand scales give the 
value of W/W, implied by the data for three choices of Psy 


we find 
W o/W,= (Psa/¥ saa2p)—1. 


Use of the right-hand scales of Fig. 6 performs this 
transformation automatically for three choices of Pa. 
This parameter may depend on Z. P4 can never be 
more than unity, and it cannot be much less than 0.5 
for Z=11, 13, and 14 since W,/W, cannot become 
negative. The data for Z from 11 to 16 (except for 
Z=12) is consistent with W,/W,=0 if Pay ~0.5; Pag 
cannot be larger than 0.75 for these elements because 
of the observed relative intensity of the higher order 
transitions. On the other hand, the reduced relative 
intensity of the 18 and higher transitions for ele- 
ments of Z220 would imply that Py4 may be closer 
to 1 for these elements. The uncertainty in P34 and in 
La yield unfortunately make the data useful only for 
order-of-magnitude estimates of W,/W,. This is 
particularly true of Z= 26, the most interesting element 
since it has the highest Z of any on which we have 
made yield measurements. For Z=26 W,/W, can be 
made to vary from 0.3 to 11.0 depending on the choice 
of assumptions. 


VI. CASCADE SCHEME 


If one knew the initial quantum states in which 
pions are captured in mesonic atoms, he could in 
principle predict the subsequent radiative and Auger 
transitions, and hence predict the quantum yield if 
only electromagnetic effects are important. Deviations 
from these predicted intensities would then give a direct 
determination of the competition from nuclear absorp- 
tion. The distribution of pions following capture in 
states of high quantum numbers is not known; however 
one can assume various plausible distributions and 
attempt these yield predictions. We are currently 
making a study of these cascade schemes and expect 
to publish detailed results later; however some qualita- 
tive results may be of interest here. 
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Tape III. Observed and predicted La transition energies and 


ifferences between observed and predicted energies, in kev 





17 1454 8 149.8 -5+ 8 
22 251 6 252.2 -1+ 6 
26 357 14 353.1 +4414 
28 411 12 410.2 +1412 


for Z=13 appears to be ruled out since it gives an 





L-emission probabili substantially less than the 
observed yield 

The experimental data on Le relative intensity im- 
plies that an ? population is required in both elements. 


his in turn would imply an initial capture distribution 


even more sharply peaked toward large / values since 


for large m and / Auger transitions of the type (n,/) 
»(n—1, 1—1) predominate, tending to preserve the 
tial /-distribution of the high / states above n=7 


é 4. 


Vil. ENERGY MEASUREMENTS 


Any deviation of the measured 3d—+2p transition 
energy from the energy predicted for this transition 
taking into account all significant electromagnetic 
effects should be due principally to shift of the 2p 
evel caused by the specific pion-nucleus interaction. 
We have calculated the expected 3d 2p energies 
ising the Klein-Gordon solution for a point charge, 

rected for reduced mass, vacuum polarization, 
finite extent of the nucieus, and nuclear polarization 
according to methods outlined by Grunstra™ in his 


alculations of the 2p-—l1s energies. The pion mass was 


r 
taken as 273 electron masses; adjustment to the recent 
value'® of 272.7 may be made by reducing the predicted 


energies by about 0.1' 


Measurements of the La energy were made by com 


parison of the mesonic x-ray spectra with spectra of 
photons of known energy from radioisotopes, taken in 
ilternate runs in the same geometry. The 279.2+0.2 
kev'® nuclear y ray following 8 decay of Hg™® was the 
reference for the Z 17, 22 and 26 spe tra; the 411.770 
+ ().036 kev'? y ray following decay of Au'®* was used 


for Z=28. Table III presents the results for these 


elements only. Any shift occurring should be more 


pronounced at high Z, but all observed energies agree 
with the pred tions within the experimental error 


[he error is due principally to uncertainty in location 


of the center of the La peak because of limited resolu- 
‘B. R. Grunstra, thesis, Universit f Rochester, 1954 


K. M. Crowe and R. H. Phillins, Phys. Rev. 96, 470 (1954 
4. H. Wapstra 4 al., Proceedings the 1954 Glasgow Con 


Muller, Hoyt, Klein, and DuMond, Phys. Rev. 88, 775 (1952 
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Fortunately it was on nickel (Z= 28), the highest-Z 
element studied, that we could make the most precise 
energy measurement (partly because the calibration 
energy was practically equal to the La energy). At- 
tributing all the shift to the 2p level, we can say that 
the energy of the 2 state of Z=28 is affected by the 
specific pion-nucleus interaction no more than 12 kev, 
or 1.6%. 
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The photographs obtained by the Ecole Polytechnique cloud-chamber group have been used for the 


he | 


study of cascade showers in copper plates produced by electrons of known momentum. The best constant 


for obtaining primary energy from the total number of track segments is given. The uncertainty in primary 


energy as determined by this method is found from the experimentally observed distributions. The results 


are applied to the interpretation of the heavy S-particle observed at the Massachusetts Institute of Tech 


nology 


1. INTRODUCTION 


HE main interest in photon-electron cascade 
showers stems from their use as a tool. In the 
case of air showers, for example, one uses the theoretical 
results to estimate the energies of the incident pri- 
maries. In the case of particle interactions, one uses the 
shower-producing property as a qualitative means of 
identification of electrons or photons and tries to deter- 
mine the energy from the size of the shower. Here we 
are dealing with showers in solids, in general, and, ir 
the case of multiplate cloud chambers, the plate ma 
terial is usually such that the available calculations are 
not very useful. The Monte-Carlo method! gives a 
better approximation than calculations but it is severely 
limited by the difficulty of handling the scattering 
problem. Thus, one must return to purely experimental 
results and use the theory for a guide or for minor 
corrections 
D’Andlau? has made a detailed study of the showers 
at particular depths with electron primaries of known 
energies. Among other things these results enable one 
to know the probability of mistaking an electron for a 
heavier particle when observing the penetrating power. 
In the study of the radiation emitted by .S-particles 
in multiplate cloud chambers, one is frequently faced 
with the question of estimating the energy of the 
initiators of electron-photon cascades.’ Again, one must 


* This study was made while on leave from the University of 
Michigan as a Fulbright research scholar 
R. R. Wilson, Phys. Rev. 86, 261 (1952 
2. A. D’Andiau, Nuovo cimento 12, 859 (1954 
? Bridge, Courant, DeStaebler, and Rossi, Phys. Rev. 95, 1101 
1954): H. Courant, Phys. Rev. 94, 797(A) (1954 


turn to experimental results. Previous work utilized 
mr’ mesons from nuclear disintegrations’* but the sta- 
tistics were not adequate to allow determination of a 
probability distribution 

The photographs of nuclear disintegrations obtained 
by the Ecole Polytechnique group® with their double 
cloud-chamber arrangement give the opportunity to 
observe the production of cascade showers by electrons 
of known momentum. Thus, one can observe the showers 
produced by electrons of known energy and from these 
data one can deduce the probability distribution in 
initiating energy for a shower of given size 


2. METHOD 
a) Selection of Data 


The photographs of the lower chamber, which con 
tained copper plates of one-centimeter thickness, were 
scanned for individual cascade showers. Showers that 
were selected were sufficiently distant from other events 
so that possible confusion with other radiation would 
only lead to uncertainties small compared with the 
inherent statistical uncertainty. The corresponding 
photographs of the upper chamber were inspected for 
cases in which the initiating particle could be identified 
unambiguously. Correspondence between tracks in the 
upper chamber and showers in the lower chamber could 
be determined to within ~1 cm on the reprojection 
table of the laboratory. Since multiple scattering and 


‘P. A. Bender, thesis, Washington University, St. Louis, 
Missouri, 1955 (unpublished 

* Gregory, Lagarrigue, Leprince-Ringuet, Muller, and Peyrou, 
Nuovo cimento 11, 292 (1954) 
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scattering contributed uncertainties of the 
on the energy, 


inelastic 
order of 1 or 2 centimeters, depending 
it was unnecessary to use a more accurate method for 
radiation in 


checking correspondence. The electroni 


the upper chamber originated from the x” component 


of the penetrating showers that were generated in 
material above the top chamber. Thus, in general, a 
cascade of electrons, positrons, and photons, accom- 
panied by mesons and protons, emerged from the 


, 
the selected events, 


In 


the axis of the cascade shower was inclined toward the 


material above the chamber. 


right or left. Therefore, the gamma rays were expected 


to be well separated from the electron or positron that 


was bent downward by the magnetic field and passed 
into the bottom chamber. Since the multiplicity of 
particles in the upper chamber was usually rather low, 


there was a consequent low probability of mistaking 


the identity of the initiator of the shower in the lower 
chamber. The major cause of uncertainty was the 
multiple scattering in the bottom wall of the upper 
chamber. However, since the scattering material con 
stituted 0.25 radiation units at a distance of 40 cm 
above the bottom chamber, the rms lateral displacement 
would only be 300/E Mev) in centimeters at the 
bottom chamber. Also, the direction of the shower axis 





well t 


1! 
tO allow 


a { he k on 


correct identification. For example, a y ray from the 


was usua enough defined 


generator would have quite a different direction from 
} 


that of an elec tron or positron bec ause of tne defle« tion 
field 
IS expec ted to have the 


> t} 
cies in tne 


of the charged par * magnet 
The shower parameter that 
a given primary energy (E 
is the of 
Che primary energy is determined from E 
where (dF da 
cascade part les 
the distribution of differential track lengt 


smallest fluctuations for 
secondaries l 
dE/dx)l, 


is the average rate of energy loss of the 


total track lengt! electron 


Fluctuations are then due only to 
variations in h 


from event to event. These fluct have little 
effect i of E dE/dx) is 


ulated 
not strongly dependent on the differential track length 


uations 


on the cal value since 


However, in a multiplate chamber, most 


distribution 
ot 


determines the 


the energy dissipation is One 


inside the plates 


track length in a plate by taking the 











mean of the number of tracks entering and leaving 
q 
a 
: 
: 
: 
r ' 
° 
: 
‘ ee? 
; 
ws 
¥ v 
60 
Fic. 1. The distributions in « for two ranges of / The dotted 


distribution is for 100< E_<300; the solid is for o> 500 
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the plate®; the true track length within the plate 
fluctuates widely about this ‘‘observed” value because 
of the stepwise nature of the changes in number and 
because of the effects of scattering. For example, if we 
choose a simple model, neglecting scattering, in which 
it is equally likely that a track entering a plate stops 
at any depth in the plate and a track leaving a plate 
originates at any depth, the probable error in each 
element of ‘“‘measured”’ track length is ¢/2 (where ¢ is 
the plate thickness). Consequently the probable error 
in total track length determined by observation of V 
segments would be //2,/.V. If scattering were included 
in the model, the probable error per element would be 
increased and we might expect a probable error of the 
order //\/N. Thus the a priori expectation is that EF, 
might be determined with an accuracy of about Eo/1/.V. 
In general, other methods for determining Eo, such as 
the number of particles at the maximum, must involve 
that there is 
determined 


greater uncertainty. It can be shown 


negligible gain in averaging E from V 


with Eo determined from other parameters such as the 
number of particles at the maximum. 

TABLE I. Energy per track segment, «= Ey/N 

100 ¢t 200 ¢ 300 t 

E range 200 300 500 500 
Number of events 3 25 x0 28 
Average « 21.0 20.3 26.5 26.7 
Average « 20.4 27.8 
0.67 Mérns 40 6.0 
Average .V 10 20 
Expected statistical P.I 43 48 


rhere was a significant probability for loss of energy 
by radiation by an electron as it traversed the bottom 
and associated material of the top chamber. The angle 
of departure of the photon from the path of its parent 
electron is small (the effect at the bottom chamber is an 
but the electron 
The deflection 


rms displacement of only 100/E») cm 
is deflected in the fringine magnetic field 
in the fringing field depends on the fraction of energy 
f) lost by the electron. When the fractional energy 
loss by the electron is too large for a given Eo, the 
electron will arrive at a point too far from the expected 
ot 


identification 


point arrival to be considered as a satisfactory 


between primary and shower. On the 
* All track segments were counted, including those that might 
represent back scatterings and those of electrons that scattered 
noticeably in the gas. The latter may less track length 

copper than higher energy trons because they will not 
penetrate far into the next plate. On the other hand, they have 
scattered more in the plate from which they emerge and therefore 
represent more than average path length in the plate of emergence 
Consequently, they were given equal weight with higher energy 
electrons. Back-scattered segments represent less track length in 
copper than other segments and therefore should be given lower 
statistical weight, in principle. However, they are not numerous 
and their identification is difficult in most cases 


represer t 


1 
ever 
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other hand, if f is sufficiently small for a given Eo, and 
Ep sufficiently large, not only will the electron arrive 
sufficiently near to the predicted point for satisfactory 
identification of its shower, but also the photon will 
arrive sufficiently close to the electron so that the 
showers are considered as one. A quantitative treatment 
shows that the region of the f and Ep» plane in which 
data might be incorrectly interpreted is exceedingly 
small, affecting no events of Ey>240 Mev and giving 
a maximum uncertainty at E>=120 Mev. At the latter 
energy, 25 percent of the events might have 20% error, 
the other events < 20%. 


(b) Analysis 


There are two questions that we seek to answer: 
what is the best value that we can obtain for the energy 
(Eo) of a shower initiator; and what is the probability 
distribution in Ey for a given observed shower? As 
noted above, the total track length (/) as measured by 
the observed track segments above and below the 
plates gives the best measure of Eo, i.e., Eo= (dE/dx) 
= el, where € is the critical energy and / is measured 
in radiation units.’ If m,; represents the number of 
track segments above the ith plate, /=K > nj, where 
t is the plate thickness and K is a proportionality 
constant which, as we noted earlier, is probably >1 
because of scattering etc. in the plates. Letting V 
=> nj, we have 


Ey= KeiN=eN, (1) 


where ¢ is the average energy dissipation in a plate per 
observed track segment. Thus, we wish to determine 
the best value for ¢ in order to answer the first question 
at the beginning of the paragraph. Since scattering is a 
decreasing function of electron energy and the mean 
energy of the electrons in the shower is a slowly in- 
creasing function of Ey, we expect K (and ¢) to bea 
slowly decreasing function of Eo. Thus a possible energy 
dependence of ¢ should be sought. 

The second question, that of the distribution in Eo 
for a given .V, can be answered by selecting showers in 
narrow bands of \V values, correcting all observed 
values of Ey to the equivalent values for the average NV, 
and analyzing the resultant £, distribution. 


3. RESULTS 
= E,/N) 

The data were divided into E» groups, since one 
expects ¢ to depend on Ep, as noted above. Each datum 


for Ey< 500 Mev was given a weight Eo, on the assump- 
tion that the main uncertainty derives from the sta- 


(a) Determination of 


tistical variation in the number of track segments V. 
The average value of V is proportional to Eo, since « 
7See, B. Rossi, High Energy Particles (Prentice-Hall, Inc., 


New York, 1952) for the information on shower theory that is 
assumed 
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Taste II. Eo distributions for a given observed V 








N Sto? 8 to 10 li to 15 16 to 22 
Number of events 16 22 26 22 
Average V 6.2 9.2 12.9 19.4 
Average E 162 265 290 $42 
0.67 AE pms! Em 37% 28 16 23 
0.67 /N* 27% 22 19 15 


does not vary appreciably with Eo, as we shall see later. 
For E,>500, the uncertainty in momentum measure- 
ment becomes comparable with the statistical uncer- 
tainty. Therefore these events were weighted equally. 

The results for the four selected energy ranges are 
shown in Table I. Since no rapid variation of @ with Ey 
is apparent, the distributions were examined in terms 
of only two Ey groups, 100 to 300 Mev and greater 
than 300 Mev. These distributions are displayed in 
Fig. 1, and the corresponding parameters are given in 
Table I. An effective N was estimated for each group 
of data and we see that the breadths of the observed 
distributions are about what we expect from the sta- 
tistical fluctuations in V alone. The two values of @ 
differ more than the probable errors of their means. 
However, since one expects an energy dependence in 
the opposite direction [see Sec. 2(b) ], it is probably 
most reasonable to assume that we have a fluctuation 
effect. Therefore, the overall mean of 24+3 is the best 
value to use for all Eo from 100 to 1000 Mev. 


b) Uncertainty in E, 


In order to determine the distribution in Ey for a 
given .V with reasonable accuracy, it was desirable to 
combine data for neighboring values of .V. This grouping 
is indicated in Table II. Each EZ» was multiplied by 
N/N, where N is the mean value for each group, and 
each event was weighted according to the relative 
frequency of occurrance of events of energy Eo in the 
entire body of data. 

The results are presented in Table II, where the 
observed probable errors are compared with the prob- 
able error deriving from statistical variations in NV. 
Since the number of events in each group is small, the 
uncertainty in the probable error is large for any 
particular group. However, we can combine the results 
from the four groups if we make some kind of assump- 
tion concerning the dependence of the true probable 
error on shower size 
mation would be that the probable error is simply a 


For example, the first approxi- 


constant factor times the statistical probable error. We 
then find that the average factor is 1.25, i.e., that the 
average ratio of observed to statistical error is 1.25. 
This sort of result was anticipated from the theory 
[Sec. 2(b)], namely, that the fluctuations 


correspond approximately to the statistics of V events. 


would 
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4. CONCLUSIONS 
a) Determination of E 
normal! ine 


For showers at 


one centimeter copper plates, the best value for the 


energy of the shower 


Mev 


in the shewer. If asymmetric effects of particle scatter- 


initiator Is given 


V is the total number of track segments 


where , 
ing for inclined showers are neglected, we should 
from (1), E $6( €o/ 20)1/ cos8 LN, 


and ¢ are the critical energy and plate thickness (radi- 


expect 


to have, where « 


ation units), and @ the angle of incidence. We have here 


assumed that scattering effects have the 


Irac 
tional effect for all materials and hence the validity of 


Z near 


same 


-d to elements wit! 


copper 
when F£ 
0.67 1.25)*/ NV }!, where 


estimate of the uncer- 


The probable error in F is determined by 


this method, is about [0.15°-4 


the first term is a pessimist 


tainty in « and the second term depends on the sta 


tistical uncertainty deriving from the finite number of 


track segments 

In cases where the observable longitudinal 
development is 
to Ff 


iim! 


imited by geometry, only a lower limi 
established within reasonable limits (the 


If the 


before an apparent maximum occurs, one mi 


can be 


ts given above shower leaves the chamber 


ght deter 
mine a lower energy limit by using the size of a shower 


it its Maximum as a parameter 


gain in information since one 


rge uncertainty deriving from the large statistical 


fluctuations in the size of showers at a given depth 


Therefore, a lower energy limit based on total number 


segments will give the limits 


of observed 


for F 


narrowest 


b) Comparison with Shower Theory 


The observed track length in copper is found to be 


I 36 radiation units from the present data whereas 
he total track length is approximately Eo/ ¢9= Eo/ 20 
from consideration of conservation of energy. Thus, 
only 0.55 k length is detected wit! his 


of the track length 
I major loss is due to scat 


technique. Presuma 


tering within the plates at low energies and we car 


assume energy cut-off as a 
Nordheim® find that 0.55 of 


length is generated by ele 


mation. Richards and 
the track 


energy >0O.3e in air or O.4e in lead. These figures are 


trons while their 


tor energies lower than the va idity of the detailed 
track length calculations, but, since the lengths for 


E=0 are kn conservation of energy, only 


reason ible 


and 0.4¢ 


own 


irom 
interpolations are involved in obtaining 


Ode Thus, for copper, we estimate 0 








idence in assemblies of 


HAZEN 


=7 Mev) for the equivalent cutoff. This is a physically 
reasonable figure since electrons of this energy or less 
scatter with rms angles of the order unity in distances 
<0.1 radiation unit, with the result that their path 
lengths in the plates are much longer than inferred from 
the method of observation 


c) Results in Lead 


During the the 


and 


early stages of their experiment‘ 


Ecole Polytechnique group had alternate lead 
lower chamber 


carbon plates in the A survey of these 


phot th 


corre- 

The 
units thick and 
The 


equal to 


ographs yielded nine suitable events w 


od electron and electron cascades. 





primaries 
mm) were 1.22 radiation 


0.09 


lead plates (7 


the carbon plates (15 mm radiation unit 
these carbon plates is about 


COUISION 1OSS in 


the critical energy in lead 


Only the segments above the lead 


plates were counted 
since it is easier to make an approximate correction for 


the carbon than to try to establish its effect in detail. 


Che result is «=50 Mev per track segment or «e=40 
I 


Mev/segment for plates of unit thickness. A first-order 
correction I 


for the carbon plates, taking only collision 


‘ > ‘ ‘ } } | 
Oss into account and using calculated track lengths in 


lead,® gives 25 Mev/segment for lead plates of 
‘ 1 
hickness 


unit 
This result 


showers produced 


agrees witha stud) by Bender of 


by x 


mesons.* 


d) Application to the Heavy S-Particle of MIT® 


If we for the total 


make a calculation 





Tryy of the 





iators of the cascade showers that ppear to be due 


o the decay or capture of the heavy particle observed 
and discussed by MIT, we find dE 1630 Mev, in 
MIT group. 


momentum is not 


agreement with the determination of the 


This 


conserved, 


1s minimum in the sense that 
IS a minimum in the sense a 


as noted by the MIT group, and that two 
of the showers probably leave the chamber before all 


th As a 


the probable 


result of the present 


error, deriving 


add 


pessimist 


eir energy is dissipated 


work. we can that 
from a estimate of the uncertainty in the 


constant ¢ and the observed fluctuations in V is about 
20%. Thus it seems quite unlikely that the mass energy 
of the S-particle was as low as 500 Mev, if one assumes 
th 


at it was a decay event 
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rhe characteristics of the decay process r*—+r* +9* +7 +7 are consice red. For a pseudoscalar r-meson, 
the probability R(&), relative to the 3r-decay, for emission of a photon of energy & Mev or greater is found to 
be 1.06 10~* for k=10 and 1.1X10~* for k= 30. Quite similar values are obtained for other spin values 
compatible with the r-meson decay data. Branching ratios for other decay processes are briefly discussed and 
may prov ide some evidence against a 


it is Suggested that the absence of the decay mode r* +7 or r*+e* +¢ 


nonzero r-meson spin. Competing decay processes involving a neutrino are not considered 


A‘ interesting K-meson decay event has recently 
been reported by Daniels and Pal,’ in which the 
observed decay products were three pions of total 
kinetic energy 46.1 (+2.2) Mev and total momentum 
32.1 (+2.7) Mev/c. The most natural interpretation of 
this event in terms of known particles is that it represents 
a radiative decay of the 7-meson, 

tint +antt+at+y, (1 
in which [if one assumes a Q-value® of 74.3 (+0.3) Mev 
for the 


30.2 (+1.5 


r-meson | the energy of the emitted photon was 
Mev. In this note, the characteristics of this 
alternative mode of decay will be discussed for several 
possible 7-meson spin values. Several other r-meson 
decay processes which involve the electromagnetic field 
will also be briefly considered. 
The emission of such an accompanying photon in 
r-meson decay may arise either (a) as radiation from the 


1 


pions emitted in the 3-decay of the r-meson, by the 


process of ‘internal bremsstrahlung,”’ or (b) as a decay 
mode proceeding through distinct channels, a “direct 
emission” process, which will generally depend on 
details of the r-meson structure. These two mechanisms 
ll be coherent, of course, and their amplitudes will 


interfere in the total probability. They are represented 


wi 


graphically in Fig. 1 

In process (a), the three pions have been emitted and 
are penetrating the centrifugal barriers appropriate to 
the spin j and parity w of the r-meson when the photon 
is emitted. For photons of long wavelength, the volume 
concerned in this emission process may be very con- 
siderable and the corresponding matrix element may 
This is the dominant process in 


the 


therefore be very large 


the emission of low-frequency photons, and it is 


internal bremsstrahlung”’ process, well known 


classical] 





s . 
~~ Fic. 1. Diagrams 
~ , : 
‘yo doom” for radiative r-meson 
- Aeren 
a eCAaY 
“ 
(o) 
‘RR. Daniels and Y. Pal, Proc. Inst. Acad. Sci. 40, 114 (1954 
? Amaldi, Baroni, Cortini, Franzinetti, and Manfredini, Nuovo 


2, 181 (1954 


cimento 12 Supplement 


u decay.' Clearly it is de- 
actually off-diagonal in 


in beta-decay’ and in the x 
pendent on matrix elements 
energy) for the 3x-decay process and its probability may 
be predicted, to a sufficient approximation, from a 
knowledge of the matrix elements for the normal 37- 
decay. 

The amplitude for process (a) may be obtained 
classically, and for this purpose the following representa 
0, the 


(=0, 


tion of the 3r-decay is adequate. Up to time / 

r-meson is at rest at the origin O; suddenly, at 
three pions, two positive and one negative, begin to 
move uni 


move out from O and continue thereafter to 


formly with momenta (p;,p2,ps) respectively. The proba 
bility amplitude for this pion configuration will be 
denoted by G. Now it is well known’ that the amplitude 
for emission of a photon by a particle of charge e which 
constant 


suddenly begins to with 


(ya* 4 p 


- pee t pre 
fe rf dt e-—6{ r——p Jett? =e a, 
ti Ww Ww wk—p k 


since the current density j(r,t) is 


move momentum p 


(and energy w , is given by 


0 {<0 


In Eq. (2) k, e are the momentum and the polarization 


vectors of the photon. For the present, the nonrela- 


tivistic approximation will be made, so that the retar 
dation term p-k may be neglected in (2) and w replaced 
by the pion mass wu. The inclusion of relativistic effects 
will be discussed in Appendix A. For the r-meson decay, 
the amplitude for the internal bremsstrahlung process is 
then obtained by adding the separate amplitudes for 


each pion to give® 


(Ps Pi D2) 
a, G. (3) 
uk 


vs. Rev 76, 365 (1949 


*C.S. W. Chang and D. Falkoff, Phy 
255 (1951); and W. C. Fry 


‘H. Primakoff, Phys. Rev. 84, 1 
Phys. Rev. 91, 130 (1951 

* Since it is the pion momenta before photon emission whi h 
appear in G, the inclusion of the photon recoil would replace (5 
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For the three-pion system, it is convenient to introduce 


internal coordinates 
= 5V3(pi— pz). ' 


P=P:—}(pitpe), @ 


Pitp:t+pst+k=0), (3 


For a r-meson initially at rest 
then becomes 


G, (3) 


ip+k)-e 4ep-e 
uk 3 uk 


=>G 


since ¢« is perpendicular to the photon direction. The 


energy equation for the system is now 


3u is the energy release in the decay 


where E=M, 


For spin (0 , it will be shown below that the 


amplitude for the direct emission process is unlikely to 
be appreciable in comparison with (5). For this case 


then, using the coordinates (4) and summing over 


photon polarizations, the probability per unit time for 


the decay mode (1) is given by 


16a p sinv 2rd kd p l i] 
P te + 7 G 
) u b kb dr ‘ 
2 h- + 
4 2ré A 7) 
Suv3 $y 
where @ is the angle between p and k, and 


A E k b Ou s 


is the energy left to the three pions in their barycentri 


For comparison the probability per unit time 


system 


for the 3r-decay is 
i ee ) p24 
Ps G 26 I 9 
ar wv su 
W e value rG’F*/ 3v3. For given & the average 
value ol Pp s 3uA/2 and the relative pr »bab ity of 
pr ) m Emissior Ss ner 
P tn +y l6a A 1k 
; 10) 
P(3n 9 rule k 
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19 4-—--- non-relativistic 
relotivistic » Spin(O-) 


5|— — — (non-relativistic) Spin(2-) 











2 i 4 4 r i 
0 Le) 20 30 « sO 60 
k Mev 


for emission of a photon 


Fic. 2. The probability R(h 
exceeding & Mev 


the maximum photon energy being (9u°+6yE)!—3y 
~69 Mev. This probability falls off rapidly with in- 
creasing k for two reasons, (i) the volume of phase space 
available to the final pions decreases quadratically with 
the energy left them by the outgoing photon, and (ii) 
the photon emission is proportional to the square of the 
current of the final system and hence to the final energy 
of the pions. According to (10), the branching ratio for 
emission of a photon k> 10 Mev has the value 1.2 10-%, 
and for a photon k>30 Mev, 1.2K10™, 
3x-decay. The inclusion of the relativistic and retarda- 


relative to the 


tion terms results in surprisingly little change in these 
figures, although the pion momenta are always of order 
u. For both cases, the probability R(%) for emission of a 
photon exceeding k Mev is plotted in Fig. 2 

unt adequately 





Hence this classical process Can acct 
for this one example of Daniels and Pal. The probability 
that one radiative decay event with photon exceeding 
30 Mev should occur among the ~80 r-meson decays 
now observed is about 1%, not an unreasonable chance. 
The probability for less energetic photons is rather 
greater, but the expected number of events with k>1 
Mev is still on Also. below about 5 Mev, the 


efficiency of detection of photon emission drops off 


ly 0.50. 


iti 


rapidly, owing to technical difficulties in plate 


lerable variation in 


measure- 
the 


there has been consi 


ments 
reported Q-values and it has often not been possible to 


establish cop! inarity to better than several degrees It 


should be added here that the detailed configuration of 


th 1 t net i nhict l inte >t 
[his event is not in confi a interpreta- 


with this classi 


tion. According to expression (7), the photon emission 
the observed angle @ is close to 


has a sin*@ distribution: 
130°. For given photon energy &, expression (7) indi- 


cates that the emission is more probable the greater the 


magnitude of , i.e., the greater the pion current: the 
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observed value of p is 95% of the maximum value 
permissible for the observed &. 

The “‘direct emission”’ process (b) may be regarded as 
an electromagnetic transition from the initial r-meson 
state (j,w) of the system to final states of various 
angular momenta J and parities W which then break up 
into three outgoing pions. Since the photons emitted in 
this process have wavelength long compared with the 
r-meson radius R (which we will assume to be 
R=h/M,c), only the lowest multipoles allowed by 
angular momentum and parity conservation will be 
effective. The three outgoing pions are then left to 
penetrate the centrifugal barriers appropriate to the 
state (J,W) and the amplitude for this may be esti- 
mated from considerations of barrier penetrability and 
angular momentum conservation, as described else- 
where.* However it will be found below that, for the 
cases of interest (even spin j and odd parity w), the 
structure-dependent multipole terms of the direct 
process are not generally important, because (a) they 
contain an additional factor kR(<}) and (b) the signifi- 
cant photon momenta are less than the corresponding 
pion momenta—photons of the highest possible energies 
are always improbable owing to the rapid decrease of the 
available phase space and of barrier penetrability with 
the decreasing energy left to the pions. For spin 7=0, 
all direct emission terms are especially unfavoured since 
the only permissible photon emissions (zero-zero transi- 
tions being forbidden) lead to states J/>0, in which the 
barriers against 3-emission greatly exceed those in the 
initial state 7=0. 

In the limit of low frequencies, only the amplitude for 
electric dipole emission can be nonvanishing and, in fact, 
its value in this limit may be obtained from the value of 
G, the amplitude for the normal 3x-decay process, by 
gauge invariance arguments. For zero frequency, the 
external potential is uniform and may be removed by a 
gauge transformation whose effect is to replace each 
particle momentum p,; by p,—e,A. The amplitude 
G(p,q,X) for the 3x-decay in the presence of an external 
potential is then given by G(p+ 2eA, q, X—eA), X being 
the total momentum of the pion system. The zero- 
frequency matrix element for the direct emission process 
is then given by the linear term in the expansion of G, in 
powers of eA. This is discussed further in Appendix B. 
For spin (O—) this leads to an amplitude 


2eX\R°Gp- et, (11) 


where J is a constant (of order unity) which depends on 
a derivative of G off the energy shell. This term is 
generally negligible compared with (5)—a value A~1 
changes the above value of R(30 Mev) only by ~5%. 
Assuming spin j=0, an accurate value of P(34r+7) 
P(3r) would determine \ and thereby give new informa- 
tion on the (r—+3r) matrix element. For higher spin 
values, it may be shown that this gauge-dependent 


~ *R. HL Dalitz, Phil. Mag. 44, 1068 (1953) and Phys. Rev. 94, 
1046 (1954); E. Fabri, Nuovo cimento 11, 479 (1954) 
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amplitude may be obtained, to a good approximation, 
simply by the explicit replacement p—p+2eA in the 
expression for G—here this direct-emission amplitude is 
independent of the r-meson structure except through 
the normal 3x-amplitude G. 

All other direct emission amplitudes must be gauge- 
invariant and therefore depend only on the field 
E(k)(=ke) or H(k)(=k Xe) of the photon, according as 
the transition is electric or magnetic. Following the 
methods used in the discussion of the r-meson decay,*® 
the form of these amplitudes may readily be written 
down, particularly for the simplest (and most im- 
portant) transitions. For 
(l= j—J), from state (j,w) to state (J,W), this ampli- 
tude will be a sum of the symmetric, traceless tensors of 
rank j which are linear in E(k) or H(&) (according as the 
emission is electric or magnetic) and which have (/—1) 
factors k, the remaining factors consisting of either (i), 
if W=(—1)/*', an even number (2n, say) of factors g, 
the last (J—2n) factors being p, or (ii), if W=(—1)/, 
then one factor pXq, an odd number (2n—1) of factors 
q, the remaining (J—2n) factors being p. The state 
(JJ=1,W= 
dissociation into three pions are then especially high’ 
in fact, for given J, 3r-emission is more difficult from 
state W = (—1)/ than froma state W = (—1)/*' and the 
states (ii) above are not usually important. The coeffi- 
cients of the various tensors (i) above contain a factor 
R’*'—their momentum variation may be neglected. A 
complete expression will not be written out here but the 
above remarks will be illustrated by discussion of the 
case (2—). The present statistics’ on 3#-decay of the 


2'-pole photon emission 


— 1) may be omitted, as the barriers against 


r-meson suggest strongly that the spin 7 is even and the 
parity odd, so that this is the simplest case of nonzero 
spin which need be considered. 
For spin (2—), the amplitude G for 3-decay is given 
by 
G=(AT,,(p,p)+BT ,,(q,q) |R’, (12) 
where the symmetric, traceless, second-rank tensor 
(xvj+2;—4x-y6,;) has been denoted by 7;;(x,y). 
The present data on the energy correlations between 
pions in r-meson decay requires that |A|~  B| and 
that A and B should differ in phase by ~2/2. The 


7 The case of spin (1—) is an exceptional one among low-spin 
values, A 3x-disintegration is very much unfavored because the 
relative motion of the like pions and the motion of the unlike pion 
relative to them must each carry two units of angular momentum, 
and therefore face large centrifugal barriers. E. Fabri and B. F 
Touschek [Nuovo cimento 11, 96 (1954) ] have pointed out that 
these barriers may contribute a factor ~10-" to the partial 
lifetime for 34-decay and that this alone could account for the long 
observed r-meson lifetime if all other competing processes were 
also strongly forbidden. However if the long life arises only from 
barrier effects, it is not easily understood why other processes for 
which the barriers are much less should not proceed rapidly--even 
if the 2-decay is partially forbidden by some weak selection rule, 
the decay mode 27+ should proceed rapidly. In fact, even 344-7 
decay should proceed more rapidly than 3#-decay, by an M1 direct 
emission to the (0 —) state 

*R.H. Dalitz, Proceedings of the Fifth Rochester Conference, 
February, 1955 (to be published). A more detailed report is in 
preparation 
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would be rather rapid, owing to the large energy release 
For spin (2 the matrix element has the form 
gRT,,( E,k), leading to decay probability lorag*(kR?*k*/ M 
per unit time. Assuming g~A [ Eq. (12) |, the branching 
ratio 1s 
Pixt+y ky\‘k 1 
~6 ~24. (17) 


P (3x) E/ M (uR 


[his ratio is typi al of the higher spin values. The 

absence of evidence for the decay process (16) from 

plate cloud-chamber studies is at present an im- 
; 


lifficulty in the assumption of a nonzero r- 


n spin, although this could result if g/.A were rather 





0), the zero-zero transition (16) is, of course, 
completely forbidden. However, the internal pair con- 
version process 


rt—aettette 18 


is possible for all spin values. In plates, tt 


ily identified, whereas there are known to 


11S pre CESS 





be a number of A-meson decays which lead to one 


relativistic charged particle and with which an event 
16) may be confused. For spin j7#0, process (18) 


resuits Irom internal 


field produced in the decay and, as in the x’-de ay, the 


conversion due to the transverse 
pair produced would be closely co limated opposite the 
direction of the pion. The internal conversion coefficient 


is 0.90 102, so that the bran 





hing ratio P(r+et+e 


P (39) would be ~0.2 for spin 2 The absence of this 
process in plates at present requires g/A<j{ if the 
r-meson has spin (2 For O—), the virtual 
electromagnetic field is spherically symmetric (and 


therefore longitudinal) and the pairs produced are wide 
angle pairs with angular separation ~(1+cos6)d(cos# 
he coupling with the electric field will have the form 
CRk- E(&) and the branching ratio is then rather small, 
beir g 3a uR “(¢ 1) VU J w™ 5x10 ( 1 


rhe further decay mode 





‘ 4 { 
r om? +ar'+y¥ 19 
mav occur by a direct emission process The phase space 


ivailable is 5.4 times that for the 3m-decay. For spin 


0 this process will proceed by 4/1 photon emission 
to a (1 state which then breaks up to two pions 
Owing to the increased barriers in the final state, the 





matrix element oR*q-H(k) is rather small and the rela- 
ve probability for this mode is reduced to a value 
uR)10 r spin (2 , 
important matrix element is »R*7 (H(&),q) and the 


. . : ( 
relative probabi tv to 3r decay is close to ~4% 


2~ 104% for o~G. For spu ) the most 


Other decay processes leading to final states which 
ie neutrinos mav also occur but the estimation 
of their probabilities will require far more detailed 
assumptions than are needed above—these processes 
will not be discussed here. 

Hence, for a pseudoscalar r-meson, it wot Id be readily 


understood for the dominant decay mode excluding 
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neutrino pracesses) to be 3-decay. The next probable 
decay process is then the radiative 3-decay and it is not 
unreasonable to observe one such event at the present 
stage. For higher spin values compatible with the 3x- 
decay statistics, it would be natural to expect the 
(x+y) decay to compete favorably with 3-decay 
the absence of evidence for this decay process or for the 
related internal conversion process (18) may provide 
some argument against nonzero spin values for the r- 
meson as data on the decay processes accumulate. 

In conclusion, I am pleased to thank Dr. M. Gell- 
Mann for a discussion concerning these questions. I am 
also much indebted to Dr. B. Peters for early informa 
tion concerning the radiative r-meson decay event ob- 
served by the Bombay group. 


APPENDIX A. RELATIVISTIC CALCULATION OF 
THE INTERNAL BREMSSTRAHLUNG 


In the simple discussion of internal bremsstrahlung 
given above, retardation terms and other relativistic 
effects were neglected. However the retardation terms 
are not generally small compared with the terms re 
tained. In discussing these relativistic terms here, it 
proves most direct to carry the calculation through in a 
completely relativistic way. 

Using the covariant notation for the various graphs of 
type (a), the probability for emission of a photon k& and 


pions of four-momenta p;, po, ps is given by 


D,M,2(2x)*54( pit pot pstk—P) 


f 
a pi d pe d p dok 

x , Al) 
2m)*w, (29)*we (2r)*ws (29r)*k 


where P is the four-momentum of the r-meson and M, is 
given by 


A2) 


In this expression the scalar products are four-dimen 
sional and G denotes the amplitude for emission of the 
three pions, assumed independent of the momenta 
Observations on the photon would naturally be made 
for r-mesons at rest, whereas the integration over the 
pion configurations is most readily carried through in 
Hence, for fixed 


the c.m. system of the three pions 


photon momentum &, we transfer to the pion c.m 
system. In this system the photon has four-momentum 
(Ko,K) where K=kf M/(M—2k) ji and Ko=K. The + 
meson four-momentum (Ps,P (M?+ Kk)! 
P=K, where M denotes the r-meson mass, and the pion 


momenta will be denoted by qi, qe and q;. Since 


is given by P 


_ 


the 
volume elements of (A1) are invariant, the probability 


expression becomes 
1 
>,M 763(q1+G24+3)5(w)+u2+w 


2r)* 
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where E,= (M?—2Mk)! and, now, 
M-—2kj M Vs we 
>M = + r 
M (P-k)®? (qick)® (ge-k)? 
we 2P +g: 2P +a: 
gx‘k)®  (P-k)(qi-k) (P+k)(q2-k) 
2P-q 291-92 
P-k)(gs-k)  (qi-k)(q2°k) 
, . Ve 
“Fs Fe sat inl ie 
— . (A4) 


(go-k) (qs k) 


(gs-k) (qi-k) 


Now in the integrations to be carried out there is com- 
plete symmetry between g;, g2 and g3, so we may replace 


(A4) by 


M—2k | i 3" 
+ 
M Uk*(M—2k) (q3-k)? 
IP.an ) , 
2} Ye « Y - 
a (A5) 
(P-k)(qs-k) (gi k) (qo°k) 
To carry through the integrations over q;, ge, a four 
dimensional notation is very convenient. The 4, q2 
phase-space volumes may be written 
dy: du: 
44 gi u’)d( ge" ts \d4q 14 
WI Ww 
6(O-R)6(02+ R?—4y*)d,Od.R, (AG) 
where 0=9:+ 42, R=qi—qs. The 6-functions of (A3) 
imply that QO is (E,—ws, —q,;) and only the R integra 
tion is left. With the following two integrals, 
OP —4y?\! 
fe ) R)é (P+ R?—4y")d,R=2n . 
O 
(fY— R 
f 5(Q- R)6(08 + R?—4y")dyR 
Q-k)?—(R-k) 
4a ((? — 2") (P—4y?\! 
arctan 
(V0 ky? (FP 


Integration over directions of q; and k may then be 
carried through to give the final result 


2a 2k 1h 
T Vf k 


P sa +) 


where 


q ' : | 
qi R [os (A8) 


+x(k)w arctanh 


WwW 


and x(k) = ((E?—2wE.— 3y*)/(E? 


2wk T py}. 
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Similarly P(3x) is given by 


26 f 9: 0)dw, 


with the value 0.153G*y*, assuming an energy release 


(A9) 


P(3n) 


of 74.3 Mev in r-meson decay. The integral 


Rik f " P(3n+7)/P(3e 


is plotted in Fig. 2 as function of k (Mev 


R(30) is now 1.110, R(10) being 1.06 10 


the value 


APPENDIX B. MATRIX ELEMENTS 
FOR £1 TRANSITIONS 


In 
element for 3m-decay of a spin j 
P p,q), where Nag 
P, p, q are four-momenta defined by 


P= pit pits, 


matrix 
be 


has j suffices and 


covariant notation, the (off-diagonal) 


7T-meson may 


denoted by Vas 


p= pi-— 3 (pit ps BI 
q bv 3(p, p2), 
where p; and p;, fp» refer to the unlike and like pions 
respectively. The matrix element Vaz is a sym- 


metrical, traceless tensor of rank ;, which satisfies also 


PN ag...=0 B2 


(M000 
pletely space-like components of Vas 


2j+1 


* ¢.m. system, P so that only com- 
are then non- 
zero. Nag... therefore has just independent 
components 

If this decay process proceeds in the presence of a 
weak field A,(k), there will be a first-order addition to 
the above matrix element, by 


Vas... (P,p,q; BALE). 


ment for emission of a photon of polarization vector e, 


which we denote 


In particular, the matrix ele- 


together with the three pions is then given by ¢,.Vaz...., 
For frequencies kR<1, 


only 


this matrix element will vary 


little with & if it approaches a nonzero limit as 
k—). This zero-frequency limit gives the matrix element 


for the electric dipole transition, with errors of order 


kR) for nonzero k. When k=0, the external field 
1,(k) is a constant field a,, say, which can be removed 
by a gauge transformation. This transformation replaces 
V 4s...(P,p,q) by 

Vas P—ea, pr 2ea, q), B3) 


so that the required £1 matrix element (at zero fre- 


quene y) is 


B4) 


Op, oP, 
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After these differentiations, relationships between p, q¢ 
and P which are effective on the energy shell may then 
be substituted. Two cases will be considered : (a) spin 0. 


Expanding .V in powers of pR and gR gives 
r P-p e 
N=A +———RB +PRCi — 
M* M Mw’ M? 
+ ¢R°D +--+, (BS) 


where terms of order (uR)* are omitted, and then 


2P, P-p 
V,=aq —- A'+B’ R+-::- 
Mm M 
B P, 
——p,R+2B—R+2Cp,R’+ --- 
M M 


In c.m. system, the only part of this appropriate for 


transverse polarizations is 


e,.\ 


(B6) 


2¢'— , 


MR 


ep: eR’ 


where the coefficient is evaluated on the energy shell in 
the r-meson rest system. (b) spin J. The form of NV, is 
given by 

2= (P*pa—P-pPa)(R/M*)o(P*,P-p,---). (B7) 
It will be clear that, in calculating (B4), the terms 
coming from will be of order (pR)* relative to the main 
terms, and we will therefore neglect them to find 


Na »=(—2P pat p-Pa—-2P Pa 


+54,(2/°+P- p)) o@+:::. (B8) 
M* 


Only space-like components are relevant in c.m. system 
and then 
Na »=2eaf 1- Ro( P?= M?,0,0---). (B9) 


a. 


2M 


For consistency the term w/2M should also be neglected, 
to give the result 26Re for this matrix element. 

This result (B9) is typical of nonzero spin values and 
it will readily be seen that generally the dominant term 
of the zero-frequency E1 matrix element is obtained 
simply by the explicit replacement p—p+2eA in the 
matrix element for 3x-decay. 
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The multiple production theories are discussed from the point of view of multiplicity of produced mesons, 
and of their angular and radial distributions. Assuming that each x* meson produces a shower core, these 
theories are applied to the analysis of previous experiments on the structure of cosmic-ray showers. The 


analysis favors Fermi’s theory with high anisotropy 


of angular distribution and it was found necessary 


to assume that only a small fraction of the energy in the original collision goes into the meson production 





INTRODUCTION 
, l ‘HE establishment of the fact that the primary 


cosmic radiation does not contain any appreciable 
number of electrons' demanded an explanation for the 
origin of the soft component of the cosmic rays, espe- 
cially the extensive air showers. A theory was suggested* 
that these showers have their origin in nucleon-nucleon 
collisions in the upper atmosphere, with the production 
of both charged and neutral mesons. The decay of the 
neutral mesons, each into two y-ray photons, will then 
start the cascades. This led experimental investigators 
to look for multiplicities in the shower cores corre- 
sponding to the multiplicities in the produced mesons. 

Experiments performed in the last few years*~* have 
indicated a density distribution near the axis of the 
shower, which is considerably flatter than that predicted 
by the Moliére theory.’ This flattening of the distribu- 
tion can be interpreted as an indication of the presence 
of multiple cores* in the shower. It was also pointed 
out that it is practically impossible to resolve the 
individual cores of a shower in air, since the half-radius 
of each core is much larger than the separation between 
the cores. 

A different approach to the problem was suggested,’ 
in which the individual cores can be resolved by using 
water as absorber. A shower, initiated by a single 
particle, which extends several meters in air, will 
shrink to a few centimeters after reaching equilibrium 
in water. The resolution and detection of these cores 
was carried out” by the use of fast ionization chambers 
under In this experiment, 
chambers were biased to detect twenty particles or 
more, so that it could be assumed that only shower 
cores were detected. decoherence curves were 
obtained at two depths under water, indicating coin- 
cidences between shower cores. The results of this ex- 


water. two ionization 


Two 
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periment make it possible to study the production of 
mesons responsible for these cores, which leads to the 
study of the existing theories of multiple meson pro- 
duction for comparison with the available data. The 
aim of this work is to discuss these theories, the meson 
distributions they predict, and then calculate the 
expected decoherence curves for comparison with the 
experiment." 


CALCULATIONS 


In the multiple theories of meson production it is 
assumed that a high-energy collision between two 
nucleons result in the production of a number NV of 
mesons. On the average, one third of this number will 
be short-lived neutral mesons (7°), each of which decays 
in flight into two y-ray photons, starting the electron- 
photon cascades. The angle between the two photons 
can be easily calculated from the energy-momentum 
considerations of the decay. These decaying x mesons, 
however, will have an angular distribution around the 
axis of the event as they receive a side momentum com- 
ponent during the production. The different theories 
give different angular distributions for these mesons 
The existing theories of multiple meson production 
are those of Lewis, Oppenheimer, and Wouthuysen’ 
(referred to as L.O.W.), Heisenberg, and Fermi.''" 
The first two theories are fairly similar as regards the 
angular distributions, and so we will discuss only the 
L.O.W. and the Fermi theories. 


L. O. W. Theory 


are assumed to be pseudoscalar (with 
pseudovector coupling) and only a fraction K of the 
energy of the incident nucleon is carried by the emitted 
mesons. Rigorous calculations by Fukuda and Takeda" 
give for the multiplicity V the expression: 
N= (2/K/myo)'E\, 
where f is the coupling constant, F the energy of the 


incident nucleon in the center-of-mass (c.m.) system, 
and yo the rest energy of the x meson. As regards the 


Mesons 


(1) 


"W. Heisenberg, Nature 164, 65 (1949 
(1949); Naturwiss. 39, 69 (1952) 

% E. Fermi, Progr. Theoret. Phys. 5, 570 (1951) 

4H. Fukuda and G. Takeda, Progr. Theoret. Phys. 5 
(1950); H. W. Lewis, Revs. Modern Phys. 24, 241 (1952) 
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From the expression for .V(@) and from the fact that 
l at the high energies considered, the ratio of the veloci- 
ties of the nucleons and mesons in the c.m. system 
is very nearly equal to one, an expression for o(@) can 
oe oe 2100 be obtained'*: 


‘ 2600 


2N¥Fa 
a(9)dA= dé, 


cos"6(a*+ 1)" 


v 


where a=7 tané. 

The angles @ involved in these energetic events are 
very small, so that cos# can be taken equal to one and 
a= 76 in (5). If the production of the mesons take place 
ata height L in the upper atmosphere, and if each of the 


005 neutral mesons defines a core in the shower, then a 





radia! distribution function of the cores can be deduced 
in a plane perpendicular to the direction of the primary 








r 
-001 ' particle: 
5 io 20 25 M 
\V<2 
I ae adiiai dist tion of res a the ax i # Y 6) 
ver acco the L.O.W. the ent values of ret « , 
‘ oneuah I ty o er square 3a Ll 47 (9?/L?)+1 


where a is the density of cores at a distance r from the 
axis, and VN=3fo2lxerdr. Numerical calculations for 


gular distributior gives a spherically symmetrica 
licstribution in the c.m. system a(@) and o were performed and curves were plotted'* 
An interpretation of the fraction K was given by for different values of 7. The curves for o are shown 


Heisenberg,"* who considered K to be proportional to Fig. 1. 


the integral of the over apping original meson poten ials In the above discussion, the angle between the two 
surrounding the two nucleons. For energies occuring Photons produced by the decay of the r° was neglected. 

cosmic rays. a value of about 0.1 was given for K This is possible because of the following considerations: 
his value was supported experimentally by Hopper rhe total angular spread for the mesons, e.g., in the 


t fthe value L.O.W. theory, is of the order 6=3/7.'7 The most 





ef al.'® If one takes for the coupling constan 
3 as given by | ukuda,"® E.q (1) becomes 4 
al (? 
veer", - '"K" 2600 
ere y 1S now the energy of the incoming nucieon in 5 L\ 2100 
lab system in units of its rest energy 
1600 


The angular distribution in the lab system can be 


obtained by a Lorentz transformation from the c.m 


spherically symmetrical distribution If F(¢4o)dad5 
is the number of mesons emitted in the c.m. system 
between the solid angle @ (defined by the angle 6) and 
+ dw, and having energies between J» and F»+d4 
then the c.m. distribution can be represented by 
F (6,4 \dadF V (49 )b(5 4» \dadFo, 3 


where 4 is the common energy of the mesons The 
transformation to the lab system can be effected to give 
the distribution .V(@) in the solid angle defined by @ 


and 0+ dt j Let 7(8) be defined by 











a (f\da \ } 
5 10 5 20 25 M 
‘W. Heisenberg. Kosmische Strahlune (Springer-Verlag, Berli Fic. 2. The radial distribution of cores around the axis of the 
1953 shower, according to Fermi’s theory (for n=4), for different 
Hopper. Biswas. and Darby, Phys. Rev. 84, 457 (1951 values of primary energies The density ¢ is in numbers per square 
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R. E. Marshak, Meson Paysics (McGraw-Hill Book Compar 
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MULTIPLE MESON 
probable value for the angle between the two photons 
in the decay process is equal to g=2/yo.'* By Lorentz 
transformation from the c.m. to the lab system, we get 


Yo= Wot (Fo°— 1) cosd; 
the angle ¢ can be expressed as 
? ) 
¢g <H 
VAI (For—1)4 cosd FoF 


Fermi’s Theory 


The picture given in Fermi’s theory is that the 
angular distribution in the c.m. system is not in general 
spherically symmetric. It follows a cos*"@ law, depending 
value of the impact parameter. This means 
that in an event m can take any of the values 1, 2, etc., 
which will determine the angular distribution. A trans- 
formation to the lab following 
result!7.!* 


2n+1 V¥Fa ae 1 
\ fea J dé 
cos6(a°+1)*" 


shower 


on the 


gives the 


system 


The 


will then be 


radial distribution function for the cores 


orl (r L?+1 


The multiplicity is related to the available energy in the 
c.m. system by: V=1.34(27)!. o(6@) and o for n=1 and 
n=2 for different values of 7 were calculated and 


plotted.'* The curves for o are shown in Fig. 2 for the 


case n= 4. The case ol n 0) « orresponds to an IsOLropk 
distribution in the c.m. system. In the curves for a, 
the 


value L=16km 
+} 


that the primary events occur 


was chosen on the assumption 
after the 


tenth of the atmosphere, 


primary 
particle had traversed one 


so that the calculations can be compared with ob 


servations at mountain altitude elevation 2765 


meters 


Decoherence Curves 


It is now desired to consider the predictions based 


er 


1 the above theories with reference to the results of 


the above mentioned experiment. In this experiment 





two ionization chambers of area A=0.087 m*® each 
Tapie I. The ergie ei 4 es use the 
rical calculations the ‘ its of res 
tne icleor ar r " g silues of FE. the ene 
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Tas_e II. Minimum values of energies, in the lab system 

both in Bev and in units of nucleon rest energy), of the incoming 
nucleons which are capable of developing showers and maintaining 
at least 20 electrons at the indicated depths 


Depth below Energies 
surface of water, Rad ts from Re 
ncn r tion level ab : ts of Af 
185 22 S40) 62X10 
2 24.5 4000 29x 10" 


were used. It was arranged such that they record at 
least 20 particle each. Coincidence rate was taken for 
different separations and at two depths in water 185 
and 274cm. The separations ranged from 87 cm to 
645 cm. From the characteristic lateral dimensions of 
the shower under water and from the bias placed on the 
detector, it was assumed that the experiment was 
detecting coincidences between cores hitting the two 


chambers 


Let r; and r. be the distances of the two chambers 
from a shower axis intersecting the plane of the 
chambers. For a density distribution of cores o in the 
shower, of multiplicity of cores 7 (n=.V/3). The prob 


ability of a coincidence will be 
1 gu Aelar 1 e~ Ae(a.ra)) 


If the Irequency ol these showers vary W ith n, act ording 
to some integral spectrum /(»), the total counting rate 


of the arrangement will be for any separation of the 
chambers: 


W f torn f fo ec Aer) (f— en Act IZ. (&) 


The integral over dy implies that the integration is to 
be carried out for all possible positions of the shower 
axis in the horizontal plane, with respect to the 
chambers 


Let / denote the integral: 


t= ff reson eae 1x (9) 


Since o@ is represented graphically for different values 
the integral J can be calculated for each of these 
energies. This was carried out numerically as follows: 
The horizontal plane of the chambers was divided into 
small squares. For a particular between 
the 


listances r 


separat ion 


the two chambers, center of each square was 


specified by its and r, from the two 
chambers. The corresponding values of ¢ were obtained, 
Contributions 
T for 


particular showers of primary energy 7 and a particular 


and the integrand of (9) evaluated 


from all the squares were then added to give 


separation S. The integral (8) can now be written as 


W f(n)I(n)dn (10) 
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Fic. 3. Decohere rves. cak according he L.O.W 
und Fermi theories (n 2,4). normalize at a distance of one 


The energy range considered was divided into in 
tervals of 7, corresponding to the primary energies (in 
the lab system), shown in Table I. Each of the values 
of 7 defines a parti ular value for the integrand in (10 
rhe frequency spectrum f(n) is taken to correspond to 
the energy-frequency spectrum: f(£)=const- E~*-*. By 
adding the contributions from the different energies, 
the value of W for the particular separation S 1s 
obtained 

In evaluating the limits of the integral /, two factors 
were considered: (1) the value of o drops below de 
tectable values, which means that most of the mesons 
produced are collimated within a specified cone, (2 
the energy of the mesons produced at an angle larger 
than a certain value will not be enough for the core to 


‘ 


twenty particles at th 


the detectable ne level 


of the chambers. This limiting value of the energy 
was obtained from the Rossi curves.” Both limiting 
values of the energy at the two depths 185 cm and 274 
cm in water are shown in Table II. Using these values 
of yo with different values of 7 in the Lorentz trans 
formation equation, yo= yo¥— (yr’—1)'(4*—1)! cosd, a 


limiting value 6(=r/L) is obtained. The limit on r is 


thus determined by the smaller of the values implied 
by the above two factors 

In determining the limits of the integral over n, the 
lower limit is that which corresponds to the values of 
yo in Table II. The upper limit was taken as that 
corresponding to 7= 2850, as the contributions due to 
higher energies are small enough to be neglected because 
of the drop in the frequency spectrum. 


RESULTS AND DISCUSSIONS 


In calculating the decoherence curves by the above 
method, it was observed that the higher the collimation 
of the mesons produced, the steeper is the resulting 
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decoherence curves. The L.O.W. theory gives a very 
flat decoherence curve as can be shown in Fig. 3. The 
curves based on Fermi’s theory are also shown in the 
figure. The comparison shows clearly that the higher 
collimation (corresponding to larger values of n) 
results in steeper decoherence curves. To get agreement 
with experimental points,” values of n=4 or higher 
were found necessary (Fig. 5). It was also noticed 
during the calculations that most of the contribution 
to the decoherence curve comes from the lower energies 
considered; the contribution of the higher energies is 
reduced because of the form of the energy spectrum 
of the primary particles. 

It is now desired to consider the effect of the absorber 
on the decoherence curve. The effect of the absorber 
(water) is to raise the lower limit of the energy (or 
multiplicity 7) integral in Eq. (10). These considera- 
tions are directly related to the question of the fraction 
of the energy carried away by the mesons produced. 
The value of this fraction affects the separation be- 
tween the two decoherences curves for the two depths. 
In the literature discussing Fermi’s theory, no mention 
of the fraction of the available energy in the c.m. 
system (K) is found. If one takes K=1, the two 
decoherence curves for the different depths were found 
not to be separated enough to fit the experimental 
points. Thus, it seemed reasonable to introduce smaller 
values of K. It is expected that the value of K, in a 
given event, depends on the impact parameter. This was 
discussed in detail by Heisenberg,’ who gave the relation: 
K=e~°*, where R is the radius of the collision volume 
and 6 the impact parameter. If we take the usually 
adopted median value R/v2 for 6, we get K~0.5. In- 
troducing now K into Fermi’s theory, we get for V: 
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Fic. 4. Decoherence curves calculated according to Fermi’s 
theory (n=4). Curve 1, for depth 185 cm of water, represents all 
values of K (by normalization at a distance of one meter). Curves 
2, 3, and 4, for depths 274.cm of water, represent the indicated 
values of K 

















MULTIPLE MESON 
N=1.34(2K¥)!; but since, from the conservation of 


energy, 2K (¥—1)= (uo/M)N Fo, and yo™2FoF, we get: 


yo= 14K%7'. 


The above equation gives the effect of the value of 
K on the energy cutoff in Eq. (10). It was found, how- 
ever, that K=0.5 was still unsatisfactory when com- 
pared with the experimental] points. Lower values of K 
were assumed and the corresponding decoherence 
curves at the two depths were calculated. These curves 
are shown in Fig. 4. It was found that values of K =0.05 
or less give a satisfactory fit with the experimental 
results. This small value of the energy available for 
the meson production is supported by the work of 
Hazen ef al.” In their discussion of the spread of the 
air showers with reference to their energies, they 
found that in an average collision, treated according 
to the Fermi model, if the spread of the shower agrees 
with experiment, too much energy will be given to the 
shower. 

The curves that fitted 
reasonably are shown in Fig. 5, 
experimental points. These curves were calculated for 
All the decoherence 

the curve at the 


the experimental points 
together with the 


the parameters n=4 and K=0.05 
curves were normalized such that, 
smaller depth takes the value of 0.42 count per hour 
at a separation of one meter. This value was chosen 
by inspection to give the best fit with the experimental 
points. 
CONCLUSIONS 

This analysis shows decisively the differences be- 

tween the existing theories. While it was shown earlier" 


that the Moliére distribution does not fit the experi- 


»® Hazen, Heineman, and Lennox, Phys. Rev. 86, 198 (1952 
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lated decoherence curves for Fermi’s theory (n =4, 
depths 185 and 274 cm of water. Experimental 


Fic. 5. Calcu 
K =0.05) at the two 
points are also shown 
mental results on air showers, the present analysis 
shows clearly that the multiple-production theories 
give a reasonable agreement. The calculations based 
on the L.O.W. theory do not fit the experimental results. 
Agreement is obtained with Fermi’s theory with high 
anisotropy in the angular distribution of the mesons 
produced in the c.m. system. It was necessary to in-* 
troduce an inelasticity factor K in Fermi’s theory, 
as the fraction of the energy given to the mesons. Best 


agreement was obtained with K =0.05. 
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Consequences of Gauge Invariance for Electromagnetic Transitions. II* 


romagnetic properties of gauge 


t. bound 


o to any gauge-invariar 


In particular, the foll 


ywing theorems 


r absorptive transitions w depend 


he energy <¢ hange 
itrary order, anc 
noments of the parti 


irth or higher 


INTRODUCTION ments that the initial and final wave functions be 


HE ol ved electroma ' ransit normalizable, and that there exists a complete set of 
system of 1 provide a u | tool for normalizable stationary states of the particle system. 


vestigating t ge st f the svstem. For It has been assumed here, as it was in I, that the electro- 


Or magnetic interactions may be treated as a weak per- 


turbation. 


Il. SOME IMPLICATIONS OF GAUGE INVARIANCE 


Hamiltonian for a system of particles in 
the tromagnetic field be given by 
nmon to ’ : particie t lar where 3 is the Hamiltonian of the free 


possibile, it is worthwi lelineate the le n ic field, and H= H(A) is the Hamiltonian 


e system, including its interaction with the 


lagnet field described by the vector potential 


“quirement of gauge invariance may be stated 


H A T gradG 


Pro(rjp(r 


lensity operator for the 


e system and G(r) is a gauge function, which may 
tromagnetic field or that commutes 
2) isa generalization of the condit 


t+ +} ; 


ivalent to the usual s 
the matter field is inv 
ineous gauge transformation of the matter 
he electromagnetic field operators. 
size of the oupling constant, 
action may usually be treated 
Therefore it is convenient to 
powers ol A and grad & Following 
we write H(A+ grad G) as a series 


increasing powers of (A+ grad G), 


Ho+H,(A+ grad G 
+H A-+ grad G + 


left-hand side of Eq may 





CONSEQUENCES OF 


be expanded in a series of commutators, 


e'?H(A)e~” = H(A)+ i D,H(A) | 


+477 D, [D,H(A)]]+-:-. (4) 


Since Eq. (1) is a formal identity, we may equate the 
terms of Eqs. (3) and (4 h are of the same order 


in the electric charge: 
H,(A+ grad G)=H,(A)+ i DH 


H.(A+ grad G)=H,.(A)+i! D,Hy(A 
+47°( D, [DH 


whi 


and so on. These equations express necessary conditions 
yn the form of the Hamiltonian and lead to information 
concerning several types of gamma-ray processes. 

It will be convenient to write the vector potential of 


the radiation field as a sum of two terms: 
A(r)=grad G’+A’, (6 


where A’ is that part of A(r) which cannot be written 
as a gradient. To make this separation, we write A(r 


in the form: 
Alr 

where A* » are the creation operator and 
annihilation operator for a photon of momentum hw 
and polarization in of the unit vector u, 
and V 


malization of t! 


the direction 


is the volume of an enclosure used for nor- 


e photon vaves. The separation of Eq 


*n corresponds to writing uwexp(iw-r) in the 


sill ur f ly exp(tvw-f 
l J 


In the long wavelength limit the matrix elements of 


grad G’ and A’ correspond to the usual definition of 


electric and magnetic multipole moments, respectively 
Therefore we shal] refer to grac he electric 


of A, and A’ as the 


The operator G’ in Eq 


part 


now be interpreted 


be 


may 


lf 
Sb 


gauge function and Eqs. (5a) and may 


A’ and G’ substituted for A and G. 
+i) DH 
D’ HA 


10) 


represent conditions of 
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gauge invariance in the form we shall use in discussing 


one and two photon processes. 


Ill. SINGLE-PHOTON PROCESSES 


Equation (9a) will now be used to show that, for 
processes involving the emission or absorption of a 
single, low-energy photon by a matter system, the 
transition probabilities for purely electric processes will 
the electromagnetic inter- 


a single photon 


not depend on the details of 
actions. The transition probability for 


pre weSS 1S 
(2x h p E 


where p(£) is the density of final states, and 7, the 
transition amplitude, is the matrix element of H(A) 
between the initial and final states of the particle and 
we write the 


photon system. By using Eq. (9a may 


transition amplitude in the form, 


T= {H,(A’)+i1D’,Ho }} ba, (11 


where a and @ signify the initial and final states respec 
tively, of the particle and photon system 
(11 in 


matrix elements between states of the particle system 


It will be convenient to write Eq terms of 


only. In the following discussion, the Greek subscripts 


a and 6 will always refer to states of the particle system 
plus the photon system, while Roman subscripts a and 


b will refer to the corresponding states of the particle 


system only. 


For the sake of definiteness, we consider the 


photon absorption. Then the only term of Eq. (7) con 


tributing to the transition amplitude is the term con 
} 


taining the annihilation operator Awaue, where hw, and 


u, are the momentum and polarization of the incident 


Hence, 
explicit expression for the transition amplit ide, both 


D’ and H,(A’ 


photon when Eq. (7) is used to write an 


may be replaced as follows 
Dp’ 
Hy A’ 


> 1 Wa 


The particle operators d~ and A~ depend parametrically 


on @, and u, and, as can be seen from Eas. (6), (7), 
and (8 


energy limit 


are independent of photon energy in the low 


Equation (11 


terms of the operators d- andh 


may now be written in 


T = (wath-+ iw. {'d-,Ho}} to, (12) 


Roman indices a and 6 refer to the initial and 
} 


where the 
1 parti le system alone 


Since attention will be limited 


final states of t 
to electric transitions 


in the long-wavelength limit, just the second term of 


Eq 12 is 


the form 


to be considered. This may be rewritten in 


ithe Wa 
j 


if use is made of the general rel: 


[O.Ho \e 


ion, 


hive f) 
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where O is an arbitrary particle operator and ficwa» 
= E,—E,, the difference in the energies of the particle 
states labeled a and 6. Note here that we are working 
in the representation in which H, is diagonal 
In order to discuss the properties of electric transi- 
sitions, the operator d~ will be written in terms of the 
charge density operator and the quantum numbers of 
the absorbed proton. The operator G’ may be expressed 
in the form 
G' (2) = > ou(AeutA* ou) 


; e 
> /\@,U.T 15) 


Then, from Eq. (10) and the definition of d-, we find 


d 1 he fer r) f 


The function f may be obtained explicitly from Eqs 
(6), (7 Thus it can be seen from Eq. (16 
i 


that the form of the operator d~ does not depend on the 


@,,U,,T) 16) 


and (8 


nature of the interaction of the matter system with the 
field. It is 
case of photon emission. Hence, 


electromagnetic clear that this result also 


applies to the at long 
wavelengths, for processes which are purely electric, 
the transition probability for the emission or absorption 
of a single photon depends only on the initial and final 
wave functions of the particle system, and on the energy 
change. This result is a generalization of the Siegert 
theorem.’ 

Ihe derivation in I of the f-sum rules for electromag 
netic radiation may be generalized in a similar fashion 
to the type of system considered here. The generaliza- 
tion is straightforward and the results obtained may be 
expressed in the form of Eq. (I-35 
IV. APPLICATION TO PHOTOPION PRODUCTION 


The results of Sec. III may be applied to the problem 
from hydrogen. Unfor- 


tunately, application of the Siegert theorem is strictly 


of photopion production 
valid only in the limit of infinite photon wavelength, 
while t! : wavelength in this case must be less than the 
pion Compton wavelength. However the fact that the 
pion proper field of a proton seems to be concentrated 
the order of the 


at distances of nucleon Compton 


wavelength‘ indicates that the long-wavelength ap- 
proximation may be fairly good for the case of the 
y*hotoproduction of a single pion at an energy not too 
| | ge | : 


far from threshold. Thus the Siegert theorem may be 
applicable to this case. 

rhe long-wavelength approximation to the photopion 
production problem is quite simple. In the expansion 


of the 
replaced by u 


vector potential, Eq. (7 may be 


ur 


UEXD\lw'r 


grad The transition is of electric 


dipole order, and the transition amplitude is given by 
*R. G. Sachs, Nucear Theory (Addison-Wesley Press, Can 
bridge, 1953), p. 243 
‘See, for example. G. F. Chew. Phys. Rev. 95. 1669 (1954 
R. G. Sachs, Phys. Rev. 95, 1065 (1954 
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Eq. (13). If the operator d- is written in the form of 
Eq. (16), the function f is, in this case, 


f(@q,Uq.¥) = (2xhc)*(u,-r). (17) 


Hence the transition amplitude is given by 
3 
T =1(2rhc av )haol fro r)(u.°T) (18) 
ba- 


Since p(r) is the charge density operator of the 
system, this result shows that the transition amplitude 
is simply related to the matrix element of the static 
dipole moment between the two states of the nucleon- 
pion system. 

The usefulness of the f-sum rules for the photopion 
production is more doubtful, since the sum rules may 
be used to obtain integrated cross sections only when 
the cross section is small for small photon wavelengths. 
However, the photopion cross section is large at energies 
considerably above threshold. 

Nevertheless, it is interesting to compare the f-sum 
rule for electric dipole absorption by protons, to the 
corresponding rule for absorption by atoms. In making 
this comparison, it is assumed that the dominant mech- 
anism for photon absorption by protons is that of pion 
and that the proton wave 
function may be written as a sum of terms, each involv- 
ing a spin 4, t-spin 3, nonrecoiling core particle, sur- 
rounded by zero, one, or two charged pions. It is further 
assumed that any contribution to the operator H,(A) 
resulting from the core particle-pion interaction may 


emission, ground-state 


be neglected.® 
If these assumptions are made, the electric dipole 
f-sum rule for the proton may be written in the fol- 


lowing form: 


fe At 2re?{> pk f,* k) f; k) 


+2 Rel fo Sox ko fo(k, —k)]} + terms in f,?, (19) 
where the symbols have the following meanings: the 
integral fowWE represents the integral over photon 
energy of the total electric dipole absorption cross 
section, the complex number fo is the amplitude of the 
zero pion state in the proton ground-state wave function, 
fitk 
positive pion of momentum f#k and /.(k,k’) is the am- 
plitude of the state describing two pions, a positive pion 
of momentum fk, and a negative pion of momentum 
hk’. 

The corresponding sum rule for absorption by an 
atom may be written 


fe dE = (lr eh/mc)Z 


*In this derivation, the f-sum rule is 
interaction H,(A). See Eq. (1-35) 


is the amplitude of the state describing one 


(20) 


written in terms of the 
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The first terms in Eq. (19) and Eq. (20) are closely 
related. The quantity }°s| fi(k)|*(1/Acko) represents 
the probability for the presence of a single pion in the 
proton wave function, divided by an average energy 
of the pion. The atomic sum rule is obtained if this 
quantity is replaced, in the first term of Eq. (19), by 
(Z/mc*), the number of electrons in the atom divided 
by the electron rest energy. 

On the other hand the second term in Eq. (19) 
represents interference between the zero and the two 
pion states. There is no atomic analog to such a term. 


V. THE SCATTERING OF GAMMA RAYS 


Equations (9a) and (9b) may be used to predict 
several properties of the cross section for the scattering 
of gamma rays by particle systems in the limit of small 
photon energy. The treatment to be given here is a 
generalization and extension of that of L. 

The differential cross section is given by the expres- 
sion do/dQ= (wV/2rhc)*dQ T *, in which T, the transi- 
tion amplitude, is the sum of two terms T=7’+T", 
where 7” arises from the direct scattering by the second- 
order interaction H.(A), while T” is due to the first- 
order interaction H,(A), which contributes in the 
second order of the perturbation theory. Using Eqs. 
(9), we write 


T’ = (H(A) +i(D’,H(A))] 


+437°(D’[D’,Ho}}}aa, (21a) 
_(Hy(A)+i(D’ Ho ool H(A’) +iLD’ Ho} 
T’ => 
” E.—E, 
(21b) 


Here, the index a refers to the initial state of the entire 
system, the scattering system plus the initial photon. 
Similarly, 8 refers to the final state of the entire system 
and 7 to intermediate states. As in Sec. III, Greek sub- 
scripts will always refer to states of the entire system, 
and italic subscripts will refer to the particle system 
only. 

It will be convenient to write Eqs. (21a) and (21b) 
in terms of matrix elements between states of the par- 
ticle system only. In order to accomplish this, we first 
note that since H,(A’) and D” are linear in the photon 
annihilation and creation operators, they may be 


OF GAUGE 


INVARIANCE 929 


written as, 


H,(A’)=H,*(A)+H (A), D'=D*+D~, 


where H,* and D’* contain only those terms of Eq. (7) 
involving creation operators, and H,;~ and D’~ contain 
only those terms involving annihilation operators. The 
operators H,~ and D’~ always annihilate the incident 
photon; hence, the only contribution from Eq. (7) to 
a matrix element of H,; or D’~ arises from the term 
having the polarization u. and the momentum he, of 
the incident photon. Similarly, matrix elements of #, 
and D’* contain just the term relating to the polariza- 
tion us and momentum fiws of the scattered photon. 
Therefore, when Eq. (7) is used to obtain explicit 
expressions for D’~, D’*+, H,-, or H,*, they may again 
be replaced as follows: 


D!~ — d-wa A wana, 

D'+ — dtwg A * wgus, 
Hy (A’) — Iw A cana, 
H*(A’) — btw A * gus. 


The quantities d~ and A~ are operators of the particle 
system which depend parametrically on the momentum 
and polarization of the incident photon. Similarly, d’ 
and h* are particle operators which depend parametri- 
cally on the momentum and polarization of the scat- 
tered photon. 

An important property of the four operators d-, d*, 
h~, and h*, which will be used below, is their inde- 
pendence of the energy of the photon in the low-energy 
limit. This can be seen from Eqs. (6), (7), and (8) by 
noting that grad G’ depends on w to the power w™ while 
H,(A’) depends on w to the power w!. The extra power 
of w in the magnetic term the factor 
[(uXw) Xr] in the magnetic part of Eq. (8). 

With the aid of this notation, Eqs. (21) may be 
written in terms of the particle operators d~, d+, h~, and 
h*. 


arises from 


T’ = {iwshwe fd ht ]+iwalws d+ hk ] 
+ hirwe hog d+ [d-,Ho }] 


L 


+ firwa hws d-[d*, Ho} }e0 


nN 
Nm 
DS 


+terms in H,(A’), | 


(wath + lw fd HH, Don (wth + icy if d+,Ho |) ne 


_ “i 


— 


n he (Waa t wg) 


+ 


Equation (22b) has been written as a sum of two terms, 
the first referring to intermediate states containing two 
photons, the second referring to zero photon inter- 


(we th* + img fd? fo Don (wath + lWe if d~ Ho }) na 


(22b) 


he Wna~ Wa ) 


mediate states. The indices a, 6, and m refers to the 
initial, final, and intermediate states of the particle 
system, respectively. The quantities icw, and hcws are 
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the energies of the hotons respec- 


tively. and hcw,, is the energy dif between the 


partici 


We now turn our attention to the long-wavelength 








limit in order to show that if 1 scattering trom the 
static moments of the particle system is neglected, and 
if the minimum energy of excitation of the system }s 
finite, then the transitio ar ip ce A depend OI 
the photon energy to the first or higher power.° It w 
be necessary to assume that the ground state ol! the 
system is described by a state vector which Is norma ized 
} the internal variabies 

In the following discussion each term of 7’ or 7 
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electric terms 


against the 
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intermediate states labelled by n, 
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Type B 


We use Eqs. (22b) and (14) to write the electric 
magnetic cross terms of 7,” as 
i 1 a ; Hi d 1 H / 
i | + | 23a) 
{ 1+ Ww 1 o/ ws 


The electric-magnetic cross terms of 7,’ are seen trom 
I 22a) to be 
i{{ d-,k* |+-|d* A }} 23b 
nb om ¢ the ire? ' t . +h inte 
I a e seen trom e closure property of the inter 
mediate states m that the zero-order erms of the ex- 
+? } 2 1} 
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igainst the expression, Eq 23b 
Type C 
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described by a normalizable state vector. An example 
of a calculation using non-normalizable state vectors 
which violates the above theorem is the work of Sachs 
and Foldy.’? These authors calculate the cross section 
for the scattering of gamma rays from nucleons using 
nonrelativistic, no-recoil, weak coupling, pseudoscalar 
meson theory. The state vector representing the 
nucleon ground state in their calculation is not nor- 
malizable in the meson variables. Because of this lack 
of normalizability, their calculated transition amplitude 
contains a term [the o-uXu’ term in Eq. (20) of 
reference 4], which results from scattering through 
excited states of the nucleon, and which is independent 


~ 7 R. G. Sachs and L. L. Foldy, Phys. Rev. 80, 824 (1950). 
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of photon energy in the low-energy limit. Therefore, 
this term violates the above stated theorem. In the 
following paper, the procedure of Sachs and Foldy is 
modified in a manner which insures that the state 
vectors are normalizable, and the cross section is recal- 
culated. The transition amplitude calculated by this 
procedure no longer contains this energy-independent 
term. 
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Electromagnetic Properties of the Nucleon in a Finite Source Theory* 
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Some electromagnetic properties of nucleons are investigated under the assumption that the nucleon 
consists of a spin one-half core particle in interaction with the pion field through a gauge-invariant, non- 
relativistic, pseudoscalar, finite source interaction. Recoil of the nucleon core is neglected and the weak 
coupling approximation is used. A method is presented for making the finite source interaction between two 
particle fields gauge-invariant by introducing filaments of current in the region of the source function. The 
theoretical contributions of interaction currents to the magnetic moments of the proton and neutron are 
calculated and found to be small compared to the observed anomalous moments and of the opposite sign. 
The model is used to calculate, in the limit of zero source size, the total and differential cross sections for 
scattering of gamma rays from nucleons. The results, which are presented graphically, are found to be in 
accord with the conditions imposed on a finite theory in the preceding paper. They are compared to the 
results obtained by Sachs and Foldy on the basis of a point-source theory. 


I. INTRODUCTION 


HE recent discoveries! of heavy mesons and 

hyperons indicate that it is entirely possible that 
the nucleon core which emits and absorbs pions, instead 
of being simple, may be structured, i.e., composed of 
two or more of the “new” particles, one or more of 
which may carry the source of the pion field. A complete 
theory of the nucleon would have to incorporate the 
details of the structured core and would then depend 
on the nature of the particles which compose this 
structure. 

However, in many processes involving low-energy 
pions and photons, the complicated details of the source 
may not be important and therefore it may be possible 
to account for the important effects of the core structure 


* Supported in part by the U. S. Atomic Energy Commission, 
and in part by the Wisconsin Alumni Research Foundation 
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‘For up-to-date reviews of these matters see: L. Leprince- 
Ringuet, Ann. Rev. Nuc. Sci. 3, 39 (1953); Many authors, Proc 
Roy. Soc. (London) A221, 277-420, (1954); Proceedings of the 
Fourth Rochester Conference (University of Rochester Press, 
Rochester, 1954). 


by introducing a smooth source function into the inter- 
action between the pion field and its source. This 
means that the annihilation and creation of pions are 
not limited to a mathematical point in space, but can 
occur over a small but finite region, the size of which 
is determined by the dimensions of the source function. 

The notion of the extended source has already been 
introduced,’ not for the physical reasons just stated, 
but for the formal advantage that the extended source 
possesses in regard to circumventing the well-known 
divergence difficulties that are encountered in the point 
source theory. An important result of the introduction 
of the extended source is that high-momentum pions 
are quenched, so that the state vector of the pion- 
nucleon system, which was not normalizable in the 
point-source theory, can now be normalized. The 
advantage of working with normalizable state vectors 
has been emphasized in the preceding paper, in which 
many of the results depend on this property. 


2W. Pauli and S. M. Dancoff, Phys. Rev. 62, 85 (1942) 
W. Pauli, Meson Theory of Nuclear Forces (Interscience Pub 
lishers, Inc., New York, 1946). 
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It is clear, then, that certain advantages accrue with 
the advent of the extended source, but on the other 
hand, the extended source theory raises new problems 
of its own. As generally applied, this theory is not 
Lorentz-covariant. But this fact causes no great 
concern here since the point of view is taken that the 
extended source theory is not supposed to be a funda- 
mentally rigorous theory but a way to avoid the com- 
plicated details of the nucleon core, a procedure which, 
it is hoped, has validity at least in low-energy processes. 

Furthermore, there is the question of making the 
theory gauge-invariant when the interaction of the 
pion-nucleon system with photons is considered. As 
pointed out by Blair ef al.,* the essential difficulty lies 
in the fact that in the present form of the extended 
source theory, the pion is created or absorbed at some 
particular point inside the source, whereas the entire 
spread-out nucleon changes from a neutron to a proton 
or vice versa, a process which violates the continuity 
equation of charge and current density. One of the 
important features of the present paper is the delinea- 
tion of the manner in which an extended source, pion- 
nucleon interaction may be made gauge-invariant. The 
procedure involves the introduction of filaments of 
current within the source so that the continuity equa- 
tion is satisfied everywhere. These filaments of current 
are not to be construed as accurately representing the 
physical situation inside the source, but merely as some 
sort of approximation to the actual currents that pre- 
sumably exist there. Nevertheless, some physical conse- 
quences of these “pseudocurrents” are presented. Con- 
sideration is given to a peculiar effect that arises from 
the virtual photons generated by these currents. The 
contribution of these currents to the nucleon magnetic 
moments is deduced and found to be zero for the 
simplest possible kind of filaments, namely, straight 
lines of current emanating radially from the origin. 
However, a contribution to the magnetic moment‘ 
remains from the interaction current that arises in the 
gradient-type coupling. This effect is found to be small 
and in the opposite direction to the observed anomalies. 

Attention is then given to the implications of the 
static, gradient-type, extended-source interaction for 
the differential and total cross sections for the scat- 
tering of y rays by protons and neutrons. The point 
source in the pion-nucleon interaction employed in the 
calculation of this process by Sachs and Foldy® is 
replaced by a finite source and the cross sections recal- 
culated. The SF result for the low-energy expression of 
the transition amplitude contains a spin-dependent 
term which is independent of the photon frequency. 


* Blair, Chew, Friedman, and Salzman (privately circulated 
report, 1952) 

‘No consideration is given in this paper to the magnetic 
moments that derive from the conventional pion convection 
currents 

*R. G. Sachs and L. L. Foldy, Phys. Rev. 80, 824 (1950). 
Hereinafter, this paper will be referred to by the symbol SF. 
Numbered equations in SF will be referred to as Eq. (SF-1), etc. 
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This violates the theorem of Sec. V of the preceding 
paper, a result which depends on the fact that the 
point-source theory of SF leads to non-normalizable 
state vectors. The violation is found not to occur in the 
normalizable, extended-source theory, even in the limit 
as the source size is allowed to approach zero. The 
numerical results given here are obtained in this limiting 
case, so that the finite source is used here only as a 
convergence procedure. It does not represent a physical 
smearing out of the core particle. 

Two other modifications of the procedure used in SF 
are made. First, the absorptive part of the scattering, 
omitted by SF, is included. Second, the pion-nucleon 
coupling constant is obtained from experiments per- 
formed since the publication of SF. The discussion of 
the y-ray scattering problem in the present paper is an 
amplification of some remarks published previously.® 


Il. GAUGE INVARIANCE OF THE INTERACTION 


The Hamiltonian of a static pion field interacting 
with an infinitely heavy source can be separated into 
two parts: 


H=H,+H’, 


where H;, is the total energy of the free pion field,’ and 
H’ is the interaction energy between the pions and the 
source. For pseudoscalar pions interacting in a charge 
symmetric way with an extended, spin 3, isotopic spin 
} source, a rather commonly used* expression for H’ is 


H' = (4x) *(ge 1) f erf@yre Vole) the, (1) 


where g is the coupling constant in units of electric 
charge, u the reciprocal pion Compton wavelength, f(r) 
the spherically symmetric source function normalized 
so that f f(r)d’r=1, g(r) a component of the charged 
pion field which creates a negative or absorbs a positive 
pion, and r4=4(7;+i72) is an isotopic spin operator 
which converts a neutral into a positively charged 
source. Only charged pions have been included in H’, 
since the major concern here is the behavior of the 
system in the presence of an electromagnetic field, with 
which neutral pions presumably have no direct inter- 
action. 

The importance of introducing an electromagnetic 
field into the Hamiltonian in such a way as to satisfy 
the condition of gauge invariance has been emphasized 
in the preceding paper. If H(A) designates the matter 
Hamiltonian modified to take into account the inter- 
action of matter with photons, the gauge condition of 
the preceding paper becomes, for the particular Hamil- 
tonian under consideration, 


eH (Ae = eH, (A)+ H(A)? 
= H,(A+grad G)+H’(A+gradG), (2) 
*R. H. Capps and R. G. Sachs, Phys. Rev. 96, 540 (1954). 


7 For the form of H,, see Wentzel, Quantum Theory of Fiedds 
(Interscience Publishers, Inc., New York, 1949), p. 49. 
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in which G(r) is a guage function which may be any 
electromagnetic field operator that commutes with A. 
The expression for D is 


D=(1 he) f Cael) + 41+ reb(H) G(r, (3) 


where p,(r) is the charge density operator for the pion 
field. The second term in Eq. (3) is concerned with the 
charge on the source. 

It is of interest to determine the form of H(A) satis- 
fying Eq. (2). The H, part can be made gauge-invariant 
by the well-known prescription,’ of replacing each 
grad ¢ and grad ¢* by [grad—(ie/hc)A]¢ and [grad 
+ (ie/hc)A }g*, respectively. However, because of the 
presence of the extended source, H’ modified only in 
this way does not satisfy the gauge condition, but 
requires an additional factor which’ can assume the 


form 
exo (i ne) f Aas] (4) 
0 


the argument of the exponential being a line integral 
of the vector potential from the origin to the point in 
the source where the pions are created or absorbed. The 
proper modification of H’ in the presence of an elec- 
tromagnetic field then is 


H(A) = (44)*(gc 1) fer sore 


xen (ie me) f Aas|o 


‘[V—(ie/hc)A)e}t+h.c. (5) 





The fact that this expression for H’(A) satisfies Eq. 
(2) with D given by Eq. (3) follows from the statements 


ce rye P= ry exp (tie/hc)G(0) ], (6) 


e'?{a-[V—(ie/hc)A loje~ =exp[ (—ie/hc)G(r) } 
Xo-[V—(ie/he)(A+grad G) }g(r). (7) 


Just as the extended source is a phenomenological 
device to make a complex system susceptible to cal- 
culations yielding finite results, so the exponential of 
the vector potential in H’(A) is a convenient means of 
preserving the gauge invariance of the theory, i.e., the 
effect of the exponential is to replace the presumably 
complicated current distribution inside the source by a 


* See reference 7, p. 66. 

* This form was suggested to the authors by R. G. Sachs. Com- 
pare R. G. Sachs, Phys. Rev. 74, 433 (1948). Factors of this kind 
were also considered by Peierls and Chretien with rd to 
nonlocal interactions in field theory, R. Peierls and M. Chretien, 
Proc. Roy. Soc. (London) A233, 468 (1954). See also C. Bloch, 
Kgl. Danske Videnskab Selskab, Mat.-fys Medd. 27, 8 (1952). 
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more simple current distribution, which nevertheless 
keeps the continuity equation of charge and current 
density satisfied. Indeed, the physical effect of this 
added factor is best seen through an examination of the 
current distribution that it produces. 

Since the small currents produced by external fields 
are of no interest, the part of the current independent 
of the electromagnetic field is desired. When H;'(A), 
the term in H’(A) linear in A, is cast into the form 


H,'(A)=—c fiw: Aer, (8) 


the relevant current density can be identified as the 
quantity which is denoted by jing in the expression. 

The current defined in this way satisfies Maxwell’s 
equations, and is referred to as the interaction current, 
since it arises from the special form of the interaction 
H'. To obtain the part of H’(A) linear in A, the exponen- 
tial in Eq. (5) is expanded and the linear terms are 
found to be 


Hy'(A) = — (4x) '(ige ua) f ef 


«\(f Ads \(rs0-Ve=1 a:-Voe"*) 


+(r,0-Ag—r wAe)| (9) 


Now the arbitrary line integral from the origin to the 
point r may be rewritten in the form, 


f A ds -f [as fovacenaee »)} (10) 


where s represents a vector to the point on the line and 
ds is an infinitesimal vector tangent to the line at the 
endpoint of the vector s. 

Then 


Hy’ (A) = — (4x)! (ige ut) far (ace)- Parson 


r 
|| f isa(e'—9) [fre Ve(0)—+ @-Ve*(r) } 
0 
+o8(r’—r)[ tr, ¢(r)—7 e*(o)}}). ny 
Comparison with Eq. (8) shows that the current is 


lf dsé\ -)| 


Xr e-Ve(r)—r_e-Ve*(r) | 





Jint (0’) = (4) *(igec uh) far flr 


+o5(r’—2)[ rt, ¢(8)—1 *(o)}}. (12) 
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This is just the current that comes from H’(A), no 
consideration having been given to current that arises 
from H,(A). The first part of the expression, Eq. (12), 
derives from the exponential term in Eq. (5) and can be 
interpreted as a line of current” flowing between the 
origin and the point in the source where the pions are 
created or destroyed. Once again the phenomenological 
nature of this current should be pointed out. It doubtless 
does not correctly represent the current distribution 
within the source and has been inserted for the sake of 
keeping inviolate the law of conservation of electric 
charge within the source. The second term in Eq. (12) 
is the well-known current given previously by Pauli 
and Dancoff.? 


Ill. UNIQUENESS OF THE ELECTROMAGNETIC 
INTERACTION 


In the absence of an electromagnetic field, the form 
of a linear, charge-symmetric, static interaction of 
pseudoscalar pions with an infinitely heavy, extended, 
spin 4, isotopic spin 4 source is given uniquely by Eq. 
(1). An alternative expression’ is 


H’ i= (40) "(ge uf ere )re(de-rthe, (13) 


but H’,» can be obtained from H’ by an integration by 
y gz 
parts of the latter expression, which shows that 


H' = H’ x if 
F (r) = (1/1) (df/dr). 


In the presence of an electromagnetic field, however, 
H’..(A), which has the gauge invariant form, 


Fir)rie(re-r 


H’s(A) 4x)! ( ge u) far 


xe (i ne) f sas}}+he, (14) 


is not equivalent to H’(A). This can be seen by an 
integration by parts of H’(A), which gives 





H’(A) = — (4) *( ge 1) far} 


+ (te te) fir)( A—arad f ia) 
, } 
xen] —te ne) f Aas||4 h.c. (15) 


For purposes of simplification, the line integral is taken 


ree(ne{ r)(df/dr) 


* A filament of current of a very similar nature has been intro 
duced by Adams in connection with nuclear exchange currents 
E. N. Adams II, Phys. Rev. $1, 1 (1951). See also R. K. Osborn 
and L. L. Foldy, Phys. Rev. 79, 795 (1950 
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along a straight line. Then 


r 1 
ovf Ads=o-v f da{_r-A(ar) } 
6 0 


1 
-o {ac f dal rcuriA (ar), (16) 
0 


whereupon 


H’(A) = — (4) ¥(ge 1) ferlo| wnear dr) 
1 
 (ie/hefir) f rut (at)da exp (ie hc) 


1 
xf Nat)-rda]r.¢(8)| +h. (17) 


The nonequivalence of H’(A) and H’,,(A) then resides 
in the presence of the term in H’(A) containing curlA. 
Whether or not such a term exists must be decided by 
experiment. 

Any linear combination of H’(A) and H’,,(A) will 
satisfy the conditions of gauge invariance. This is a 
manifestation of the fact that any term of the form 
H(curlA) that satisfies the condition [,H (curlA) ]=0, 
where p is the charge density operator for the matter 
system, may be added to a gauge-invariant Hamiltonian 
without destroying gauge invariance. 


IV. VIRTUAL PHOTONS 


Assuming for the moment that H’(A) does give a 
correct account of the current distribution within the 
source, let us investigate some of its electromagnetic 
consequences. First we consider the effects of virtual 
photons produced by the vector potential in the ex- 
ponential factor of H’(A). Usually such photons, arising 
from the interaction of charged particles with the elec- 
tromagnetic field, cause self-energy divergences such as 
that encountered, for instance, in the A*¢’ term of the 
gauge invariant form of Hy. 

In contrast to this relatively simple A* dependence, 
arbitrarily high powers of A are present in the exponen- 
tial under study, so that the divergence arises here in a 
quite complicated manner. If all virtual photons are 
included in a calculation, every matrix element of 
H’ (A) will include a factor of e~*, which will cause the 
matrix elements to vanish." This can be seen in the 
following way. Suppose, for the sake of simplicity, that 
the line integral is taken along a straight line; then an 
expansion of the vector potential into plane waves 


" This point has been observed by Heitler and communicated 
to us by W. Thirring. See also R. Peierls and M. Chretien, Proc 
Roy. Soc (London) A223, 468 (1954) 














ELECTROMAGNETIC 


yields 


1 
exp (i ne f A (at)da| 
0 


-exp| (Aie/hc)(hc2x/V)' > [ avt Ata) 


1 
xorwr f exp(ie-at)da]], (18) 
0 


in which wu is the photon polarization, @ is its wave 
vector, A and A* are photon creation and annihilation 
operators, and V is the volume of an enclosure used for 
normalization of the photon waves. The effect of the 
virtual photons can be isolated by arranging the terms 
in Eq. (18) in such a way that the annihilation operators 
act first. To accomplish this, use is made of the theorem” 
for two operators, a and 6, whose commutator is a 
c-number, 


exp(a+ 6) = (expa) (exp}[b,a }) (expd). (19) 


If a is identified with the A* part and 6 with the A 
part of the expression, Eq. (18), this expression may be 
written in the form of the right side of Eq. (19). If the 
sum over the two directions of polarization is carried 
out, the terms corresponding to exp(4{b,a]) may be 
written in the following form, 


1 4 
exp) —¢é arc) f ax| a—z f p(2/px)* 
aa 0 


X [sin*(px/2) dp ), (20) 


where p=wr. The integral over p in this expression 
diverges logarithmically at infinity causing H’(A) to 
vanish. 

Of course, one way to circumvent this predicament in 
calculations involving real photon processes is to ignore 
the effect of virtual photons altogether, i.e., replace the 
expression, Eq. (20) by one. Perhaps a more physically 
meaningful approach to the removal of the divergence 
under study is to note that, for extremely short wave- 
lengths, the details of the structure of the source would 
become important. The consideration of such details 
would not be consistent with the notion that the com- 
plexities of the source could be replaced by the smooth 
source function f(r). Therefore, the photon wavelengths 
should be smaller that the dimensions of the source 
and thus should be limited by the condition 


wr 31. (21) 





® Harold T. Davis, The Theory of Liner Operators (Principia 
Press, Inc., Bloomington, 1936), p. 198. 
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Application of this condition limits the integration 
over p in the expression, Eq. (20) to the range OSp Sl, 
and Eq. (20) now becomes exp(—e*/6rhc). This ex- 
pression is very nearly unity and the vanishing of H’(A) 
no longer occurs. It is concluded that the formally 
gauge invariant expression Eq. (5) for H’(A) can be 
employed in a perturbation calculation of electromag- 
netic processes for which the condition Eq. (21) is 
satisfied. 


V. MAGNETIC MOMENTS 


Having given consideration to the effect of virtual 
photons, we now investigate some of the implications of 
H’(A) with regard to real photon processes. Attention 
will first be given to the contribution of H’(A) to the 
static nucleon magnetic moments. The moment will be 


calculated to lowest order in g, i.e., to order g*. The 
magnetic moment operator is defined by 
M (int) = $¢ fer Lexie) Jes (22) 


° -~ 2 ‘ > . . 1" 
where jint(r’) is the interaction current density. The 
insertion of Eq. (12) for the current density yields 


M, (int) = (i'ge uh) f favaer f(r)i, 
(ex f iss(e'—9)| 


X[ re: Ve(r)— re: Ve*(r) } 


(23) 


/ 


+o6(r'—1)[ r,.¢(r)—7 e(]}), 


where i, denotes a unit vector in the positive z direction. 

Note that M,(int) changes sign under the mirror 
operation in charge space, the operation which reflects 
the i-spin space through a plane containing the z axis, 
i.e., M,(int}+—M,(int) when r.e7-, gerg* and 
7+—7,. But under the assumption that the inter- 
action between mesons and nucleons is charge sym- 
metric, this operation changes a neutron state to a 
proton state and vice versa. Consequently, the expec- 
tation value (M,(int)) is equal in magnitude but 
opposite in sign for the proton as compared to the 
neutron. Thus, the mirror theorem of Sachs,"* concern- 
ing the sum of neutron and proton moments, is not 
affected by any contribution from these interactior 
currents. 

To obtain an idea of the size of (M,(int)), we consider 
the simplest form of M,(int), which corresponds to 
choosing the path of the line integral to be a straight 


4 R. G. Sachs, Phys. Rev. 87, 1100 (1952) 
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line. Then, 


M (int) = (iw'ge uh) f farersini 
1 
(vx [«f 6(r’—ar)da 


X[r.@-Vel(r)—7r_@-Ve*(s) | 


+-@6(r’—r)[ 7. ¢(r) r-#(0)} ) (24) 


Because of the factor 6(r’—ar), r’ and r are always 
parallel and r’Xr vanishes. This result is simply a 
manifestation of our particular choice of the path of 
integration, which constrains the line current to flow 
radially, whereas a circulating current is required to 
produce a magnetic moment. Thus, the contribution to 
the magnetic moment of the phenomenological line 
current has been made zero, so that 


VW (int) 


im'ge/ph 
P * “ 
rXq@).(r,g—7~¢*) |, (25) 


which is the result that would be obtained? even if the 


} 
ine 


currents or the exponential factor had not been 
introduced 


To find (M, 


tion of H to order g is needed. This eigenfunction for a 


to order g’, the ground-state eigenfunc- 


nucleon with spin up is, to the required order 


b=(0)+6(1} =0(0, ¢,=1, 7 +1} 
b{k,o,,7,} | H'|®{0, ¢,=1, r.=1) 
<{k,o.7,} 
4 p 26) 
A, spin, —he(p?+k*)! 


where ©{0, o,=1, r,= +1} is the functional describing 
the state with no pions present, namely, just the core 
of the nucleon, with 7,=+1 referring to the positive 
and neutral cores respectively. Similarly, #(k,c.7,) 
represents the core surrwunded by one pion in a state 


of momentum #k. Since the calculation is carried out 


in momentum space, we record the operators H’ and 
M,(int) in that representation 
H’ =i(ge/p)(Qeh/cV)EY af f (ko k(wt+ kh) 
XT (an +b4*)744+(a4%+b,)r_]}, (27) 
M, (int) ge/p)(w/2hcV)* Sf (kd f/dk) 
X (ut+ k)-H(,-o Xk) 
x! ay+b era — (a_n*+y)r }}, 28) 


where a, and a,* are the annihilation and creation 
operator's for positive mesons and the 6’s refer similarly 
to negative mesons. The function /(&) is the Fourier 
transform of the spherically symmetric source function 
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f(r). Then, 
(M,(int))=(®|M,' 


ge" dy RP 
f dk f*(k) ( ), (29) 
3rhcyw? J 5 dk \p?+ FR? 


the negative sign referring to the proton and the 
positive to the neutron. The fact that the integral is 
always positive for any real function f(%) leads to the 
conclusion that (M,(int)) gives a magnetic moment 
anomaly opposite to that observed." 

The magnitude of the anomaly depends on the par- 
ticular form of f(k). For the choice 


— 
=-+ 


f(k)=1, ak, 
=, k>K, (30) 
then 
(M,(int)), = + (g*e/3rhcy*) K?(u?+ K*). = (31) 
If the cut-off momentum is large, i.e., 
K? >’, (32) 
then 
(M , (int))= + (2g?/3rhc)(MK/p*)(e/2M), (33) 


where M is the reciprocal nucleon Compton wavelength. 
Now (M,(int)) may be expressed in terms of the prob- 
ability P,° that a charged pion is present in the nucleon. 
This quantity is given by 


P,*=(@(1)|P(1)), 


where #(1) is given by Eq. (26). Then, 


r 


Pyr=(¢ rho’) [ dhl f?(k)k*(w?+k)-4), (35) 


and if the conditions, Eqs. (30) and (32), are used, 


Py°= (g*/hc) (1/29) (K?/p?), (36) 
whence 
(M,)= 


= P,°(4M/3K), (37) 


in units of the nuclear magneton. In order to obtain 
specific numbers, suppose K= M and" P,°= 10%, then 
M,)~+0.13 nuclear magnetons, where again the + 


_refers to the proton or neutron, respectively. This 


number is rather small compared with the observed 
anomalies of 1.78 nuclear magnetons for the proton and 
—1.91 for the neutron. 

Under the same assumptions that have characterized 
this calculation based on H’(A), the interaction H’,,(A) 
would give no contribution to the magnetic moment. 
Furthermore, in view of the smallness of the effect 
derived from H’(A) and in view of the fact that the sign 
is given incorrectly, the magnetic moment data provide 
little evidence which can be used to make a choice 
between different linear combinations of H’(A) and 
Hl’ (A). 


4 This conclusion is drawn by Blair ef al., in reference 3. 





VI. SCATTERING OF LOW-ENERGY PHOTONS 
BY NUCLEONS 





Sachs and Foldy® have given an expression for the 
cross section for the scattering of gamma rays from 
nucleons, calculated on the basis of nonrelativistic, 
no-recoil, point-source theory. The spin-dependent term 
in their final expression for the transition amplitude is 
independent of frequency at low frequency. This is a 
direct contradiction of the theorem in Sec. V of the 
preceding paper, namely that the transition amplitude 
should contain no constant term arising from excitation 
of the nucleon. 

The reason for this contradiction can best be seen 
by examining the method of approximate stationary 
states used in SF and described in Appendix I of that 
paper. The approximate stationary states of the nucleon 
were derived from weak-coupling pseudoscalar meson 
theory, with neglect of recoil, by use of the following 
interaction between the nucleon core particle and the 
pion field. 


H’ = (49) *(ge u) f @rL8(0)r40-Ve(e)}H+he, (38) 


In the presence of an electromagnetic field, H’ was 
modified by replacing the gradient operator by the 
operator [V—(ie/fc)A}. Therefore, H’(A) satisfied the 
condition of gauge invariance, Eq. (2). However, the 
state vectors derived from Eq. (38) were not nor- 
malizable ; hence, it is not surprising that the theorem 
of the preceding paper does not apply to the cross 
section derived in this manner. 

In the present paper, the form of the interaction 
between the core particle and pions has been modified 
in such a way as to insure that the state vectors are 
normalizable. The delta function in the interaction, Eq. 
(38), has been replaced by a source function with a 
finite range. The source function f(r) is required to be 
spherically symmetric and to satisfy the following two 
additional requirements: 


J soar 1, 


rf(r) nonsingular. 


(39a) 


and 
(39b) 


The method of approximate stationary states is then 
used to study the low-energy behavior of the spin- 
dependent term in the transition amplitude. The ap- 
proximate stationary states calculated from the modi- 
fied interaction are normalizable. 

In the presence of an electromagnetic field, the inter- 
action term in the Hamiltonian is assumed to have the 
form of Eq. (5). In this calculation, as in the calculation 
of SF, the only contribution to the spin-dependent term 
in the transition amplitude arises in the second order 
of the perturbation theory, through the intermediate 
states of the type denoted in SF by 8 and y. A @ state 
is a state whose zero-order term corresponds to one 
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free meson in addition to the core particle, while the 
zero-order term of a y state represents two free mesons 
and the core. 

There are now three terms in the Hamiltonian which 
are linear in the vector potential, and hence can make 
a second-order contribution to the transition amplitude: 


H.= (ie i) f @rlr.A()-6*()¥e(t) the, (40a) 


Hy= —i(4r)*(eg hu) f err. fi)e-he] +h.c., (40b) 


H’ = —i(4r)' (eg iu) fr resto f 4s) 


Xoo] +h.c. (40c) 


The interactions H, and H,, are analogous to the inter- 
actions H, and H,, of SF. The interaction H’,, arises 
from the exponential term exp[ —(ie/hc) fo'A.ds] in 
Eq. (5). Although H’,, is zero if f(r) is replaced by a 
delta function, its influence on the transition amplitude 
will not vanish in the limit as f(r) collapses to a delta 
function. 

The only spin dependent terms in the transition am- 
plitude which are independent of energy at low energy 
arise in the long-wavelength electric-dipole approxi- 
mation, so we shall confine our attention to these 
terms here. In the electric dipole approximation, the 
transition amplitude does not depend on the choice of 
the path of integration in the line integral, /o'A,ds. 
This follows from the facts that in this approximation, 
the function uexp(iw-r) is replaced by u, and the 
integral fi'u.ds=u-r is independent of the path of 
integration. 

In the electric-dipole approximation, the spin de- 
pendent terms in the transition amplitude may be 
written as a series of integrals: 


4ie*g* f - w 4 ke 
——(o-u' Xu) f al ( f?(k) 
wVicw LJ, Let—wt N3 he? 


ke? 29°" ‘af 
——f*(k)— f(k) )| 
ko 3ko §=6dk 


a ae aes | 
-f an( rit)) +, (41) 
0 3 k,? _ w* k* 


where V is the volume of an enclosure introduced for 
purposes of normalization, the unit vectors u and w’ 
denote the polarization directions of the initial and final 
photon, the symbol w represents the magnitude of the 
wave vector of the incident or final photon, and hy is 
defined by the relation kg =y?+-k*. The function f(&) 
is the Fourier transform of the source function f(r), 
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which is spherically symmetric in both r space and 
k space, i-e., 

f(k) = (2/4)'k f rf(r)sinkrdr. 


0 


(42) 


\ 


The first integral in Eq. (41) results from a sum over 
intermediate states of type 8, while the second integral 
results from a sum over y states. The term containing 
f(k)d f/dk involves the two interactions, H,, and H’ .. 
No other term of Eq. (41) involves H’,,. 

When the source function satisfies the requirement 
of Eq. (39b), its Fourier transform f{(k) must decrease 
at least as fast as k~* as k approaches infinity. Thus, 
both integrals of Eq. (41) are convergent. 

Since we are interested in the energy independent 
portion of these integrals, we expand in powers of 
(w*/ko?) and retain only the constant term. Then the 
frequency independent term in the transition amplitude 

1 k 


can be written in the form 
L d 
le wxu) f dk |- ie} (43) 
‘ dkt 3k 


The function (#/k0) f* vanishes at both limits, hence 
it is clear that this term, Eq. (43), vanishes. Thus the 
use of the finite source has removed the term of SF 
which contradicted the theorem of the previous paper. 

It is interesting to compare Eq. (41) with the corre- 
sponding equation which occurs in SF in order to see 
how the disparity arises. The SF equation can be 
deduced easily from Eq. (41) by setting f*(2) equal to 
one. The result is'® 

jas 


x 1 4 BA | 
o-u'xa) f ( - 
09 ke —wN\3 ke ho 
if kt 
_ i in| (44) 
3 (kee —w*) ko? 


0 


die’ g* 


pl hi 


tie’g? 


Te | he 


Each of these integrals is divergent, but in order that 
a finite result be obtained, the sum of the integrals was 
replaced by the integral of the sum of the integrands. 
The resulting integral is convergent, but leads to a 
result which does not vanish at zero energy. 

One might have expected that the finite source 
procedure, in the limit as the range of the source func- 
tion becomes zero, would lead to the same results as the 
point source procedure. But this is not the case. In this 
limit, the terms in Eq. (41) involving /*(&) do lead to 
the point source results obtained in SF, but the term 
involving f(df/dk), which resulted from the inclusion 
of the exponential exp[ —(ie/hc) /o'A.ds] in H’(A), 
leads to a finite result of proper magnitude and sign to 
cancel the result of SF at zero energy. Thus the condi- 


“ This result can also be deduced from Eq. (SF-8), by setting 
@=0 in such combinations as k—@ and carrying out the angular 
part of the integrals in the spin dependent term 


W. G. HOLLADAY 

dition of gauge invariance in the finite source plays a 
direct role in the cancellation, even in the limit as the 
source range approaches zero. 


Vil. CROSS SECTION AS A FUNCTION OF ENERGY 


If the meson-nucieon interaction used in SF is 
replaced by an interaction of the form given by Eq. (5), 
the transition amplitude for the scattering of gamma 
rays from nucleons may be recalculated. If the incident 
and scattered gamma rays have wavelengths long 
compared with the range of the source function in the 
meson-nucleon interaction, the calculated transition 
amplitude should not be sensitive to the form of the 
source function. In the present calculation, the transi- 
tion amplitude and the cross section will be evaluated 
in the limit as the range of the source function ap- 
proaches zero; hence they will be completely inde- 
pendent of the form of the source function. Thus, the 
finite source is used here only as a device for insuring 
that the wave function be normalizable, and that the 
integrals occurring in the transition amplitude con- 
verge. As in SF, the transition amplitude is calculated 
here only to lowest order in e’/fc. The integrals in the ex- 
pression for the transition amplitude have been evaluated 
by expanding the angular dependent denominators in 
the integrands in powers of the parameter n= 2wk/ 
(k°+u*+w"*). The results are computed to order 7’ in 
this expansion. 

It has been found that at all energies, the transition 
amplitude calculated using the finite source procedure 
differs from the corresponding quantity in SF by only 
one additive, energy-independent term. The proof of 
this statement and the explicit expression for the 
transition amplitude are given in Appendix A. 

In addition to including this constant term, a further 
correction to the transition amplitude obtained by SF 
must be made for energies above pion production 
threshold. Because of the possibility of pion production, 
the transition amplitude at these energies contains an 
absorptive part, in addition to the dispersive part which 
is present at all energies. In SF, the absorptive part was 
omitted, but it is included in the present calculation. 
The correction involves only those integrals of the 
transition amplitude whose integrands contain poles, 
and it is to be made by integrating each such integral 
along a path beneath the pole, rather than by replacing 
the integral by its principal part, as was done in SF. 

The correction has a profound effect on the energy 
dependence of the cross section, as can be seen by 
comparing the calculated cross section for scattering 
from neutrons, Fig. 1, with the corresponding cross 
section shown in Figs. SF-2. The neutron cross section 
of SF rises to a peak at meson production threshold, 
then decreases again while the corrected cross section 
continues to increase. 

The proton cross section consists of three terms, an 
energy independent term resulting from Thomson 
scattering from the proton as a whole, a term propor- 
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tional to g* resulting from Rayleigh scattering from the 
meson cloud and a g* term from the interference between 
Thomson and mesonic scattering. The neutron cross 
section is equal to the g* term in the proton cross 
section. 

In order to obtain numerical results, one may assign 
a value to g* by comparing some experimental result to 
the corresponding prediction of weak coupling, pseudo- 
scalar meson theory. In SF, the experimental result 
used for this purpose was the nearly zero binding energy 
to the \S state of the deuteron. Since the publication 
of SF, the low-energy cross section for the photopro- 
duction of positive pions from protons has been 
measured.'*7 Since photomeson production is a phe- 
nomenon closely related to the scattering of gamma 
rays, the positive pion production cross section will be 
used here to fix g*. The value of (g*/fc) is taken to be 
0.116." 

With this choice of g* the mesonic scattering term 
and the interference term in the proton cross sections 
are of the order of magnitude of the Thomson cross 
section, at energies in the range 100-200 Mev. Because 
of this fact, the total cross section and angular dis- 
tribution for the proton are sensitive to a change in the 
coupling constant. For example, at a center-of-mass 
energy of 139 Mev the differential cross section is 
greater at 180° than at (0° by a factor of 1.8. However, 
if the coupling constant were multiplied by a factor of 
1.7, the cross section would be nearly the same as 0° 


2.2 


O4 


0.2 
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Fic. 1. Calculated total cross sections, in units of the Thomson 
cross section oo, for scattering of gamma rays from neutrons and 
protons. The quantity w/y is the photon energy in units of the 
pion mass. 

6G 
(1954). 

7G. S. Janes and W. L. Kraushaar, Phys. Rev. 93, 900 (1954); 
Jenkins, Luckey, Palfrey, and Wilson, Phys. Rev. 95, 179 (1954). 

® This value was taken from an analysis of low-energy photo- 
meson production data by G. Bernardini and E. L. Goldwasser 
(private communication). The constant f? in the work is related 
to ¢ by (¢/tc)= 2/*. After the numerical work presented here had 
been completed, Bernardini and Goldwasser, refernce 7, revised 
their estimate of / to the value 0.066. 





Bernardini and E. L. Goldwasser, Phys. Rev. 95, 857 
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Fic. 2. Calculated differential cross section at 140 Mev center- 
of-mass energy for the scattering of gamma rays from protons, 
showing the effect of scattering from the proton anomalous 
moment 


as at 180°, and at still higher values of the coupling 
constant, forward scattering would predominate. 

At present there are no experimental data available 
concerning the cross section for the scattering of gamma 
rays from hydrogen. It seems likely that when experi- 
ments are performed in the energy range 100-150 Mev, 
the results will reveal deviations from the Thomson 
cross section which will serve to check the present 
model. A reasonable procedure would be to fit the 
coupling constant g’ to the observed total cross section, 
and use the observed angular distribution and energy 
dependence to check the model. If the measured cross 
section were significantly smaller than the Thomson 
cross section, the results presented here would not be 
meaningful, since recoil terms and terms of higher order 
in (g*/hc) would then be important. 

Up to this point, it has been assumed that the meson 
currents are responsible for the anomalous magnetic 
moments. If one assumes that the anomalous moment 
is to be associated with the core, the effect of the 
anomalous moment on the proton cross section can be 
approximated by introducing into the Hamiltonian an 
interaction of the form 


— (Aeh/2yc)(@-curlA), (45) 
where \ is the anomalous moment measured in nuclear 
magnetons. This leads to an additional term in the 
transition amplitude which has the form 

(\*re*h?/M*?V)[ie-(v Xu’) x (vx<u)), (46) 
where v=(@/w) and v= (w'/w’). Although this is a 
term of the same order as recoil effects, it makes an 
appreciable contribution to the cross section because 
of the large value of the anomalous moment. The con- 
tribution to the angular distribution is shown, at the 
energy (w/u)=1, in Fig. 2. 

The results, when the anomalous moment contribu- 
tion is not included, are presented in Figs. 1, 3, and 4. 
Figure 1 shows the total cross section for the proton 
and neutron as a function of energy. The cusps which 
appear in these curves at the threshold energy for 
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photopion production are discussed in Appendix B. The 


} 


| a t . e 
angular distribution of the scattering trom protons 1s 


shown for each of five values of the energy in Fig. 3, 


and the corresponding curves for scattering from neu- 


trons are given in Fig. 4. 


VIII. CONCLUSION 


The principal purpose of this work has been to 
investigate the consequences of using an extended 


meson source as a convergence pro¢ edure for the treat- 
interactions of nucleons. 
ce of the extended 
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when a simple choice is made for the form of the current 
filaments. However, the effect of the currents on the 
y-ray scattering by nucleons is wre profound. The 
anomalous term (which violates the gauge Variance 
theorem of the precedi g paper 1o ] DY Sa Ss and 
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view of the many divergent that appeared in 
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method of obtaining gauge invariant results introduces 
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source size approaches zero, they should not 


appreciably from 


° 
the results corresponding 


ded this fixed distance is small com- 


source size, prov 
pared to the wavelength of the radiation under con- 
sideration. 

The calculation of the gamma-ray scattering was 


performed by direct use of the detailed tables of their 
provided by Professor Sact 


Foldy. Many valuable discussions were had with 


work kindly is and Professor 


Professor Sachs concerning the material of this article. 


APPENDIX A. CALCULATION OF THE 
TRANSITION AMPLITUDE 
The form of the transition amplitude for the scat- 
tering of gamma rays by nucleons has been calculated, 
he interaction between the core particle 
If this inter- 
are three terms in the internal 


’ 
assuming tnat t 


and the meson field is given by Eq. (5 


action is used there 
Hamiltonian of the nucleon which are linear in the 
potential, and three terms quadratic in the 
vector potential. The linear terms are enumerated in 
Eq 40). In addition to the term H,, of Eq. (SF-4), 
there are two terms involving the integral 


Sit A ds. T hey 


ber) (eg in) f 9 rafire Airjgtr 


r 


vector 


] iadratic 


are: 
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x 1 ds rn.c., 


Al) 


+-h.c. A2) 

rhe amplitude T for the scattering of 
electromagnetic radiation from protons may then be 
written in the following form, correct to order (g*/fc) 


transition 
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rhoaVu!) { d i( | 


and (u/M), but 


T= (2rhe?/McwV)(u-u’)+ (e*g" 
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X (u/M). 


(u-k)u’: (k—) 


4 -2 -2 +(u-u’) 
k?—o k—w)’(k—w’)¢? k—w’)¢? k—w)0? 
ko u-k)(u’-k)e- (k— a’) X (k—w&) u’-k)o- (k—w’) Xu u-k)o: (k—w) Xu’ } 
2 +-2 To u'X<u 
ko( ko? —w") k—w)o?(k—w’) i—w’),* (k—w),? 
iw 1 u’-k)(o-uXk) 1 u-k)(o-u' Xk) 


; u’-k)(u-k)o- (k—w’) 


k [ k tw , k w’ 
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The transition for the 


neutrons differs from the 


amplit 
above ¢ x pression ol 
the first term of 7), is absent 

The corresponding result obtained by SF is given in 
Eq. (SF-8). The symbol 7, 


which does not involve the line 


denotes that part 
integral /o'A.ds, 

T, denotes the part of T which does involve this integral. 
The functions n..(k) and n’(k 


if the t 


are related to SA ds; 


path of integration in this integral is taken to be 


n and 7’ are the Fourier transforms of 


a straight line, 


the functions 


—if\r)\u nf €Xp\tw-arj)da, 
n(r fir)(uer)(u'-r f exp(iw-ar)da 
| f exp iw’ -a’t)da’ 


New\T 


are k—w’) ko k w’ 
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whue 


PF—w? (k—w)o [kot (k—w)o F—w 
k—w) I 1 
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It can be shown that /(R), nuuv(k), and n’(k) are all 


real functions. The symbol (k—w)o in Eqs. (A4) and 
(A5) denotes [ u?+ (k—w)* }!. 

If the integration over k space in Eq. (A4) is carried 
out, and then the range of the source function is allowed 
to approach zero, the resulting expression for 7, will 


be ome ¢ 


(SF-8). It 


jual to the transition amplitude ol SF, kg 
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¢(RR) 
kR) must 


a function of the product 
Since 
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vanish at least as fast as (kR)~* as (kR) approaches 
infinity. Hence, all derivatives of ¢(&R) with respect 
to (kR) must also vanish at least as fast as (RR)~. 

It is convenient to expand the exponential in the 


functions n..,(r) and y’(r) in power series, i.e., 


u of exp(iw-at)da=(u-r)+1(u-r)(@-r)+- 
\6) 


By making use of this expansion, 9’,,(r) and n'(r) may 
be written as sums of terms, each term depending on r 


to the first or higher power. Hence, 4..(k) may be 
written as a sum of terms in the form 
G,(u,k)R(Rw)*"¢™' (RR), A7 


where G,, is some function independent of R and w; the 
exponent n iS a positive integer and ¢g*" represents the 
function g(RkR 


may be written as a 


nth derivative of the source with 
‘ 


to (kR). Similarly, 9 (k 
sum of terms of the form, 


G,,(u,u’ ,.k) R?(Rw)**¢™ 


respe t 


kR A8 


T, may be written as a sum over m and n’ of 


terms of the following form 


R| Lk) I 


where the new symbols have the following meanings: 
The function F,, is bounded in k and independent of 


R; the symbols m and n’ represent non-negative integers, 


Thus, 


ky k.w,o,u,u )¢ k’R)¢ k’'R), AQ) 


and the exponent v=n-+-n’ is a positive integer. The 


variable &’, or the variable k’’, represents some one ol 
quantities, in each of 


k++’ 


It is convenient to express the integral over all k-space 


he following five the various 


terms to be considered: k, | k+o), 


in Eq. (AS) as a sum of integrals over two regions, i.e., 


e(f PRE ane eo +f PRE ane oe ) A10 
K 


The first includes the region in k-space inside a sphere 
of arbitrary radius K; the second region includes the 
space outside this sphere. 

Since » is greater than zero, it is clear that the first 
integral in Eq. (A10) does not contribute to the transi- 
tion amplitude, as R approaches zero. Thus, we need 
consider only the second integral. If K is chosen very 
large compared with yw and w, ko may be set equal to &, 
and all terms may be expanded in powers of (w/k). The 
angular integrations may then be carried out, and thus 
T, may be written as a sum (over m, n’, and m) of terms 
of the following nature: 


ron f ORF ano 
. 


Examination of Eq. (A5) leads to the conclusion that 
m = —1. The theorem in Sec. V of the preceding paper 
tells us that the terms of 7, with m=0 and m= —1 


ko’ a kR ¢” kR A11) 
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must have the proper magnitude and angular depend- 
ence to cancel the w® and w terms in T,. In Sec. VI, 
this was demonstrated for the w® terms. The w' terms 
have been calculated for an arbitrary value of R and 
the result is in agreement with the theorem, namely the 
w terms of 7, cancel against the w terms of T,. In 
the limit as R approaches zero, the w' terms of T, and 
T, separately vanish. 

A simple dimensional argument may now be used to 
demonstrate that all terms in Eq. (A11) corresponding 
to m2=1 will vanish as R approaches zero. The com- 
bination w"R’ Sx*dkF an'm(k,o,u,u’) must be dimen- 
sionless. Hence, Fan, must be of the form Fanm 
= k’""0) .n'm(o,U,u’), since k is the only dimensional 
variable in F. Thus Eq. (Al1) may be written in the 
form 
w™ RO anim ou’) { dk k’-"' p™ kR) |. 

. (A12) 
Examination of Eqs. (A5), (A7), and (A8) reveals that 
m=v—3 or v—m—1382. vanishes at least 
as fast as k~* as k approaches infinity, the integral in 
Eq. (A12) is therefore always convergent for finite R. 
If the integral is written in the form of an integral over 
the variable (RR), then it can be seen that the resulting 
combination, 


Since ¢™ 


Rf d(kR)L ge (RR) (RR)(RR)-""], (13) 
KR 


vanishes in the limit as R approaches zero if the integer 
m is positive. This completes the proof that T differs 
from the T of SF by only one term. This term was dis- 
cussed in Section VI, and found to be equal to 


— (Sie*g?/3u?Vhc)(o-u' Xu) 


xf dhl (R8/ko®) f(k)d f/dk] 


fie®g?/3u?Vhc)(e-u' Xu). (A114) 


This result does not depend or the choice of the path 
of integration in the line integral /"A ds because in the 
limit as the source size R approaches zero, the only 
nonvanishing terms of 7 are terms which would arise 
in the electric dipole approximation and, as discussed 
in Sec. VI, in the electric dipole approximation the 
integral is independent of the path of integration for 
any value of R. 

APPENDIX B. CUSPS IN THE TOTAL 
CROSS SECTIONS 

The discontinuity in the energy derivative of the 
total scattering cross section at photopion production 
threshold is a very general phenomenon; similar discon- 
tinuities occur in many cross sections. The appearance 
of such cusps in nuclear cross sections has been discussed 
by Wigner.” 

* E. P. Wigner, Phys. Rev. 73, 1002 (1948). The fact that cusps 
probably would appear in the present work was frst suggested 
to the authors by Professor Wigner 
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The existence of discontinuities of this type will be 
demonstrated for a general class of scattering problems. 
We consider the collision of two particles denoted by 
A and B, at such an energy that only two reaction 
channels are open, corresponding to elastic scattering, 
and to the production of two other particles, C and D, 
which have a greater total rest mass than the particles 
A and B. One of the incident particles may be a photon. 
It is assumed that the particles C+D may be produced 
in an S§ state, so that the cross section near threshold 
for this process has the (E—E,)! energy dependence 
characteristic of an S state. For simplicity it is also 
assumed that the particles are all spinless, though this 
assumption is not necessary for the validity of the con- 
clusions. 

The elastic scattering cross section is related to the 
cross section for production of the particles C+D by 
the condition that the scattering matrix U be unitary. 
That part of the U matrix corresponding to zero 
angular momentum is a two-by-two matrix; the two 
elements of the first row may be written as 


Usp. ap=e*(1—9’)!; Uap.cp= ire’, (B1) 


where r, 6, and p are real functions of energy. The sum 
of the absolute squares of the two elements has been 
set equal to one to satisfy the requirement of unitarity. 
If the matrix 7 is defined to be the matrix equation 
U—1=—1T, the two S-wave cross sections are related 
to the corresponding matrix elements of 7 by the 
equation oi= (4/k,*)| Ti * where i and f refer to the 
initial and final states, respectively, and k; is the relative 
momentum in the initial state. If the quantity r’ of Eq. 
(B1) is small, 742,42 may be expanded in powers of r* 
and written in the form, 


Tap, ap= — (sind) (1—}7r?+---) 


+ if (cosd)(1—4r?4+-+-)—1]. (B2a) 


At an energy slightly above the threshold for the pro- 
duction of the state C+D, o48,cp= (4/kaz*)r’ is pro- 
portional to w!, where w= E— E,, E, being the threshold 
energy. Thus, r* will be small near threshold and will 
be given by r?= a*w! where a’ is a positive constant. Then 
it can be seen from Eq. (B2a) that, in general, both 
the real and imaginary parts of 74,45 contain terms 
of order w!. 

It has been shown by Eden” that, for a very general 
class of scattering problems, the elastic scattering 
U-matrix element is an analytic function of energy 
which has a branch point at E=£,, and that the as- 
sumption that the particles interact through their 
retarded fields may be used to specify the proper path 
of analytic continuation around the branch point. In 
the case considered here the continuation must be in 
the region corresponding to a positive imaginary part 
of E. Thus from the form of 742.42 above threshold, 
Eq. (B2a), we may deduce that its form just below 


™ R. J. Eden, Proc. Roy. Soc. (London) A210, 38% (1952). 
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threshold must be given by* 


Tap, p= —sind+}(cosd)a*|\w ! 


+i[cosé— 1+ 4(sind)a*\w!*). (B2b) 


Hence, to order r°=a*w', the zero angular momentum 
part of the total scattering cross section may be written, 
in the neighborhood of threshold, 


w>O; 
oan, an=C*{2—2cos 6— a’w!+ (cosd)a*w! J, 
w<0; 


(B3a) 


(B3b) 


o4p,ap=C*L2—2 cosd— (sind)a*! w| *). 


where C? is a positive constant. Therefore, the energy 
derivative of the elastic scattering cross section will, 
in general, become infinite as the energy approaches 
threshold from both above and below. 

The discussion of the preceding paragraphs may be 
applied to the cross sections calculated in Sec. VII if 
particle A is identified with a gamma ray, particles B 
and C with nucleons, and D with a charged pion. 
Although this case is slightly complicated by the spins 
of the particles, the argument is fundamentally the 
same. Since pions may be photoproduced into S states, 
the unitarity of the U matrix implies that part of the 
elastic scattering cross section (that part which results 
from the scattering of a photon wave of odd parity 
and angular momentum }) may be written in the form 
of Eqs. (B3a) and (B3b) at energies close to photo- 
pion threshold. 

In Sec. VII only the term of lowest order in the 
electric charge was calculated. If the quantities a? and 
6, corresponding to the gamma-ray nucleon-pion prob- 
lem are expanded in powers of e’, the lowest order term 
of each will be proportional to ée, Le., @«e; dae. 
To order e* Eqs. (B2a) and (B2b) may then be written 


(B4a) 
(B4b) 


w>0; Ty.w= —b— fia’), 
w<0; Tywyw=—b+4@\o}). 
Hence, Eqs. (B3a) and (B3b) become, to order e 

(B5a) 


259 
Oy, yn = C vw) 


C*(—ba* 


w>Q; 


w<0; Oyn,.yv= w/| 4). (B5Sb) 


Thus, in this case, there is no term in o,y,,~ propor- 
tional to |w ' above threshold, but there is such a term 
below threshold. By making use of the tables prepared 
by Sachs and Foldy, the cross sections calculated in 
Sec. VII have been expanded in powers of |w|', for 
energies just below pion production threshold. The 
results to order |w| are, for the proton case o/a9= 0.40 
—0.89'\w/u''+5.4!w/u!, and for the neutron case, 
a/ao=0.71—3.1\w/p\'+6.9\w/u|, where oo is the 
Thomson cross section, and w is the rest energy of the 
pion. 

~ ® The function 8 cannot contain a part proportional to a half 
odd-integral power of |w|. This follows from the requirement that 


the U matrix be unitary below threshold, together with fact that 
Uae, ae is analytic with a branch point at threshold. 
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By a method proposed by Gell-Mann and Goldberger for the treatment of the pion-nucleon problem, the 
case of strong pseudoscalar coupling is studied. Contributions from the closed loops in Feynman diagrams are 


negiected, though virtual n 
out to be @ $maii perturbation in the strong-coupiing 


icleon pair creations are otherwise taken into account. The nucleon recoil turns 


approximation. The theory is not covariant and no 


attempt is made to renormalize the divergent quantities. Divergent integrals are cut off arbitrarily 


moments of the nucleons are 


Magnetic 


states with negative excitatior 


interaction 


sobari energies 


tat 


YS a role a8 an intermediate State in pion-nuc 


I. INTRODUCTION 
STRONG coupling t is applied for the case 
of pseudoscalar coupling. In treating the pseudo- 


A heory 


scalar coupling, one is confronted the vacuum 


fluctuation and hole theoretical subtraction since in this 





case nucleon pair creation is very important. This makes 
the application of the strong-coupling theory a difficult 


task. Wentzel! used the one-particle form of the Dirac 


equation without considering the vacuum fluctuation 
Ihis formulation is correct at least up to the first order 
of approximation in the pair creation since he used the 


second-order equation. In a previous paper’ the lattice 


space method was used which is simple to do and easy to 


understand, but which is by no means a good 


ap- 
proximation 
} 


In this paper another method is employed. One way 


of a hole theoretical manner is to 


ise the so-called Feynman amplitudes 


treating a problem in 
In this theory, 
one does not consider a state, say a one nucleon state 1 

absolutely, but always relative to a comparison state 0), 
the actual vacuum state.* 


which is usually taken to be 


Thus instead of obtaining the eigenenergy £, of a one- 
: 
nucieon state, 


difference E= E,— Ey of 


E, and the vacuum energy £o, and instead of asking the 


us 


we look for the 


probability of finding » pions in the state 1), we onsider 


the probability of finding m pions more (or less than are 


r 
to be found in the vacuum. In this way the use of the 
Feynman amplitudes automatically subtracts the vac- 


uum fluctuation which is irrelevant to our problem 
Gell-Mann and 
of closed loops in Feynman diagrams, the 


Goldberger® showed that if one neg- 


lects the effect 





* On leave of absence from the University of Tokyo, Toky 
Japar 

1G. Wentzel, Phys. Rev. 92, 173 (1953 

*H. Miyazawa, Phys. Rev. 97, 1399 (1955 

*M. Gell-Mann and F. Low, Phys. Rev. $4, 350 (1951); M 
Gell-Mann and M. L. Goldberger, Phys. Rev §7, 218 (1952 K 
Nishijima, Progr. Theoret. Phys. Japan) 10, 549 (1953); P. T 
Matthews and A. Salam, P Roy. Soc. (London) A221, 128 
(1953); F Freeze, Z. Naturforsch. 8a, 776 (1953 F. Coester, 
Phys. Rev. 95, 1318 (1954 

‘This is a four-dimensional version of Dyson's new Tamn 
Dancoff method. F. J. Dyson, Phys. Rev. 90, 994 (1953); 91, 421 
(1983 

*M. Gell-Mann and M. L. Ge berger, reference 3 


The 


1-independent although the next order term is the usual spin-dependent 


not in agreement with experiments. Nucleons have 
implication of these states is discussed. The isobaric 


leon scattering and explains the inequality of the two 


Schrédinger equation for the one-nucleon problem be- 
comes so simple that one can handle it even by the 
strong-coupling theory. The omission of the closed loops 
is certainly wrong since the probability of pair creation 
is very large in the pseudoscalar coupling case. How- 
ever, it is not unreasonable to assume that the chief 
effect of the closed loops is merely to change the me- 
chanical mass of the pion into its experimental mass. 
Thus we use the experimental mass of the pion yu instead 
of its mechanical mass and omit closed loops. It is 
almost impossible to formulate this approximation in a 
Schrédinger wave function. It is only possible in 
Feynman’s 4-dimensional form. It is hard to estimate 
what is the error introduced by this approximation. 
However, this drawback can be compensated for by the 
simplicity of our equation. Needless to say, all effects of 
nucleon pair creation are included if it is represented by 
a single nucleon line in the Feynman diagram. 

The interaction between pions which arises via closed 
loops of nucleons is not included in this theory. One 
must add a ¢* term if one wishes to improve the 
calculations. 

In the next section we shall briefly derive the Gell- 
Mann and Goldberger equation which has not been 
published in detail. 


Il. GELL-MANN-GOLDBERGER EQUATION 


For the sake of simplicity, the neutral, rather 
than the more involved charge symmetric, ps— ps theory 
will be considered in this section. A system containing 
a single nucleon and an arbitrary number of pions 
may be described by a set of Feynman amplitudes 
"(x5 ¥1,¥2,°°*,¥n) Of finding the nucleon at x, and 
finding m pions at y,, -- 
venient to consider energy-momentum space, in which 
the y"(x; y:,---,¥.,) is transformed into ¥"(p; ki,---,ka)- 
Furthermore, p can be eliminated by means of the 
conservation of the total momentum P. 


*, ¥n respectively. It is more con- 


p= P-> ky. (1) 


If the contributions from the closed loops are neglected, 
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STRONG 


these y" are seen to satisfy the equation® 


1 
¥*(hi,- - >, ka.) =——————irs 
iy(P—> k)+m 


i 
SP Cc 
(2x)! 


1 
a Tonge i (bash) (2) 
kote 


where m is the mechanical mass of the nucleon. In 
deriving this equation it is assumed that no incoming or 
outgoing pion is present. The connection between this 
wave function ¥* and the quantities in the Heisenberg 
representation is given by* 
P(E; 900° * +55 
= (0) PW (x)o(¥1)---b(yn))| I) —-4 E Ar(yi—y2) 
X(0| P((x)b(ys)- > -b(yn))| 1) 
} = Ar(yi— 2) Ar (¥s— a) 
X (0! PW (x)b(ys)- + -O(yn))/D—---, (3) 


* Vn) 


where 1) is the one nucleon state in question and 0) is 
the vacuum state. P in (1) is P;— Pp» where P; and Po 
are the energy momenta of the states 1) and 0), 
respectively. 

Multiplying by 8[iy(P—S k)+m] on both sides of 
(1), we have 


Ey"=(% kota(P— > k)+mp ly" 


1 1 
+004 — furree-E—_y'] 
(29)* ki+y? 


This equation determines the energy E of the system. 
However, in order that (4) be an eigenvalue problem, 
we must impose some boundary condition at the 
boundary of the 4-dimensional space, or in momentum 
space we must specify the behavior of the poles of y"(&). 
If we solve (2) by the iteration method, we see that 
every pole of ¥"(k) has the form of 


x 1 

+i96(ko—a)= -, (5) 
oa ko—a¥te 
We shall assume that, in general, every pole of ¥* has 
the form (5). In the Appendix, it is shown that with this 
boundary condition, the eigenvalue EZ is real, and we can 
define the norm of the wave function. The sign of ie in 
(5) must be determined from the physical conditions of 
the problem under consideration. In the integral Eq. 
(2), the sign of ie at every pole is fixed. However, in the 
differential form (4) the sign is not determined. It can 





re 


* The ¥* used in (2) is [*/(2x)** WW". This transformation proved 


convenient 
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easily be seen that —ie at every pole corresponds to the 
single-particle theory as originally proposed by Dirac, 
which does not take into account the occupation of 
negative energy states. 

Equation (4) is not self-adjoint, but we can make it so 
by the transformation: 


v"(Ai,- > - Rn)—>(n!)4( —1)” 2(2r)*" 
XK (ky+ py?) !- - - (Rh? +") yr. 


The new yw" satisfy the equation: 


Ey"=(¥ kota(P—E k)+-mp y" 


£pe —4 ; 
+ f( ) bye (hy ++ Ry) 
(2x)? Rey? 
ny <i % 
pty ta} 00 
ni Nke+u 


This equation is written in Fock’s form, This can also be 
written in terms of occupation numbers and creation 
and annihilation operators. Thus, 


EW(-++,my,-+-) 


| ficercade + a P ~ facur dk) 


+ mp + eos f GUA) Cs" cada, (7) 


1 ( —1 ) 
(Qe)? \ e+ yr] 


This equation was derived by Gell-Mann and Gold- 
berger. nz, Cy and C,* are labeled by a 4-dimensional 
vector k and can be said to be the number of pions with 
momentum k, etc. Cy and C,* satisfy the 4-dimensional 
version of the usual commutation relations: 


where 


G(k)= 


[Cr,Cu*}=8'(k—k’). 


Equation (7) is similar to that of the single particle form 
of the Dirac equation. The first term on the right-hand 
side represents the total energy of the pions, and the 
second term represents the recoil of the nucleon due to 
the emitted pions. However, this Hamiltonian differs 
from the usual one in two respects. First, the integral 
over k now extends over all 4-dimensional k-space and 
is not confined to the surface kp? = k®+-y*. This is because 
we are using a space-time approach rather than the 
conventional 3-dimensional theory. The second differ- 
ence is the occurrence of minus particles having negative 
energy.‘ That is, the total energy of the pions can as- 
sume a negative value since the integral over ko ranges 
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from — « to + #. This comes from the fact that we are 
considering the state 1) relative to 0). The apparent pion 
energy in the Hamiltonian (7) is actually the difference 
between the pion energies of 1) and 0). Thus for instance 
a pion of positive energy in (7) means that the pion is 
present in the state 1) but is not present in 0), and a pion 
of negative energy means that the pion is missing in 1 
although it was present in 0). The concept of one pion is, 
however, quite different from the usual one in this 
theory. 

Instead of using C, and C,*, (7) can also be written in 
the following form: 


kw if ~ak) 


with 


petqe)dkt+aP+ms 
T goof R k)gudk Y, x) 


R(k) 


also 


We 


applicable for unbound states such as scattering of pions 


note that this equation is general and 


if the boundary conditions are suitably modified. 


Ill. STRONG-COUPLING APPROXIMATION. 
CLASSICAL SOLUTIONS 


Having found the suitable equation to handle, we now 
preceed to the strong-coupling approximation. This 
approximation consists in first obtaining a classical 
equilibrium position with respect to the potential energy 
by omitting the kinetic energy, and then introducing 
harmonic oscillations about this point. By the potential 
energy we mean that part of the Hamiltonian which is 
described by the variables entering the interaction 
Hamiltonian. Thus in (8) we omit terms containing p, 
and obtain the equilibrium position by the variation 
principle 


| if ky ak)givdk +~mo tap: R k rk 0). Y) 


Here the total momentum P is set equal to zero since we 
are dealing with the center of mass system. Furthermore, 
the total momentum of the pions 4 f-kg*dk must vanish 
since no incoming or outgoing pions are present and our 
solution must be symmetric in space. In the first step we 
diagonalize the Dirac matrices to get 


24) 
i b [hota +] m+ (fret) | =0. (10) 


For the moment we take the + sign in front of the 
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square root. The equation becomes 


gf Rese: R 


kogt+ =(), (11) 


244 
[m+e( [Rott 


which shows that g must be of the form 


g=CR/(ko—ie), 
or 
q=CR/(ko+ie). 


By the boundary condition the kp in the denominator is 
accompanied by +ie, the sign of which will be specified 
later. Defining 


R? 1 d®k 
f dk=+— f =+N, 
koFic (Qe) I B+? 


(11) can be written as 
CgN 
C4 ~ 0. (13) 
(m?+ g’C2.V7)} 


If we take the + sign, which corresponds to —ie in (12), 
we have only one solution, namely, C=0. For the 
sign, there are two cases. For smal! values of g’, (13) 
has only one solution C=0, but for large values of g’, we 
have another solution 
C= 2 — m/e N=Ce, if g?>m/N. (14) 
This equilibrium position is stable although (12+) and 
14) correspond to a maximum of the potential energy. 
For if one expands p, and g, in terms of a complete set 


of functions with (12*) as the first member, 


i a 
p pit L eilk)p, 
A ky tT te v2 
R x R? 
Gk git } ¢i(k)qi, A f —_— —dk>0, 
kot+te im? (Ro+te)? 


then p,; and g; are canonical conjugate and we have for 
the Hamiltonian 
A 


H=——pi+U(q:)+---, 
A 


? 


where U’(q,) is the potential energy described by q:. 
hus for the coordinate 1 the kinetic energy is negative 
and a maximum of the potential energy with respect to 
gi corresponds to a stable position. The point C=0 is, 
however, unstable. We shall immediately see that the 
solution (14) is compatible with the hole theory, so we 
must take +ie in (12) representing the static field 
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around the nucleon. The energy is given by 
gn mie 
j=——_+——__= M. 


2... 28 


(15) 


So far we have taken the + sign in front of the square 
root in (10). If we take the — sign, we have a different 
solution 
CoR g Nm’ 
g= +) ae 
ko— 1€ 


-———. (16) 
2 2g¢N 

This negative level is of course not observable. The 
meaning of this state is clear if we go back to the ex- 
pression (3). The solution (16) corresponds to the case 
in which 0) is not the vacuum, but the state of one anti- 
nucleon and 1) is the vacuum state. Since we did not use 
the fact that 0) is the vacuum state, the state of the 
lowest eigenvalue, such a solution is necessarily included 
in Eq. (10), and it must be rejected as unobservable 
from physical considerations. It must be remembered, 
however, that although levels like (16) are not real ones, 
they must be included in order to make solutions com- 
plete. In other words, such unphysical states must be 
included in the intermediate states, as we are familiar 
with in the case of Compton scattering, where the 
negative states play a definite role. 

The method used here is rather strange for us and not 
easily understood, so it would be instructive to see the 
relation of our solution to the usual wave functions. As 
we can see easily, for the proper field (127), the pion 
energy is —}Co?N. The fact that this is minus means 
that some pion field is present in the vacuum but is 
absent in the state 1). We first consider the vacuum 
state in the Schrédinger wave function. The vacuum is, 
according to Dirac, filled with nucleons in negative- 
energy states. A nucleon in a negative-energy state can 
make a transition to a positive-energy state and back to 
a negative-energy state by emitting or absorbing pions. 
In this case there is no exclusion principle in the 
intermediate state, at least in lower order approxima- 
tions, since positive-energy states are all vacant. Thus 
we need not bother about the exclusion or subtraction in 
solving the behavior of the nucleon in a negative-energy 
state. 

The Hamiltonian is 








a-3f Cr+ Vo)*+n'¢? }?x+aP+mB+ goxo(X), 


iL PX ;J=545, 


or by making a transformation 


A—UAU", U= exo -iX frvoos| 


H= ics +(9¢)?+y'¢? |da 


if w(x) ,o(x’) ]=8(x—2’), 


+a(P + f rvtts)-+ma+ go2(0). 
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This can also be written in momentum space as 


H= 4 f (petotastiee 
kp 
+a(P+)+ mBp+ foo, 
(2x)! 


where w,” is +? and the integral extends over all three 
dimensional k-space. P is now a constant of the motion 
and can be put equal to zero if we take the particle to 
have zero total momentum. ® means the total momen- 
tum of the pion but does not.contribute in determining 
the static proper field. The equation to determine the 
classical equilibrium position is 


g? 244 
i[) foreete—| m+ ( fom) | 0, 
: (2r)' 
feck 
g” 
—_ . =0, 


wg - neem 
” 


2r)' sbi ' 2) 
m?+[ g* c2n)i( f otk) | 


Here the negative sign was chosen in front of the square 


or 


(17) 





root since we are dealing with a nucleon of negative 
energy. g has the form 


1 C dk 
fae = f CN. 
(2r)* (2r)* kh? +? 


Substituting this integral into (17), we see that C is just 
the same as (14) and the energy is given by 


and 


gn m* 


In a one-particle state, on the other hand, a nucleon in 
a positive energy state can make no transition since all 
negative energy states are already occupied. At the 
same time the nucleon at rest in the negative energy 
state can no longer make transition since the corre- 
sponding positive energy state is occupied. Thus there is 
no transition at all in this case and 


E,=0. 
The observable mass, 
gN  m? 
E= E,—Ey=——+ = M, 


ho 
tN 
cay 
= 
- 


is equal to what we have found in (15). In this way we 
can establish the correspondence between the usual 
theory and the present theory, and we see that the 
solution (12—), (14), and (15) is in accord with hole- 
theoretical considerations. 
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So far only the particle at rest has been considered. It 
is easy to obtain the classical solution for a particle 
moving with momentum P. In (9) we add a term eP and 
solve the equation. Some care must be taken in evalu- 
ating the divergent integrals in order to preserve Lorentz 
invariance. This can be attained by putting 


R’ ! R° \ 
f ah f—-- | 
kot+th+te (1—1*)! kot+te (1—1*)3 


(kok )R? 
f dk 
(kot+vk+te)? 


rhe solution is 


} 


hese relations are completely relativistically invariant 


IV. QUANTUM THEORY OF STRONG COUPLING 


lurning back to the quantum mechanical problem, 
we now want to introduce small oscillations around the 
| 


The Hamiltonian with 


equilibrium position we have found 


which we start is 


H if ko—ak)(pi+qe)dkt+aP+ms-+ gps { Roi 


Se 


III, we 


Under the 


According to the prescription vf first 


diagonalize the terms 8 and py» 


ontaining 


canonical transformation’ 


UAL 


sf Rgdk 
1pi 


exp} - tan 
? 


the Hamiltonian takes the form 


mig 
HH’ if ky—ak)(p?+g°)dk+ fr pik 
i 


p, dk 
m? +e( fRoit) 
|» + g° J Ree 


anticommutator 


TS 


where { , } means Then we shift 


origin of g to the equilibrium position 


Phys. Rev. 84, 168 (1951 
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linear term appears in the Hamiltonian. 


A—VAV—, 


Rp 
y=en(icof dk 
kot+ife 
Rp 
=expiCed P f ~dh—ife f 6(ko)Rpdk |, (18) 
ko 


where Pf means the principal part of the integral. The 
Hamiltonian is transformed into 


gN nt 
H" = 5 [ (oak) p+ ¢idk+aP+é + 
2 2gN 


m 
- J (opt Rpat 
2g°N? 


m* s Rk 
+ J Ret — ( af - gdk. 
2g4N 3 ko 


In the second line, the g appearing in the denominators 
is neglected since g is supposed to be smaller than the 
static field (12). p; is changed by the transformation 
since V contains 8, but this change is not important up 
to the approximations we need. 

The Hamiltonian (19) has the form of a nucleon with 
mass 


(19) 


me 
discésaaie 


eat =M, 

2 2g?N 
and a pseudoscalar pion field interacting through the 
interaction Hamiltonian given by the second and third 
lines of (19). The interactions on the second line contain 
the coupling constant g in the denominators of their 
coefficients, and thus the diagonalization can be carried 
out in the inverse power series in the coupling constant. 
We need not carry this through since these interactions 
are very familiar to us. The first term is the pseudovector 
coupling but with a different coefficient from the usual 
one. The second term is the pion pair term which causes 
the scattering of S-wave pions. If the static field Co is 
small, namely if g?~m/.\, this pair term is almost equal 
to the usual expression (g’/2m)¢?. However, for large g’, 
this term becomes very small compared with (g?/2M)¢’. 
This fact corresponds to the conclusion of several 
authors® that the inclusion of higher order effects sup- 
presses the virtual nucleon pair creation and thus the 
pion pair term. At the same time, however, the coeffi- 
cient of the pseudovector coupling is suppressed also. 
This is natural since in the pseudoscalar coupling theory, 
the pseudovector coupling appears through the virtual 


88, 1053 (1952); 
Rev. 90, 47 


‘Ss D. Dre 
Brueckner, Gell 
(1953 


|! and E. M. Henley, Phys. Rev 


Mann, and Goldberger, Phys 
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nucleon pairs. After the renormalization of the coupling 
constant, the suppression of the pion pair term will not 
be so significant. 

The interaction represented by the third line of (19) is 
proportional to Cy which is roughly equal to g. However, 
since this term is multiplied by p; which couples levels 
spaced by ~.Vg’, this term can also be treated as a 
perturbation and the solution can be expanded in a 
power series of 1/g*. When we apply a transformation to 
eliminate this term, the first term thus obtained is 


“'( (Rok) 

i a ) 
which gives scattering or double emission or absorption 
of P-wave pions. For the case of large g*, since both C? 
and M are proportional to g*, this term is independent of 
g’ and is very large compared with the pseudovector 
coupling term. The scattering of P-wave pions is now 
almost spin independent. 

We did not take into account the other of the two 

equilibria 


g=+CoR/ko. 


However, up to the approximation we discussed above, 
the actual wave function is merely a linear combination 
of the two oscillations, one around g= +CoR/ko and the 
other around g=—CoR/ko. The nucleon level is a 
doublet, corresponding to the symmetrical and anti- 
symmetrical combinations, but the spacing is negligibly 
small. In calculating higher order approximations, the 
effect of the other oscillation does come into play. The 
expectation value of g evaluated over the correct wave 
function is zero. Thus there is no inconsistency in the 
fact that g is a pseudoscalar quantity and yet has a non- 
vanishing static field. 


V. SYMMETRICAL THEORY 


The treatment of the symmetrical theory goes along 
the same pattern as for the neutral case. The generaliza- 
tion of Eq. (8) to the symmetrical case is obvious. Each 
field operator three components with suffixes 
a=1, 2, 3, and the Hamiltonian is given by 


has 


H-= 1 Ef (boat) (pae + Je )dk 
+aP+mB8+gp2 >- ra { Rose (20) 


Vectors in the isotopic spin space are represented by 
bold-face letters in the following 

In the same way as in Sec. III, we can see that the 
static field is given by 


CoR 


q= e, e=1, (21) 
kotte 
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where e¢, is the direction cosine of the quantity /Rq,dk 
and +ie(—ie) corresponds to the positive (negative) 
energy solution. The static field (21) has the character 
of a symmetrical top with a finite moment of isotopic 
inertia, and this system has excited states corresponding 
to higher isotopic momenta as we shall see. 

To split the pion field into bound and unbound parts, 
we follow the method of Pauli and Dancoff.* We write 


J Raae=0, 


R R 
pr ——2' +9; f pdk=0, 
N ko 


1 R 
Q=- J Ra, P -f pak. 
N ko 


To avoid unnecessary complications, +e is omitted in 
these equations. It is understood that kp is always 
accompanied by +-ie when we are dealing with positive- 
energy states. If we are dealing with negative-energy 
states, we take —ie instead.” The commutation rela- 
tions are given by 


R 
q=—Q+q’, 


(22) 


where 


if P,Q. ] “ 5p, 


il p,’(k),qe'(k’) |= 5, of 5(k—k’)+R(R)R(R')/ No! |. 


(23) 
With these new variables, the Hamiltonian becomes 


H = —4NQ?+ mB—gNp2r2Q+ bf (bal (p?+q")dk 


P k 
— fie ak)Rp'dk of Rq‘dk. 
N ko 


Introducing a unit vector" 
e= (sina cos@, sina sin8, cosa) 


in the direction of Q. Q and P can be written in the 
following way: 

Q=C8e, 

P= Pe+LxXe/(, 


where L is the isotopic angular momentum of the bound 
field, 
L=QxP. 


*W. Pauli and S. M. Dancoff, Phys. Rev. 62, 85 (1942). 

” Actually this + sign is a g-number quantity which turns out 
to be equal to 8 appearing in (25). So there appear additional 
terms due to the noncommutativity of this 8 with p;. However, it 
can be shown that these quantities are of higher order in 1/¢° and 
no error is introduced up to the desired order by taking this + sign 
as a c-number. To see this clearly, we must proceed in a different 
way by diagonalizing the last two terms in (20) before we split p 
and q into parts. However, this method is rather complicated and 
was not employed here 

" For the detail of the treatment of this rotator see R. Serber 
and S. M. Dancoff, Phys. Rev. 63, 145 (1943), and H. Miyazawa, 
reference 2 
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P and Q are scalar but e is a pseudoscalar quantity under 

space reflection. Q is assumed to be positive. 
Performing a rotation by the unitary transformation 


A-—SAS 
(24 
$=exp(}iars) exp(4iBr7 
and then performing the Foldy transformation‘ 
A—UAU 
4’ 


Sirsp; tan'(gNO/m 


{ - exp 
the Hamiltonian becomes 


H ANCP+8(m?+ 2 N*0")! 


where 

L’=USLS"l 
and 8 is +1 since we are dealing with positive energy 
states. The potential energy is stationary at = C» where 


14 


linear term appears: 


We shif 


Co is given by t the origin of V so that no 


(” is supposed to be small compared with (¢ 


two terms in H become 


+ i) 
) ) . 
< 22°.\ 4 £ 
In the other terms V can be repiac ed by Cp since (” is 
small. Finally we want to eliminate the term in (25 
which is linear in L’ and p’. This can be achieved by a 


th the 


transiormation wit 


in 
V =exp—L’ <ef 
C 


} 


initary operator 


Raq’ 1 R’ 1 
dk, f dk sn OD 
k,? n k dru 
by wi 


L’xe ¢ 
ifs pdk | Rkop'dk—>4 
VC, « 
»L” 
x f Aw’ edad 28 
( 


h 


etl 
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The eigenvalues of L’”? can be obtained" by transforming 
back by the operator S of (24). Thus 


S“L”?S=LV?+A(L-2)+<c, 
where 
h=1—(m/g*N) 


and c is an additive constant. A is zero if Cy is zero and is 
equal to unity if the coupling is very strong. The 


eigenvalues are given by 


e(i+1 +ALT([+1)—e(t+1)]+¢, (29) 
where [=}, 3, --- is the total isotopic angular mo- 


mentum of the system and .=0, 1, is the isotopic 
angular momentum of the bound pion field. The ground 
state is given by (J=}4, «=0) and the first excited state 
is ([=}, .=1), the second excited state is (J=}, .=1) 
and so on. The eigenfunctions are given by combina- 
tions of the spherical harmonic Y,"(a,8) representing 
the bound pion field and the isotopic spin functions 
p(rs=1) and n(r,= —1) of the nucleon. Especially for 
the ground state, that is, for proton and neutron, the 
eigenfunctions are 
pYo, nY 
Other quantities in the Hamiltonian are not changed 


by the transformation by S~' except 7; in front of the 
pseudoscalar coupling. rz is changed back to <e. 


The final Hamiltonian is 


g*.\ ” ae 
Pai cele, CL?-+A(L-2)+c] 
2 2g7.\ ( 4dr 
VCP 
0+ bf —ak)(p”?-+ q’ idk 
2g 
P 


2e)dk 


T ; f ok—puk )R(p’e) 


Ces ¢Rk 
+ | q’e)dk ), 
2M\J ky 


term comes from the last term of (25) 


(30) 


where the last 
after the elimination of a. Neglected terms are quantities 
of | 

The first two terms represent the mass of the nucleon. 


igher order in 1/g*. 


rhe next is the isobar energy. Terms described by P’, 


F. p and q’ 


presence of the nucleon, as we shall see in Sec. VII. 


. . ? 
describe the free pions, distérted by the 


(Juantities multiplied by a describe the recoil effect of 


the nucleon. 


The pseudovector coupling induces a transition from 


.=0 to .=2 states as well as to x 


0. For the ordinary 
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transition, .=0 to .=0, 
[vere Yo sinadad8 == 45,., 


so that (p’e)(ce) can be replaced by 
3(=p'), 


the familiar symmetrical coupling except for the 
coefficient. 

The last term gives a scattering of P-wave pions. Its 
coefficient is, in the limit of strong coupling, independent 
of g* and very much larger than the pseudovector 
coupling term. For the elastic scattering, .=0 to «=0, 
this term gives scattering independent of spin and 
isotopic spin. This fact is quite contrary to our experi- 
ence and is the main objection against this theory. That 
is, the coupling cannot be very strong. If the coupling is 
not so large, namely if Cy is small, the pseudovector 
coupling term explains the behavior of P-waves. 

The pion pair term is included in the Q” term and is 
not apparent in (27). The scattering of S-wave pions 
will be described in Sec. VIL. 

We have to investigate the validity of the various 
approximations introduced. First, Q’ is neglected as 
compared with the static field Co. Thus Cp must be very 
much larger than the amplitude of the zero point 
oscillation of VY. That is, 


1 . 3 
N? tw + 2N* 


3 1 f d®k 3N’ 
"2N? (Qe)? (e+yt)) 2N 


Since .V’ and N* are of the same order of magnitude, we 
have 


A second approximation is introduced when applying 
the transformation (27). The right-hand side of (28) is 
actually an infinite series. In order that the neglected 
terms be small, it is necessary that 


v R . " R? 1 
((f vt ) ) i) dk= 
Ce ki w Wed ko Ce 


Thus we see that the condition for the strong coupling 
approximation to hold is given by 


Ce= g?— (m*/g?N?)>1. (31) 


In this case, that is, if g>>1, interactions with coeffi- 
cients involving g in their denominators can be treated 


as perturbations. 
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VI. INTERPRETATION OF NEGATIVE EXCITED LEVELS. 
NUCLEON ISOBARS 


The isobar energy, given by the third term of (30), is 
negative, which means that excited states of nucleons 
have masses smaller than the proton mass. Of course 
this must not happen in nature because nucleons are 
stable particles and do rot decay into lighter particles. 
So these levels are false ones which do not correspond to 
real particles. We must see why these states occur and 
what they correspond to in the usual Schrédinger wave 
function. 

The isobar energy is negative because the kinetic 
energy corresponding to the proper field (21) with +d 
is negative. The excitation of this negative rotator 
results in the negative excited levels. Or more simply we 
can understand it in the following way. The scattering 
of pions by a nucleon occurs through the transition of 
the nucleon into a negative energy state. The interaction 
potential is positive, irrespective of the charge or the 
energy of the pion. For the usual pions this means a 
repulsive force. However, for minus pions having nega- 
tive energy, this is an attractive force. The minus pions, 
therefore, tend to stick to the nucleon thus forming the 
bound state with negative binding energy. 

These spurious solutions are inevitable to the Gell- 
Mann-Goldberger equation as well as to all theories 
using a comparison state. They must be rejected by a 
physical consideration rather than by a mathematical 
condition. These arise from the fact that no condition is 
imposed which assures that the comparison state 0) is 
the vacuum. The energy which appears as an eigenvalue 
of our equation is the difference E,— E, 
energies of any two states 1) and 0) provided that the 
state 1 Let the eigen- 
values for the zero nucleon state be Ey, Ey", «++ of 
which Eo is the energy of the vacuum. Then all the 
values 


E,\—-E®=M, £,—- EX =M—(Eo— Ey), 


of the eigen- 


has one more nucleon” than 0 


appear as eigenvalues of our equation. It was shown? 
that the zero nucleon state has excited states with 
spectrum 

(32) 


const-/(/+-1), /=0,1,-- 


The occurrence of negative excited levels is, therefore, 
quite natural in the strong-coupling theory. 

Of course this difficulty does not happen in the usual 
perturbation theory using the S-matrix. For if 0) is the 
free vacuum in the remote past, it remains the vacuum, 
the lowest energy state, during the adiabatic switching 
on of the interaction. However, it does happen in any 
treatment other than the perturbation method. 

These spurious levels, although not observable as 
particles, give contributions in a reaction as inter- 
mediate states. To see this clearly, let us introduce 
lattice points in space. Each lattice point in the vacuum 


# By the number of nucleons we mean the number of nucleons 
minus the number of antinucleons, which is a constant of motion 
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has excited states. Let the first excitation energy be 
A(=E E 


with energy w by one lattice point 


Consider the scattering of a 
The sca 
excited states and 


occurs through these 


element iS given Dy 


Ay?H H 
M., + 
oa A ae A 


where 1, J, and f indicate the initial 


final states respectively. This scattering amplitude is 


coherent with these from other lattice points and in the 
total amplitude 


M=)>. Mi), (33 


~— 


the sideward scattering interferes to 


forward scattering Thus the net effect is a 


remains 


change of the particle energy or the sell-energy of the 
particle due to the vacuur fluctuatior 
Now § ippese that a single nucieon is present at the 
point s=0. At this point the level Eo" is absent and the 
ampli ude V s ) pres the sur 45 The 
amplitude now 
M— Mo, Vf 34 
‘ ept for the effect ol the sell-energ | Sis the 
ttering amplitude of the par e by the eo 34 
in be rewritten in the following way: 
HH HH HOH HH 
Vu t 
w—A ota “ A w A 
Che right-hand side of this equation 1s equivalent to the 
amplitude of the particle scattered through a level v 
excitation energy A. Thus we see that a level wit! 
negative ext 1tlo energy orrespo S the ) 
ventional theory to a level w! vas pres¢ I € 
vacuum but is absent in a one leon state The eves 
$2 f the e rx t the v um are fe) ( 
present a € pos l i Icleo! Thus the s 
appea I es 1 reversed S ex ition energies 
our neo;ry 
The correspo le e betwee he prese theor | 
Lhe conventiona neory is not complete, however, since 


the levels (29) we found are a little different from the 


negative of (32). Moreover, in the lattice space method 


we had positive en ted states e-nucieon slates ais 
but now we have no levels with positive energy. These 
differences come from the neglect of closed loops in this 


theory. If we had treated all nucleon pairs correctly, we 
would have all! levels corresponding to (32) and 


levels. However, in the present theory only suc 


taken into as 


in the vacuum but are forbidden in a one nu 


positive 


count which are | 


nucieon pairs are 


the nucleon. In the vacuum four 


by the presence ol 
transitions are possible, namely creation of pairs (pp 
pn , (ap 


the latter two are allowed to occur 


and (m7), while in a one proton state 1), only 


l 
i} 


rhe net difference 


MIYAZAWA 


between 1) and 0) is, therefore, that transitions 
vacuum—>( pp), (pm) are missing in 1) compared with 0). 


What we 


these transitions with the minus sign, however, because 


have calculated is the whole consequence of 


they are missing. It can be seen that the excited states 
of the nucleon with positive excitation found in the 
lattice space method are due to the closed loops which 
we did not take into account here 

In spite of these differences, both theories give similar 
results for the scattering of S-wave pions by a nucleon as 
see in Sec. VII. 


Some comments on the neglect of closed loops in the 


we shall 


Feynman diagrams are necessary. We saw that the 
vacuum or pions have excited states. This fact contra- 
dicts with our assumption that pions travel in space 
according to the free-propagation function Ap, which 
at all. 
However, the situation is not so bad as it may appear. 


neans that pions do not have any structure 
The Feynman method, even after the omission of closed 
loops, correctly takes into account such nucleon pair 


creations the presence of the 


which are forbidden by 
nucleon. Thus the essential part of the pair creation is 
taken into account in our equation. Again consider the 
the 


uctuation is taken into 


lattice space method. At the point s=0. where 


the effect of vacuum 1 


| } 
nucleon 1s, I 


At other lattice points pair creation is re- 


account 


plac ed by the substitution u UL This approximation 


certainly becomes wrong if the coupling between lattice 


' . 1 


becomes large. For instance, the 


freezing of the 


points 


vacuum’ does not occur in the present method 


VII. SCATTERING OF S-WAVE PIONS 


Secor! d line in (30 


rhe | 
\¢ P 

Hy=3 | ko(p?+q”)dk OQ”? 
2g” 


$5) 


Rkop'edk, 


represents unbound pions which are distorted by the 


nucleon. Terms involving @ are omitted since these 


desc ribe the small effect caused by the recoil of the 
nucleon. p’ and q’ satisfy the commutation relation (23 
Introducing new variables, 
R CoR 
q’=q'+0’e—=q € 
k k 
40 
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However, p’”’ and q” are not canonically conjugate be- 
cause the bound pion field is subtracted. From (23) and 
(36), they satisfy 

R(k)R(R’) 
il pa’ (k),gs" (k’) ]=5ag6(k—k’) + (a3—€a€s). 


C 


Because of this incompleteness of p’’ and q’’, the un- 
bound pions are distorted. Another scattering is induced 
by the second term of (37), which is the damped pair 
term. Since this term is very small, it can be safely 
omitted in the following. 

It is more convenient to use canonical 
instead. Again we introduce another pair of variables 
p’” and q’” and put 


variables 


R&as 
f 2° Pas ga * ga + J Ras, 
No 
where 
A ap=5ap— Cals, 
and 


6.090 k _ k’). 


With these new variables, the Hamiltonian becomes 


Ho= s fi p’"+q'’")dk 
Aas 
4 f Roe!"'dk f Ros!"'dk. 
2.\ 


The second term describes the scattering of pions. If the 


(38) 


coupling is so strong that the isobar separation is small 
compared with the kinetic energy of pions, all compo- 
nents of e commute other parts of the 
Hamiltonian and can be treated as c-numbers. In this 
case (38 
representing incoming and outgoing scattered waves. 
1e isobar separation is extremely 


with all 


is diagonalized in terms of norma! modes each 


On the other hand, if t 
large,'* we must solve the problem in the subspace «=0, 
the state of minimum isobar energy. This problem can 
be solved easily by using the Tamm-Dancoff approxima- 


tion, namely by assuming that the wave functions con- 
taining more than two pions are negligible. In calcu- 
ting the phase shifts we note that (38) is equivalent to 


la 
the three-dimensional Hamiltonian, 
Aas 


Ho=H,+—¢a(0)o5(0), 
2A 


(39) 


where H, means the Hamiltonian of free pions. The 
Schrédinger equation is 


; ’ TTT, ’ 
(—E+wa,)F 7(k + far RIV | R'I)F,(k')=0, (40) 
“4 This is the case when the coupling constant is small]. In this 
case, terms of higher order in 1/¢ which were neglected in the above 
calculation are no longer small. The argument of this section is, 
therefore, not of quantitative, but of qualitative, nature. 
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where £ is the incident energy including mass, / is the 
total isotopic angular momentum of the system, V is the 
interaction Hamiltonian and w,2?=?+y*. The matrix 
element of V is the same for both J=4 and § and 


1 
(kI| V |’ DT) =— ——, [=}, §. 
ON (wyw,’)! 
From this we obtain the phase shift: 
(1 4or)ke 
tand;= — " 


P dk 
3N+ f (41) 
2(29r)? 4 w(w—E) 


k= E—p?, 


This phase shift is independent of the isotopic angular 
momentum. This fact is characteristic for the strong- 
coupling theory. 

If the isobar energy is of the same order of magnitude 
as that of the incoming pion, then the scattering through 
the isobar level is very important. The first excited state 
has isotopic spin 4 and parity opposite to the ground 
state. Let its excitation energy be — A. We assume that 
other excited levels are so far away that they contribute 
little to the scattering. 

The effect of this level can be included by means of the 
Born approximation. The scattering matrix has the 
form 

B(k) B(k’) B(k) B(k’) 
Tr=X1 tur , I=}, 4. 
A — W & A + Ws 


(42) 


The matrix element for a transition to or from the isobar 
state can be calculated by pushing the approximation a 
step further. Ay and yy; are dependent on the total 
isotopic angular momentum of the state and can be 
determined, apart from the common factor, from the 
invariance property in isotopic space: 


\ - 
N=-1, 


Ay=2, 


wy= 3, 


If A is not very large compared with w, the first term in 
(42) dominates over the second term. T is positive for 
I =} and negative for J =} state. Thus this isobar state 
gives an additional repulsive effect on $-waves, but an 
attractive force on 4-waves. If this attractive force 
overcomes the repulsive effect due to the diffraction 
scattering, the phase shift a; becomes positive as re- 
quired by experiments. The phase shift a, for the 4 state 
is always negative. 

This qualitative behavior of phase shifts is the same 
as that predicted by the theory using the lattice space 
method, although the isobars in-both theories are rather 
different. When w, becomes equal to A, the first 
denominator in (42) vanishes. In this case the first Born 
approximation is wrong and we must take into account 
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the damping effect. The behavior of this pole must 
properly be defined'* in such a way that no real excita- 
tion to an state occurs in the scattering 
process.'® 


isobaric 


VII MAGNETIC MOMENTS OF THE NUCLEONS 

The sum of the proton and neutron magnetic mo- 
ments, measured in nuclear magnetons, can be expressed 
by a formula” 


re (M MHMDKGs), 


if the 
values can be calculated out separately since P-wave 


recoil of the nucleon is small. The expectation 


and S-wave pions are independent and no correlation 
exists between 8 and a,. The calculation of (o,) has been 
carried out by Sachs"* and will not be done here. We note 
that (o,) is smaller than unity 

The expectation value of 8 can easily be evaluated. 


By the transformation (24’), 8 is changed into 
1 

mB—gNQOrasp2) 
m+ (Fg y?)3 


After the transformation we put 6=1, p2=0, and 

substitute for 0 by its static value C». We obtain 
B=m/erN. 

The mass of the nucleon M is given by the first two 


and thus 


terms of (30), 


v= (M/m)(8)=4[1+ (m/e2N) 


his v is unity for ¢ 0, and is one-half in the limit of 


strong coupling. In the latter case 


Bp tua<v=0.5. 


The experimental! value for u,+ 4, is 0.88. Thus this is 
J 


another evidence that the coupling cannot be very 
strong 


IX. CONCLUSIONS 


The approximation employed in this paper is valid 
when the coupling is large and solutions can be expanded 
in the power series in 1/g*. However, there are many 
evidences that the coupling cannot be very strong. The 
Vg"/2 
to the observed mass M. Thus unless .V, which is of the 


mass of the proton, + (m*/2Ng*) must be equal 
order of the cut-off-momentum, is very small compared 
with M, g* cannot be very large. Furthermore, if the 
coupling is very strong, (1) the P-wave interaction be- 
comes spin-independent, (2) u4,+ 4, becomes too small, 
and (3) the isobar separation becomes too small. 

Nevertheless, the strong-coupling approximation is of 
theoretical interest since it gives entirely different re- 

“ F. J. Dyson, Phys 
95, 1676 (1954 


* The creatior 


Rev. 91, 421 (1953); A. Klein, Phys. Rev 


of minus part les which is ¢ ergetica possible 

be excluded 
H. Mivazawa, Phys 

“* R. G. Sachs, Phys 


nust als« 
1OS5 


1952 


Rev 
Rev 


97, 1413 
87, 1100 
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sults from that of the weak-coupling approximation, and 
we can at least qualitatively understand the effect of 
higher order processes. Especially the behavior of the 
S-phase shifts can be explained by the introduction of a 
negative isobar with isotopic spin }. 

The theory is not covariant. There appears linear (in- 
stead of logarithmic) divergences and the mass of the 
nucleon does not become zero when the mechanical 
mass tends to zero. These difficulties arise from the 
asymmetrical treatment of space and time, especially 
from the neglect of nucleon recoil in the static ap- 
proximation. They must be remedied in a more refined 
treatment. 
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APPENDIX. TOMONAGA APPROXIMATION 


The equation with which we work is 


i 1 
Ey"=D.w"+ gp: fora —y"] (Al) 
(2x)4 kyit+p? 
with 
D, = 2. kota P-> k) + m3, 
or 
EW= HY, (A2) 


where ¥ stands for a column with components Y, y', -- -. 
Equation (A1) can be expressed in a variational form as 


6E=0, E=(@HV)/ (Vv), 


where # satisfies the adjoint equation 


he=0H, (A3) 
or 
i 1 
Fo"(ki,: ++ Rn) =6"D,. +8] —— -L o* (he, - - - Rn) 
(2x)'n 
dk 
_ not) f go”?! kiky,-++ Rn) /P2- 
k? +p" 


This equation is of course not independent of (A1). In 
fact by putting 


o"=A,x", 
1 (—1)* 
he 2+") k+p 
n! (2x)** 
we have 
t 
Ex"=x"D,+¢ - fran 
2x)* 
1 


> 1 2, (A4) 
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or taking its Hermitian conjugate, 


Ex"'=D,x"'+ gp2 


ae 
-o——""" |. (AS) 
ket? 


This equation is identical with (A1) except the change 
of sign of i in front of the integral sign. 

In Sec. II we imposed a boundary condition that 
every pole of ¥* should have the form (5). It can be 
shown that if we change the sign of ie at every pole of ", 
the resulting y”’ satisfies Eq. (A5). This can be seen by 
observing that /y"'dk is equal to — fyw"dk when e 
tends to zero after integration. Thus 


x"=y"! 


o"=A,y""t 


and 


The norm of ¥, 


(py) = E fovea 


x fv "tr (k?+p?)y"d"k, 


is seen to be real and positive. For the sake of simplicity, 
consider the term of n=1: 


k)d@kdko. (A6) 


The result of integration over ky is 27i times the sum of 


residues of 


1 
fe "(k) (RP +p?) 
(2r)' 


Since y''', in the limit of vanishing e, 
conjugate of y', the residues are all real. Thus we see 
that (A6) is a real quantity. 
integration over the zeroth component of k; produces a 


k)@k| (47) 


ex 


is the hermitian 
In the case of general n, 
factor 1. These cancel the (—7)" factor in the coefficient, 
leaving the whole term rea] 

In the same way we can prove the realness of 


(PHY) = (¥'AHY), 


where A is a diagonal matrix with A, as its element. 
Thus the realness of every eigenvalue E is proved, 
provided that y” satisfies the boundary condition (5). 


‘ 


The variational equation is 


bE=0, E=(@HV)/(@¥)= (WAHYV)/(W"AV). (A8 


If the Dirac matrices a, 8, and p2 are c-numbers, Eq. 
(A1) is separable and can be solved by putting 


W"(ki,- ++ Ra) = (Ca/n!) [TY (Ry). (A9) 
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We assume, according to Tomonaga, that the Hartree- 
type wave function (A9) is a good approximation even 
in the case where a, 8, and pz are actual matrices. In this 
case C, is a Dirac spinor and C, and w(k) are to be 
determined by the variational principle. The norm of 
is fixed to unity,” 


~1 
fermetewea 3. (A10) 
2nr)* 
Then : 
(¢¥)=)° C,.°C,, 
where 
(PHY) = (ko)> nCn*Ca tm > Ca*BCy 
, 1 
+-ng 2 (n+1)9Cn*p2C nyit Crp ni |, 
n 
—t 
ky fe "(k)ko(k?+-y?)y (Rk) dk, 
(2r)* 
and 
—4 
n fvcoae. 
(2) 
The Schrédinger equation for C,, is 
(nko) +-mB)C ,+ngps| (n+1)*C nas 
1 
+—C’, | EC... (All) 
n 


The equation to determine y can be obtained by varying 
yv under the condition (A10), 


2(n)ko(k2-+-p2)(k)+(V)=d(R2+u2)y(k), (12) 


where 


(qa >” 90 .°C,/2, Ca%C 


Vo=g dol (nt+1)'C,* pL ngs 


1 . 
+ Cnpe i [ECM 
n? 


and X is a Lagrangian multiplier. Thus 


A} ae 1 
¥(k) A13) 
2(n) ko—N P+? 
where X’ is given in terms of (V)/(m) by the normaliza 
tion requirement (A10). 

Equation (A11) can be solved in both weak and strong 


coupling limits. 


* Sometimes the integral [—i/(27)* | fy" (2+? Wak is nega 
tive (= —(*). In this case we normalize ¥ by multiplying by i/C, 
where this i is assumed to change its sign under the prime 


operation 
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In the weak coupling case, the Ansatz (A9) is exact 
since only wave functions y, ¥'(&) are involved. This 
can also be verified directly. Up to order g*, (A11) gives 


energy value 


Al4 


From this we | 


It is easy to see that 
A16 


d theretore 


\10) ar 
is the solution of the variational Eq. (A12 


the wave function (A16 


satisfies the normalization condition 


For if we 


and 


calculate (ko) and 7 Wi 


Cc 2z)' 2m—k k?+p 


* normalization condition for (A15 


In this case the energy (Al4 1S 


m- 
2(2e 2m+w)w 
which is equal to that obtained from (A1) by. the 


perturbation method (neglecting, however, recoil mo 
mentum 
In the strong-coupling case, it is convenient to trans 


A11) into the 


iorm 


v= FV, 


+mB8+vynep9 


classical solution is obtained by omitting the » 


The 


term. The energy is given by 


Al7 








MIYAZAWA 
Equations (A13) and (A10) can be satisfied by 


1 


y(k) (A18) 


¥ ; 
(Rot-te) (R? +7) 


where + is the normalizing constant. Since, in this case, 


(29)4 


OE On k 

and Y; 
2 2in OF / dk n 
then (A13) with A’=0 is the correctly normalized func- 


tion. The energy is 


which is equal to (15 

In the limiting cases, the Tomonaga Ansatz (A9) 
agrees with the weak and strong coupling theories. The 
lomonaga approximation links continuously between 
the weak and strong coupling theories. \’ in (A13) 
continuously varies from 2m—ie in the weak coupling 
limit 


limit to —te in the strong coupling 

In order to calculate the expectation value of some 
quantity Q, we use the following principle. Let the 
change of eigenvalue caused by adding AQ (A: constant 


to the Hamiltonian be AE(A). Then the 
value of () is given by 


expectation 


OAE(A 
() 


Or , 


Now if Hamiltonian, the 
corresponding Hamiltonian H of (A2 get 
additional term 0” (for instance if O is //y*Opd'x, 0’ is 
O). The 


we add XQ to the original 


will an 


simply change in the energy caused by this 


additional term, to first order in X, is 


LONE vy Py : 


\8) is a stationary expression. Thus 


0)= (@0'V)/ (ov 


of evaluating expectatior 
applied to any four-dimensional theory, for instance, 


Bethe-Salpeter formulation of the two-body problem. 
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rhe pseudoscalar theory in the Tamm-Dancoff approximation is applied to high-energy pion-nucleon 
scattering with a view to explaining the observed maximum in x~-p scattering around 1 Bev as a resonant 


interaction 
singularities } 
derivation is given 


and it is solved in an approximate manner. 


‘he integral equation is solved for the Dy state of T=4 which is attractive. The various 
n the kernel and the wave function are taken into account in a semianalytical fashion. A short 
of the complex intefra] equation which takes the effects of meson production into account, 


It is found that, contrary to the original expectation of a resonant interaction, the increase of Dy , phase 
shift over the Born approximation is not large. Also the effects of meson production are not found to be very 


significant over the energy range 1 Bev to 2 Bev. This last is contrary to the observations in this energy 


range. 


1, INTRODUCTION 


HE early Brookhaven experiments on the total 

cross section for -p scattering indicated a 
maximum near 1 Bev (laboratory system) in addition 
to the (now famous) maximum around 200 Mev which 
had been observed before. The latter one had been 
successfully explained by means of the Tamm-Dancoff 
(T.D. 


resonant interaction in the state Py, (J= 


approximation in pseudoscalar theory,’ as a 
T =) of 
the T.D. 
approximation encouraged the belief that a similar 
explanation of the maximum around 1 Bev might not 
be unreasonable. 


3 
the meson-nucleon system. The success of 


The basis for this expectation was, of course, some- 
the first maximum 
around 200 Mev. Firstly, the data were rather few (and 


what weaker than in the case of 
not too accurate), so that any detailed analysis (of the 
type carried out for the “low’’-energy case) had not 
been feasible in this region. Thus the interpretation of 
the high-energy region had to be based on rather general 
considerations instead of more positive experimental 
facts (which were available in the “‘low’’-energy case). 
Secondly, the maximum around 1 Bev was believed to 
be much broader® than that around 200 Mev. Still it 
was thought worthwhile carrying out an investigation 
similar to Dyson’s for this case as well. 

The interesting feature of this “second’”’ maximum is 
that it occurs only in the x~-p cross section, unlike 


the previous case where both the x*-p and x--p cross 
sections showed maxima at the same energy (~200 
Mev); no maximum in (x*p) scattering has been 
observed in the region of 1 Bev.’ Thus a possible 


* Based on a thesis submitted in partial fulfillment of the 


f Doctor of Philosophy at Cornell 


ts for the 





requirements [0 i aegree 
University 
ow at the Department of Physics, University of Delhi, 
hi, India 
1 Dyson, Ross, Salpeter, Schweber, Sundaresan, Visscher, and 
Bethe, Phys. Rev. 95, 1644 (1954); referred to as A 
2 This was the situation in January, 1954 when this calculation 


more accurate data have appeared 
ve drops fairly sharply on the high- 


was undertaken. Recently 
which indicate that the cur 
energy side 

3 The more recent data indicate that there is a minimum in the 
(x*p cross section somewhat below 1 Bev. 


explanation of the “second” maximum would require 
an isotopic spin state T7=4, rather than 7'=}, since 
the latter would contribute mostly to r*-p scattering. 
Now the most important feature of the T.D. method 
(as has been clearly shown by Dyson’s work) is that 
it considerably enhances the Born approximation phase 
shift for attractive states and reduces it for repulsive 
states. Hence, in order to interpret the second maximum 
as a one-meson resonance, one has to look for some 
state of T=} has an attractive 
Now it can be shown generally'* that for 7= 4, the 
states of j=2n+-4 (where ‘n’ is an integer) have an 
attractive interaction, while for 7= 4 it is the states 
j= 2n—4 which are attractive. 

Among the states 7=2n+4, the states j=4 occupy 
a special position because only in these states can the 
meson be absorbed by the nucleon before the latter 
emits one. As a result, these states exhibit self-energy 
effects due to the possibility of successive emission 
and reabsorption of a meson by the nucleon, in the 
framework of the T.D. formalism. Consequently these 
states require a special renormalization which has been 


which interaction, 


treated by Dalitz and Dyson.’ On account of these 
special features these states are not expected to be 
strongly attractive. (Moreover, their j- value is much 
too small to account for the magnitude of the cross 
section at the observed maximum.) This leaves as the 
5/2. At an 
energy as high as 1 Bev, it is reasonable to consider 
states of such high 7; indeed the large cross section 


first strongly attractive states those of 7 


observed around 1 Bev (~50 mb) requires a j at least 
as high as this. 

Now for a given j, the state with = j—4 has always 
the stronger interaction; for /= 7+4 the interaction 
begins to be important only in the relativistic region 
(but cannot exceed the former). So one may expect the 
Dy, state to be the more important one, rather than Fy. 
For the same reason one would not expect important 
effects from the D, state of T= § (which would, 


* Bethe, DeHoffman, and Schweber, Mesons and Fieds (Row, 
Peterson and Company, Evanston, 1955), Vol. 2 
*R. H. Dalitz and F. J. Dyson, Phys. Rev. 99, 301 (1955) 
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moreover, contribute predominantly to x*-p scattering). 

Having thus decided on this 
shall take the paper of Dyson et al} 
various equations and 


choice of the state to 
be considered, we 
as basic and freely use the 


formulas of this paper with the same notation as far 


as possib 2 
2. NECESSARY FORMALISM 


From Eqs. (23), (27), and (27a) of A, find that 
the wave function f(p) of the Dy, state satisfies the 


we 


equation > 


§ 
p) nf / , 
E op E 
x] 6(E—E,—w,)+P 1 
E—E,—« 
where 
A=G*/ (169 (2) 
and 
Li(p,s AT (E,+M){(A—2M)K2(( 
+ (E—M)K2(B)}+sp(E,4+M 
*{AK3(C)+(E+M)K;(B)}}. (3 
The other symbols are as defined in A. f(p) is related to 
the phase shift according to the equation: 
tand afk } 
It is somewhat more convenient to work in terms of 
the quantities /,(p) and x defined as follows: 
fi(p (Eyo,)' f(p), {Ss 
x E,+«, I 6 
The transformations (5) and (6) bring (1) into the 
1orm: 
fi(p)=f p)+rf Lip.) 11 7) 
where 


'L(p,k), (9 


w( Ey) * fy (k (10) 


The quantities / d now be regarded 


s) and L(p,s) shoul 


as functions of x rather than s. This has the advantage 


singularity at x 


that the 


0 can be evaluated very 


‘ ’ 


simply in a semianalytical manner, without introducing 
any complexities elsewhere 
So far, the Eqs. (1 


the possibility of meson production 


take account of 
However, if the 
ve latter 


1 energy 


or (7) do 


not 


total energy of the system is sufficiently large, t! 


process becomes energetically possible (threshol 
in the c.m 


its 


system being only E=M-+2y), and 


Since t 


importance increases wit! energy. re energies 
>1 Bev), it is 


expected that these reactive processes will play an 


to be considered are rather large ( 
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important part, and their effects should therefore be 
taken into account. 

The Eq. (15) of A (before angular integration) 
suggests the modification necessary for including meson 
production effects. We find that one of the terms in the 
kernel (corresponding to the (1,2) state) involves an 
energy denominator E— E,,.—w,—w, which can vanish 
only for E >M-+-2y. Now in Eq. (A15), the integral is 
evaluated as a principal value, representing standing 
waves. To include the effects of meson production, we 
should now add an outgoing two-meson wave to the 
one-meson equation (A15) through the modification: 


1 1 1 
P slim P—+inib(F)), (11) 
Ey - EB T te Ey 
where 
E,= E—w,—wy— Epic, (11a) 


and «>0. The kernel therefore becomes a complex 
function of p and s, and in place of (1 
complex integral equation of the form: 


nf "ds (Ew, E wy) *{Li(p,s 


+ile(p,s)}X] 6(E—w,—1 


, we now have a 


fia) te o 
P 1D\ f 


1 p { f(s 
E-E,- 


The 


noting that, 


evaluation of Lo(p,s carried out by 
according to (11), the quantities Fy in 


\22) | are changed into 


may be 


(3) [see Eq. 


K,,(C)+in(2ps IP (2 1—r*)/2r], 


(13) 


where the P,’s are the usual Legendre polynomials. 
It may be noted that the above modification does not 
change the B-terms in (3). Thus we have: 


L2(p,s)= —(ps)"[(E,+M)(A—2M)P2(y 
+spA(E,+M)"P;(y)], (14) 

where 

i—?*) (15) 


2r. 


The important property of L2(p,s) is that it is zero 
unless E=w,+w,+E,:, aS may be seen from the 
appearance of the 6 function in (11). This condition 
cannot be satisfied for real values of 6 (angle between 
p and s) unless both p and s are Jess than & in magnitude. 
In particular, L2(p,s) vanishes on and above the energy 


_ when p2 k or s 2k or both 


the energy shell (1.¢ 


Transformation of (12) according to (5) and (6) 
leads finally to the equation: 
fi(p + 1d) p) fa(p)+n f (1 p,s) 
+iL’(p,s)}[ fils) +igi(s) }(dx/x), (16) 
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where 
L+14L' = —2s(E,+o,)7'(1,+iL2). (17) 

The quantity fz(p) in (16) is purely real and is given 
as before by (9), since L’(p,k)=0 (from what has been 
said in the last paragraph). 

The complex phase shift 6+-in is now given by: 
tan (6+ in) = —(Eyox) {fi (k)+idi(k) |= A+iB. (18) 
The contributions of a particular state (7,7) to the 
total cross sections (elastic and inelastic) are® 


Oei(j, 7) =4h*(7+4) | exp(2i5—2n)—1|?, (19a) 
oin(j, 7) = aX" (j+4)[1—exp(—4n) ] (19b) 


In terms of the quantities A and B of (18), the 


cross sections are easily seen to be: 


oei(j, 1) = 29h? (2j7+1)(A2+ B*) (14+ B)P+A?}", (20a) 


oin(j,T) = 29h? (2j+1) BE (1+ B)*+42 Pp, (20b) 


For the state 7 =}, the contributions to (#~p) scattering 
are finally given by: 


Geile p 2a61(j,3), 
(?1 


vin (ep) =$oin( jh 


3. KERNEL OF THE INTEGRAL EQUATION 


rhe solution of the complex integral equation (16) 
is an extremely complicated process, since it appears in 
a coupled form when the real and imaginary parts are 
separated out. It is more feasible first to solve the real 
equation (7) (which does not take account of meson 
production) and then to use this solution as a basis 
for the more general case of (16). Even for the simpler 
case of (7) a completely analytical solution is virtually 
impossible, and a semi-analytical approach seems to be 
the most that can be done. For this purpose, it is 
useful first to discuss some of the important features 
of the kernel L(p,s). L(p,s) contains the 
functions A,(b) and K,(C) which have been defined in 
\. It is useful to express these functions in terms of the 


various 


parameters “ and v defined by : 


u=r/(1+b), v=r/(1+<¢ (22) 
where 
c=C/E, b=B/I (22a) 
E=}[E(p+s)+E(p—s (22b) 
( WT w,— F r sp EB (22 
Thus, explic itly, 
sp/E(E+C)={E(p+s) 
~E(p—s)}/{E(p+s)+E(p—s)—2C}. (22d) 
* J. M. Blatt and V. F. Weisskopf, Theoretical Nuclear Physics 


(John Wiley and Sons, Inc., 1952), Chap. 8 
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A similar expression holds for u. We now have the 


following expressions for the A,,-functions: 


Ko(C)=4 (sp) Inf (1+9)/(1—2)] (23a) 
K,(C)=yKo(C)+4(1—0)/sp; (23b) 
K2(C)=3yK,(C)+-}c/E°—4Ko(C); (23c) 
K3(C)= (5/3)yK2(C)—4K,\(C)—}or/E*. (23d) 


Exactly similar expressions hold for K,,(B). 

For small values of « and v, the logarithmic terms 
Inf (1+2)/(1—»)] and In[(1+«)/(1—)] can be ex- 
panded in ascending powers of these parameters and a 
certain number of terms may be retained, depending 
on the accuracy needed. On the other hand, for |v} or 
|u| 24, the closed forms are more suitable for numerical 
work. 

The asymptotic the kernel 
obtained by expanding in powers of (p</p>) (where 
p< and p 
pand s). Following the procedure of Bethe and others,’ 
one has the following asymptotic form of L(p,s), for 


behavior of can be 


are respectively the smaller and larger of 


the case of j=/+-4: 

L(p,s) =} ps" Hj 4(p/s)+Hyy(p/s)), (s>p); (24) 
where 

H,,(x)=In(1+x)—x2+422—---+(—1)"x"/n. (24a) 


Retaining the most important terms in the 
of H,,(x) for |x| <1, one finds that (24 


following expression (/= 2): 


L(p,s) + 
Using (24), one can derive the asymptotic behavior of 
fi(p), assuming fi(p)-p-", (n>0), and substituting 
rhis relation is 


expansion 
reduces to the 


38/405(p/s *+O(p s)*, (24b) 


in (7) to determine m in terms of A 
given by*: 


—}/0/ 


x 


T 1 
me 1.9 
sinrn n(l—n) 


1 1 
+2 (-1 | 4 
B—n? - 





n(1—n) 


Using the argument of Bethe ef al.,4 one can derive 
from (25) an upper limit A» on the value of A, from the 
requirement of square integrability of the wave function 
which demands that n>}. This “critical” coupling 
constant (42,9) is obtained by putting n=} in (25) 
(limit of normalizability) and using the values of 


? Dalitz, Sundaresan, and Bethe, Proc. Cambridge Phil. Soc 


(to be published ) 
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rhis gives finally: 


j=5/2and0’=—1 


4irho=Ge/ (49) = 176.8 (25a) 


It may be noted from the expressions (23) that the 
functions K,(C) are real as long as |v <1, 
logarithmically when t=+1, and become complex 
>1.* Thus the imaginary part of the kernel 
This a simple 
part. For 


diverge 


when 
>1 gives 


existence of the 


vanishes except when 


criterion for the imaginary 


the energies we shall consider, | is always less than 


unity, so that A,(B) is always real. Moreover, for the 


real equation (7), Inx; is replaced by In| x,', where 
xr, = (1+1 1—?). 
Since |r| >1 makes the kernel complex this condition 


must be equivalent to the possibility of simultaneous 
production of two mesons, of momenta p and s, with 


conservation of energy. Such production is possible if, 


for some relative direction of p and s, the energy 
conservation equation [see (11 

E(p+s)+,+w,=E, 26) 
an be fulfilled. This is obviously the case if, for the 
given p and s, 

E(p ‘ tC SOSE(p+s + 26a 
where C is defined in (22 But according to the 
definition (22d) of 2, y= +1 means that 

E(p¥s)+C=E(p#¥s)+oy+o,—E=0 27 
This equation is clearly equivalent to the two 
imiting cases of Eq. (26a). It can then easily be shown 


that the energy equation (26a) can indeed be fulfilled 
if and only if || 21. 

The 
the one between the two curves in the p 


Eq signs in Eip#s 


region in which the kernel is complex is then 


s plane defined 


by with the and + 


(97 
a 

















respectively; they are plotted in Fig. 1 for the case 
k 10M 
—+p 
Fic. 1. The curves p= +1; the shaded portion betwee ¢ curves 
is the region of meson productior 
* This follows from the relation 
Inj (1+ 1—vr) J=In| (e+1)/(e—1)| +ée, for pr >!1 
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If p is kept fixed and s varied, then for s=0 we have 


E+C=E(p)+w(p)+u—E. (28) 


Production of an additional meson s together with p 
is only possible if the expression (28) is negative which 
ill only be the case if P<Pmax, Where Pmax is defined 
by: 
E(Pmax)t+@(Pmax)t+u=E, (28a) 
and is always somewhat smaller than &. 

The nature of the kernel is quite different according 
as p< Or >Pmax- For P< pmax, 2 can vary from — « 
to so that the A,(c) functions have logarithmic 
singularities. Thus for such values of p the kernel is 
expected to show rather large variations as a function 
of s. On the other hand, for p> pmax, |v| is less than 
| s, so that the kernel is expected to be a 


+ 


unity for al 
smooth function 

The quantity L(p,s) was first tabulated numerically 
by programming it for the Card-Programmed-Computer 














as a function of 


5, W hen p> Pmax 
respectively 


Fic. 2. The function L(p,s 
and k=1.0M. Curves (1), ( 
to p=1.0M, p=14M and p 


2), and (3) co 


2.0M 


rrespond 


t 


(C.P.C.) situated at the Cornell Computing Center. 
Two different initial C.M. momenta, k=0.7M and 
k=1.0M were considered. These correspond respectively 
to 1.135-Bev and 2.128-Bev meson kinetic energies in 
the laboratory system. For each of these two energies, 
the kernel was programmed as a function of the 
“variable” s and the “parameter” p Use of two different 
“instruction fields” greatly facilitated the programming 
for |v >4 and |v! <} respectively. The regions where 
the kernel was expected to show rather marked varia- 
tions (according to the previous paragraph) were given 
due weights by taking smaller intervals of s and p for 
them. For the asymptotic region (large s) the behavior 
of the kernel, as given by (24a) was taken as a rough 
indication of the maximum value of s needed for a 
given p, with the specification that the least tabulated 
value of L(p,s 
its maximum value. 

Some typical curves are shown in Figs. 2 and 3. 
For p> Pmax, Fig. 2 shows that the kernels are indeed 
smooth functions of s, with fairly well-defined maxima 


for given p) should be about 1% of 
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at roughly s=p. There is a tendency for these peaks 
to be somewhat broader as # is increased. 

Figure 3 shows that for p<pPmax, the kernel has 
logarithmic singularities. There is a fairly deep min- 
imum in between these singularities. The signularities 
shift towards the left as p is increased, and finally 
disappear at p= pmax. 


4. SOLUTION OF THE REAL EQUATION 


For a solution of the integral equation (7), it was 
necessary first to transform it into a set of linear 
simultaneous equations in suitable parameters repre- 
senting the wave function. Because of the presence of 
various singularities it was thought somewhat more 
convenient (and probably safer) to use a semianalytical 
approach by fitting simple functions of the appropriate 
type to the numerical data representing the kernel, 
instead of taking only those discrete points at which 
the kernel had been tabulated. This procedure permitted 
the integrations over singular regions to be carried out 
in a relatively simple way. It is particularly useful for 
P<Pmax, though not so much for p> Pmax. However, 
since the procedure of curve fitting turned out to be 
very much simpler for p> pmax, it was decided to adopt 
the same procedure throughout. 

As already noted, it was found convenient to work 
in terms of x(=F,+w,—£) rather than s. This makes 
the integration over the singularity at x=0 a fairly 
trivial matter. 

Since it was not possible to represent L(p,s) by a 
single function of x over its entire range (without 
sacrificing a considerable amount of accuracy), the 
latter was broken up into several suitable intervals in 
each of which the kernel could be represented accurately 
by simple functions of ‘x’. It was expected that the 
number of intervals should increase with & in order to 
achieve the same degree of accuracy; therefore it was 
decided to take 4 intervals for k=0.7M, and 6 for 
k=1.0M. 

The wave function f;(p) could be conveniently 
represented in the corresponding intervals by means of 
simple analytic functions of a similar type. As regards 
the shape of fi(p), the function L(p,k) (which is just 
the Born approximation fg(p), apart from the factor 
—r(Eyw,)', 
assumption of similarity between L(p,k) and f,(p) is 
probably not unreasonable at moderate energies, but 
may not be valid for larger ones. However, as long as 
the number of parameters used to represent f,(p) is 
reasonably large, the assumption of a particular shape 
(like the one mentioned above) should not make any 
important difference, especially since /;(p) cannot have 
any unphysical singularity (being a wave function). 
For p> pmax it was found that the functions L(p,s) 
as well as L(s,k) could be represented very accuractely 


was taken as a rough indication. The 
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Fic. 3. L(p,s) as a function of s when p<fmax and k=1.0M 
Curves (1), (2), and (3) corresponding respectively to p=0.4M, 
p=0.6M and p=0.8M. 


by simple quadratic functions of x for moderate values 
of s and by functions of the type 


fi(s)=a/x+B/2?+y/x2 (29) 
in the asymptotic region. This conclusion was thoroughly 
checked for all the values of L(p,s) (p> Pmax) which had 
been tabulated. This gave a basis for the choice of 
functions needed to represent /;(s). 

As for p<pmax, there were some additional complica- 
tions on account of the appearance of logarithmic 
singularities in L(p,s) at the values of s corresponding 
to »=+1. To take these features into account, it was 
necessary to use functions which would have the 
correct singular behavior of L(p,s) at the appropriate 
places. With some trial and error it was found that 
L(p,s) and (p<pPmax) could be represented in the 
neighborhoods of »=1 and »=—1 in the form: 


L(p,s)= a+ bx+ cx*+- (Bx+C2*) In| i+ax!, (30) 
a being so chosen that the function would diverge 
logarithmically at the value of x corresponding to 
v=+1 or »=—1 as the case might be. A term like 
In| 1+ax| was not considered in (30) in order to avoid 
integrals involving Spence functions. The function (30) 
was thoroughly checked to give the correct shape of 
L(p,s) near the singularities and the addition of a term 
like A In|1+ax!| was not found to improve the fit in 
any significant way. 
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Taste I. Representations of the wave function f 


as a function of x 
k@O.7M (1.135 1 OM K 
inte a Inte 
I 045805 x+cix? I OSsS04 +cox? 
0.555809 +baz+cx! 2) 0495:508 a +c 
4) 09¢ 1S a+Ox+% 3) OBS 1.2 + x 
4 Ss «4 J x 8 z x 4 Ss { s7t x 
5 ¢ 5S ai /x+Bi/x x 
ft s< x ’ +82/x* + x 


tabulated for the following 


values of p: 


L(p,s) was 

=().7M p 0.2, 0.5, 0.7, 0.9, 1.2, 1.5, 2.0, 3.0 
k=1.0M p 0.2. 0.4. 0.6, 0.8. 1.0 (3] 

SLA ael, By Ee ee, oe 

The various functions were then represented in 
accordance with the general scheme described above 
for the two cases P< Pmax and D> Pax 

The wave function /,(s) was represented as in Table I. 

The continuity conditions on f;(s) are as follows: 

1) f;(s) should be continuous at the junction of 
two successive intervals, 

(2) f;(s) should vanish at s=0 (since both ipl p 
and L(p,s) vanish at p=0 
These conditions reduce the number of independent 


represented by 


tively and 
31 


a set ot 


| to & and 


| able 


ist the number of “data” 


parameters in 


i respec 


these are 


Che integral equation (7) was converted into 
by 


x0 


tions in the parameters representing 
} 


near equa 


arrying out the integrations with the help of 


and Table I, in 
then solved for two different 


=15 and 10. 


a straightforward way. These 
values of A, 


rhe 


were corre- 


sponding to G*/ (4x results for the 


phase shifts so obtained are summed up in Table II 
below, which also includes tané, 

Table I] shows that the percentage increase in the 
phase shift over the Born approximation is small 
even for G* (4x) as large as 10x. The quantity tané, was 
calculated for intermediate energies k=0.8M and 
k=0.9M as well 

Figure 4, which exhibits (#A\)~' tanédg= L(k,k) (inde- 


as a function of k, shows that the quantity 
ge behavior of L(k,k), 
of 


pendent of A 
i monotonic in &, 


it} the fact that t increase 


> percentage 


the phase shift over the “we approximation is not 
large, suggests strongly that the exact phase shift also 
increases monotomically in the entire range from 
k=0.7M to k=1.0M, rather than, for example, passing 
Taste IT. Calculate phase snilts 
~O.7M (1.1455 B A 10M (2.128 Be 
{ ie né and ta tanéd t 
0.1961 017 0.3762 0.3722 0.4075 
0.5032 0.3676 1.1164 0.7700 1 5380 
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through a maximum at some intermediate energy. 
In view of this result it was not thought necessary to 
calculate the exact tané for the intermediate energies, 
but its value was obtained by a simple interpolation 
formula assuming that tané/tané, is linear* in k. The 
curves for (x)! tané which are drawn in Fig. 4 are 
thus based on the equation tand=tanédg(a+bdk). 

The wave functions obtained from a solution of the 
simultaneous equations are shown in Figs. 5 and 6 for 
the two cases k=0.7M and k=1.0M 7 tively. The 
quantity actually plotted is g(s)=—A* (Ey) if, (s). 
The corre sponding quantity in the Born approximation 
(also shown) is ga(s)=L(s,k), independent of A. This 
allows a direct comparison of the percentage change in 
the wave function for different values of X. 

Figure 5 shows that for the lower energy (k=0.7M) 
the effect of the integral equation is to increase the peak 
and to push the entire wave function somewhat towards 
This only means that the region of s 
above the energy shell plays a more important part 
than the Born approximation form indicates. Apart 
this feature, f,(s) seems to be similar in shape to 
fe(s). The behavior is qualitatively the same for both 
the coupling constants; only the effect is more pro- 


higher momenta. 


from 


nounced for the larger one. 

The situation seems to be qualitatively different, 
however, for the case k=1.0M, as one sees from Fig. 6. 
Here the exact ion g(s) 
below the energy shell which are not present in ga(s) 


funct has sharp oscillations 


This seems to contrast sharply with the situation 
encountered for k=0.7M, where no such oscillations 
are perceptible. The behavior is again qualitatively 
similar for the two coupling constants 


It appears that th Fig. 6 may 
be due to the peculiar shape of L(p,s) for p< pmax, aS 
The importance of this region 
apparently increases with energy 5 and 6). 
An explanation of these oscillations was attempted 
by looking for the second Born approximation which is 


af L P,S) p(s) 1x 


It was expected that if the Born approximation were not 
should approximately 


e oscillations in g(s 
may be seen from Fig 
(see Figs 


given by: 


(32) 


too inaccurate, 
represent the difference between f)(s 
illations in the appropriate region. 

€ sg (32) did 


he energy 


this quantity 
and fa(s), and 
hence show large os 
The 
indicate oscillations in this quantity beiow 


4 
\ 
' 


quantitative evaluation of t 


shell, but they were found to be too small to account 
for the actual difference between f,(s) and fa,(s). 
Apparently, Born approximation is too inadequate. 
The solution of the integral equation apparently 


amplifies the oscillations to a large extent (and also 


shifts the wave function generally to the right). 
* This approximation is justified the percentage increase 
over tand, is small, ie., the phase shifts are far from resonance 


since 
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As regards the lower energy (k=0.7M), such oscilla- 
tions should exist in principle, but since the region of 
?<Pmax is much less important in this case, than for 
k=1.0M, they are probably too small to be detected. 


5. THE COMPLEX INTEGRAL EQUATION 


So far, we have considered the solution of the integral 
equation by neglecting the reactive effects arising from 
the possibility of meson production. To take these 
effects into account, we have to turn to the more general 
equation (16) which may be written as: 


fi(p)=fale)+a f { L(p,s) fils) 
— L'(p,s)b1(s)} (dx/x), 


o(p)=af L’(p,s) f(s) (dx/x) 


(33) 


+f L(p,s)o1(s)(dx/x). (34) 

















we ‘oe cee — 
—2 iC M momentum) 


Fic. 4. The quantity g(k)=(#\)" tand as a function of k 
The curves (1) and (2) correspond respectively to the values 15 
and 10x for the coupling constant. ga(k)=L(k,k) is the corre- 
sponding quantity in the Born approximztion 


The coupling of these equations makes their general 
solution a very laborious task. If, however, we neglect 
the last term on the right-hand side of (33), the simpli- 
fication will be considerable, since the equations will 
be decoupled. There are two main arguments in support 
of this approximation. Firstly, the quantity L’(p,s) 
vanishes identically for p> pmax, 80 that for such values 
of p, the Eq. (33) reduces exactly to (7). Now a con- 
siderable contribution to the solution of the integral 
equation comes from the region of high momenta. In 
fact, Figs. 5 and 6 indicate that the wave function is 
considerably enhanced for p>& and reduced for p<k, 
as compared with the Born approximation. Our 
approximation is, in fact, exact in the region from 
which we expect the contribution to the 
integral equation. 

Secondly, it has been noted that even in the region 
of P<Pmax, L’(p,s) can be nonzero only in a narrow 
strip of the p—s plane, between the singularities of any 
of the curves of Fig. 3. Thus if Z(p,s) and L’(p,s) are 


most of 
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Fic. 5. The function g(s)=—A(Ew) f(s), for the case 
k=0.7M. Curve (1) corresponds to the Born approximation 
ga(s)=L(s,k). Curves (2) and (3) are for the two coupling 
constants of 15 and 10x respectively. 


of the same orders of magnitude (in the region where 
L’ exists) and if the same is true for /,(s) and ¢,(s), 
the contribution from the second term /L’¢,(dx/x) in 
the integral of (33) is expected to be small, compared 
with that from the first term Lf, (dx/x)." 

Both the arguments tend to emphasize the impor- 
tance of the term /Lf,(dx/x) compared with /L’¢, 
X (dx/x) in the entire two-dimensional domain of p 
and s. We may therefore feel confident that our approxi- 
mation will not affect the solution seriously. 

With the approximation, (33) is identical with (7) 
and its solution can be taken over from Sec. 4. Thus in 
Eq. (34), the first term on the right is a known quantity, 
and may serve as the “inhomogeneous” term of the 
integral equation for ¢,(s). Moreover, the “homo- 
geneous” part of (34) is identical with that of (7), 
except that ¢;(s) replaces /,(s). Thus all the results of 
Sec. 4 can be used quantitatively if similar assumptions 
are made about ¢;(s) as for f,(s)." All that is needed is 
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Fic. 6. The function g(s)=—dA(Ewos)4f;(s) for the case 
k=1.0M. Curve (1) corresponds to the Born approximation 


ga(s)=L(s,k). Curves (2) and (3) correspond respectively to the 
solutions for the two coupling constants 15 and 10” Curves (2a) 
and (3a) represent modifications of (2) and (3) when the effects 
of meson production are taken into account 


These considerations need modification near ‘‘resonance”’ 
where the relative magnitudes of {/Lf,(dx/x) and {L'¢:(dx/x) 
play a more important part than implied here. [For details, see 
M. Nelkin, Cornell thesis, 1955 (unpublished). ] 

“1 Mathematically, this simplification stems from the equality 
of the Green function for both the equations 
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TasLe IIT. Values of 


1+iB=—r(Eyor 
=tan(é+in 


If, (b) +i¢s (k)] 


k=0.7M k=10M 
G/4r 4 B 4 B 
15 0.19613 0.00425 0.39638 0.05566 
10x 0.50324 0.06816 1.23990 0.60517 


to evaluate the quantity: 


on(p) af L’(p,s) fi(s) (dx/x), 


which plays the role of 


a 
uw 


This can be 
s) and L’ p,s 
17)). From (26), we can 
(c?—1—r?) 


ipl p in 7 
obtained by simple quadrature with f; 

which is defined by (14 
deduce immediately that the parameter y= 


2r) is simply equal to cos@, where @ is the angle between 


and 


p and s. Thus y should lie between —1 and +1 for real 
values of 6. 

Solution of Eq. (34) in a straightforward manner gave 
results for the complex phase shift (defined by (18)), 
which are listed in Table III. A comparison of the 
relative magnitudes of A and B shows that the latter 
increases fairly rapidly with energy and coupling 
constant. These figures serve to give a genera! idea of the 
relative importance of the effects of meson production 
at these energies, as predicted by the T.D. method. 

For a 


discussion of the validity of our “decoupling”’ 
approximation, it 1s enough to confine our attention to 
k=1.0M, Table III shows already that the 


approximation is quite good for the lower energy. 


since 


An iterative procedure was employed to check the 
approximation. The last term of (33) was evaluated on 
the basis of the solution for ¢@,(s) as obtained from the 
simplified equations. This term was then included in 
ia\p 


the coupling 


and the equation was solved for f;(s) for both 
10x. 


phase shifts so obtained are listed in Table II which 


constants 15 and The “modified” 
shows that these quantities are larger than the previous 
is small for G 

for G*/4r 


ones, The change 4r=15, but quite 
10x 


for the latter, the increase is not so large as to invalidate 


significant (~20°% However, even 


the interation procedure itself; (one might need a few 
more interations 

The “‘modified” wave functions are plotted in Fig. 6 
alongside the unmodified ones. As might have been 
expected, the modification mostly affects the region 
below the energy shell, at least for the lower coupling 
constant. The effect is of course much more pronounced 
for the larger coupling constant, where even the region 
above the energy shell is significantly affected. The 
general tendency is to increase the importance of the 
region above the energy shell, indicating a somewhat 
stronger interaction than the real integral equation 


alone implies 
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6. DISCUSSION OF THE RESULTS 


The significant feature of the results derived in the 
previous sections is the total absence of any resonance 
over a wide range of energies and coupling constants. 
If the maximum in the x~-p cross section near 1 Bev 
were indeed due to a one-meson resonance, the value 
5~90° should have occurred at an energy somewhat 
higher than 1 Bev,"? and the range of energies considered 
here would have been sufficient to locate such a point. 
On the contrary, the results obtained in the previous 
sections strongly suggest that the phase shift for the 
Dy, , state increases monotonically over a wide range of 
energies and coupling constants, without ever reaching 
90”. 

As shown in the introduction, the state chosen for 
the purpose of the present investigation seemed the 
most plausible one theoretically as a one-meson resonant 
state. It is unlikely that any other single meson state 
of the x-p system will give any better results of the 
type desired. Thus we are forced to conclude that it is 
apparently not possible to explain the second maximum 
in terms of single meson resonant states like Py ,. 

If the Dy, state were considered as an isolated 
problem, G?/4r could have been taken arbitrarily 
large, subject only to the condition that G?/49r<G,?/4r 
[ Eq. (25a) ], and it is quite conceivable that a resonance 
would have been obtained for a fairly large value of 
G*/4r (but less than 176.8). The more important 
consideration, on the other hand, is how far the coupling 
constant so obtained is compatible with other conditions. 

Increasing evidence has been accumulating in favor 
of the value G?/4r~15, ever since it was determined 
from the P44 resonance.' A considerable theoretical 
basis for the interpretation of experimental results in 
terms of the coupling constant has been provided by a 
theorem of Kroll and Ruderman" and the recent theory 
of Low." These questions are discussed in detail in 
Bethe’s forthcoming book. It now appears that even a 
value of 20 for the coupling constant is too high, and 
we are certainly not justified in considering any value 
greater than 10r. 

For a direct comparison of the experimental results 
with the theory, we have evaluated the cross sections 
[using the formulas (20) and (21) ] which are described 
in Table IV. 

Tasie IV 


Theoretical cross sections in mb 


k=0.7M 
lab energy =1.135 Bev 
G@/4e=15 Gt/4e = 108 


k=1.0M 
lab energy = 2.128 Bev) 
G/4e=15 Gt/4e =10r 








Gei(xp 0.834 4.196 1.400 5.166 
Gin(x p 0.092 1.108 0.4866 1.635 


* This is because of the factor * in the cross section 

“N. M. Kroll and M. Ruderman, Phys. Rev. 93, 233 (1954) 

“F. Low, Rochester Conference Proceedings, 1955 (un- 
published 

















PION-NUCLEON SCAT 


TaBLe V. Experimental cross sections 


Cross sections (mb 


Process (r~ +) 1.0 Bev 1.5 Bev 
1. Diffraction scattering 14 7 
2. Elastic (large angle 5 2 
3. Inelastic processes 28-33 26 


The experimental curves for the total cross sections'*:'® 
show a maximum of about 50 mb at 1 Bev in r-p 
scattering. The x*-p scattering at this energy is about 
30 mb. From this one estimates the 7= $ contribution 
to m~-p scattering to be 10 mb. This leaves about 40 
mb to be explained by the state 7=}. Unfortunately 
the values given in Table IV are much too small to 
account for this magnitude. : 

It may be worthwhile analyzing this large discrepancy 
in terms of elastic and inelastic contributions. According 
to Table IV, the reactive cross section is rather small 
compared with the elastic contribution, though the 
former increases with energy. However, even at 
k=1.0M, the ratio oj,/o., is only ~}. The various 
contributions to the cross sections estimated from the 
experiments of Walker,'* Piccioni,'? and others are 
given in Table V. 

Comparison of these figures with those in Table IV 
shows that the discrepancy is very much larger for the 
inelastic processes than for elastic ones. The calculated 
ratio oj,/¢. is too small to account for the observed 
ratio of ~1 at 1 Bev and ~2 at 1.5 Bev. 

It may be noted from Table V that most of the 
contribution to the elastic events comes from diffraction 
scattering (confined to small angles). The large angle 
scatterings are mostly inelastic. Now a large number of 
angular momentum states make comparable contribu- 
diffraction scattering, so that even large 
l-values are important for this process. On the other 
hand, we have assumed only one / value (/=2), so that 
this process has not been adequately treated in our 


tions to 


theory. 

It has been suggested by the Brookhaven group that 
a possible explanation may be based on a two-meson 
interaction 
section for the production of a meson increases very 
rapidly with energy. If the total available energy is 
shared in comparable amounts by the various particles 


As the experiments indicate, the cross 


concerned, the conditions may be such that around 1 


*Q. Piccioni (private communication 

*W. Walker, Proceedings of the Fifth Annual Rochester Con 
ference on High Energy Physics, 1955 (to be published 

7O. Piccioni 4 Fifth Annual Rochester 
Conference on High Energy Physics, 1955 (to be published 
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Bev, one or both the mesons are in a resonant P34 
state with the nucleon. Walker’s'® measurements of 
the momentum distributions of the scattered mesons 
at 1 Bev and 1.5 Bev, respectively, throw some valuable 
light on this point. His analysis shows only one peak 
(at p~350 Mev/c) for the 1-Bev mesons and two 
distinct peaks (at p~300 Mev/c, p~600 Mev/c) for 
the 1.5-Bev mesons. This gives support to the argument 
that at 1 Bev, both the mesons are at the same resonant 
state with the nucleon. Assuming therefore a Py 
resonance, it follows that at 1 Bev, one essentially gets 
the square of the enhancement factor which comes from 
the P;,, state, and this is probably enough to explain 
the large magnitude of the cross section at 1 Bev. 

One difficulty about this explanation is that there is 
no simple reason why this enhancement will affect 
only the 7 =} state and not 7= 4. According to Ross,'* 
the P;,, state might still account for the peak at 1 Bev, 
but only if the subsequent scatterings of both the mesons 
by the nucleon are important. 

An explanation which avoids the enhancement in the 
T= % state has been recently proposed by Dyson." 
According to him, a “‘particle” with a strong interaction 
with the nucleon is probably formed when the r-meson 
strikes the target. This particle which is assumed to 
have a mass of about 1000m, and an isotopic spin 
T=0 decays into two x mesons with an unobservably 
short lifetime. This picture can explain why the T=} 
scattering can be very large in several angular momen- 
tum simultaneously, affecting the 
T =} state. It may be noted in this connection that a 
calculation performed some time ago” indicated an 


states without 


attractive interaction between two mesons in a state 
T=0. It is therefore suggested that a more detailed 
study of this interaction may prove useful in this 
connection. 
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Electromagnetic Properties of the Deuteron. I. Charge Density and Quadrupole Moment* 
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The Tamm-Dancoff method is applied to the calculation of the electrostatic properties of the deuteron. The 
state vector is assumed to contain amplitudes for at most two mesons in the field, but the possible presence of 
nucleon-antinucleon pairs is ignored. A formula applicable to the calculation cf any multipole moment is 
derived and used to compute the leading exchange corrections, of order g* and g*, respectively, to the usual 


expression for the quadrupole moment 


For a suitably chosen hard-core wave function the ratio of suc- 


cessive terms is about one tenth, and the g* term is itself only a few percent of the total effect. 





I, INTRODUCTION 


N this paper we shall present a Tamm-Dancoff 
calculation of the contributions to the 
charge density and quadrupole moment of the deuteron 
in which we shall explicitly include the presence of as 
many as two mesons in the field. We have chosen to doa 
Tamm-Dancoff calculation, despite the well-known 
difficulties in properly taking into account nucleon 
“self” effects, for two reasons. Firstly, the method can 
be used to give a reasonable account of the low-energy 
properties of the two-nucleon system.' The finite ex- 
plicitly two-body contributions arising from the equal 
times reduction of the covariant equation are also given 
by our formalism.* The effects of self-interactions, the 
treatment of which requires a covariant formalism, are 
logically separable from the exchange terms treated in 
this work and will be discussed in a future paper. 
Our decision to calculate charge density effects rather 


mesonic 


than magnetic moments rests on the oft-noted fact that 


*A preliminary account of this work was presented at the 
Washington meeting of the American Physical Society, April, 1954 
(Phys. Rev. 95, 655(A) (1954) ] 

t Harvard Society of Fellows 

t Now at the Department of Physics, University of Pennsy] 
vania, Philadelphia, Pennsylvania 

'K. Brueckner and K. M. Watson, Phys. Rev. 92, 1023 (1953 

? For a treatment of electromagnetic effects with the covariant 
equation, including recoil effects but not radiative corrections, see 
S. Deser, Phys. Rev. 92, 1542 (1953). The very large (of the order 
of 50%) mesonic correction which Deser finds in order eg* is due 
partly to his taking the asymptotic form of the deuteron wave 
function seriously down to the origin and partly to an incorrect 
coordinate-space reduction of his energy operator. Our treatment 
also differs from his in the treatment of recoil effects. See Appendix 
B for a discussion of this point 

* Another interesting and quite different calculation has been 
given by F. Villars, Phys. Rev. 86, 476 (1952) who uses covariant 
perturbation theory (canonical transformations) to estimate the 
mesonic effects on the deuteron moments. He finds that the 
quadrupole effect is of the order of a few percent and in his ap 
proach is given entirely by terms which have a vanishing adiabatic 
limit. One evident drawback with using canonical transformations, 
as pointed out by Villars himself, is that the potential to which it 
leads will not bind the deuteron [M. M. Lévy, Phys. Rev. 84, 441 
(1951) ] and hence it is not quite consistent to evaluate the ex 
pressions with a phenomenological wave function based on two 
nucleon binding. The essentials of this approach are described in 
Appendix ( 

* A. Sessler, Phys. Rev. 96, 793 (1954) has given a calculation of 
charge density effects to order eg which is quite similar to our 
work. We are pleased to acknowledge an informative correspond- 
ence with Dr. Sessler. See also I. Sato and K. Itabashi, Progr 
Theoret. Phys. (Japan) 12, 100 (1954) 


the expressions for charge density phenomena, like the 
quadrupole moment, are less sensitive than the magnetic 
effects in a given order to the behavior of the wave 
function in the region of interaction. The validity of our 
approach rests upon the rapid convergence of the effects 
calculated ; it is, therefore, a satisfactory result of our 
work that the one-meson exchange effects amount to a 
few percent while the two-meson effects are about a 
tenth as much. 

The heart of the calculation consists in determining 
the effective one-meson and two-meson charge density 
operators associated with the nucleon current.° In Sec. 
II, we develop the formal apparatus for doing this and 
discuss the relationship between the charge density 
operator and the protons probability density. In Sec. 
III, we present the quadrupole moment formulas and 
the numerical evaluation of these with appropriately 
chosen wave functions. In Sec. IV, we discuss the more 
general aspects of our results; in the appendices, recoil 
effects are discussed and the Tamm-Dancoff approach 
as used in this paper is related to the method of canonical 
transformations and to the covariant two-body equation. 


Il. FORMALISM 


In principle, all of the information about the static 
electromagnetic effects in the two-nucleon system can be 
obtained from the Schrédinger equation: 


(H°+-H'+H")b= Wo, (1) 
where 


A'\= <e f dubx)\ 1+ ra)10A"OW(), (2a) 
and 


H'= = f dxVx) vor (x0.(0). (2b) 


Here ¥ and ¥ are the usual nucleon field operators, and 
A,* is an external electromagnetic field. 

Our program is to obtain explicit expressions for the 
electromagnetic and nuclear energies defined by Eq. (1) 
after @ has been expanded in a basis of free-particle 


* The meson current effects depend on the nucleon coordinates 
via the antisymmetric operator tex.) and hence, as has often 
been remarked, yield vanishing expectation values for any two- 
nucleon state 
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states. Then, in the spirit of ordinary perturbation 
theory, we shall evaluate the exchange contributions to 
the electrostatic energy with the solution of Eq. (1) 
taken in the absence of the external field, A,*. 

In the expansion of the state vector, using a free- 
particle basis, we shall restrict ourselves to the form 


P= apPy + a);P;+ abo, (3) 


the #; are the solutions of the free-particle 
Schrédinger equation involving two nucleons and 1 
mesons, and the a; are the amplitudes for the ith meson 
state. We have omitted all nucleon-pair amplitudes.* 
rhe relations among the a; can be determined by a 


where 


variational principle. Thus, if 
W = (, (Ho +H')®)/ (®,®), (4) 


where /7' is the total interaction Hamiltonian, then 


{ 


putting Eq. (3) into Eq. (4) we see at once that 


W (a0,41,42) =[ | ao|*e€o+ | a1! %e:+ | ae) *e 
+ | ao! *H oo! + | ay! ?Ay1'+ | ae! *A oe! 
+49*a1H oy! +4;* oH 10! 
+4)*aoH \.'+a.*a;H>2,' | 
X[]oo!2+}a;/24+/as/2}, (5) 
integrations over momentum variables being understood 


and where the ¢,; are free-particle kinetic energies. The 


correct choice of the @,; is given by the condition 


and hence 


(W- é H ’\ a9 Ho,"ay, 
(WW qo Ay, ja H 39! ao4 Hy'a i) 
W — €2— Hoe! )ao= Ho! a 


By carrying out a formal elimination of the other a, in 


terms of a» we obtain the following integral equation, 


(W — €9— Hoo" Jay 
Ho! (W— HW — HH") 0’ 
+- Ho)! (W — HW — HH") Hy! (W— HW — He") 

X Hoy’ (W— H°— HH") Hy" Jao. (8) 
Since the physical consequences of the theory cannot 
depend upon how ® is normalized, we set |/ao! =1. 
Hence upon expanding the electromagnetic effects to 
first order and taking the scalar product of Eq. (8) with 
do, we find 


W =(H")+ 


* The justification of the neglect is twofold: quite generally, the 
work of many authors [for example, see A. Klein, Phys. Rev. 95, 
1061 (1954) where references to previous literature are given | 
indicates that pair effects associated completely with the nuclear 
interaction are in fact suppressed. On the other hand, those effects 
in which the pair is either created or annihilated by the external 
held and thus not necessarily suppressed [see, N. M. Kroll and M 
Ruderman, Phys. Rev. 93, 233 (1954) ] give smaller contributions 
o the electrostatic effects than the leading terms by the ratio of 


meson to nucleon mass. 


V’(W))+(V"'(W)), (9 
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‘ 
1 
‘ ‘ oo” + 
' De 4 
; ' ' 
‘ i / 
/ 
(0) (0) (c) 


Fic. 1. Diagrams for parts of (V"’) which involve self-interactions 
Solid lines represent nucleons, dashed lines are mesons, and the 
sense of time can be taken as running up the page 


where, with Go= (W— H°)~', we have 


(V'(W)) = (Ho1'Gold 0" 
+-(Ho;'GoH \2'Gol 'GoH'), (10a) 
and 
(vel(W) Ho?!) +H y'GoH "Goll wo’) 
+-(H o)'GoH 1o'GoH 22" Goll o)'GoH wo’) 
+H )'Goll "Gol 12'GoH x'GoH 10") 
+H oy'GoH 12'Goll o)'GoH 18"GoH 0’). (0b) 


Of course, Eqs. (10a) and (10b) contain many diver- 
gent contributions. Typical samples of these are indi- 
cated in Fig. 1 and in Fig. 2. Since estimates of such 
effects with the present model are necessarily cruder 
than that of the finite contributions, we shall not attempt 
to give them here. However, since these terms are easily 
recognized, we can split them off and lump them to 
gether as S(W) leaving a finite residue which we call 
(v’(W) iW Hence Eq. (9 


an | | be¢ omes 


V'(W)). 
+-(.5’(W))+-(Seh 


W=(H)+(V'(W)) <4 


W) (11) 


We now turn to the essential business of extracting 
the two-body electrostatic moments from Eq. (11) and 
learning what effect the (S(W)) have upon these. To this 
end, we recall that the electrostatic energy of the two 
body system in the presence of an external potential 
Ao*(r) can always be written in the form 


f ow(o Ao*(r)dr, (12) 


where p.,(r) is the effective charge density operator 
which will include the effects which arise from meson 
exchange. We may expand Ao*(r), about the center of 


mass of the system, taken at r=0, and thus obtain the 


‘ 
‘ ‘\ - ' 
‘ ot 
‘ + z 
i / f} 
/ / / 
(a) (b) (c) 


Fic. 2. Diagrams for parts of (V*') which involve self-inter 
actions. The notation is the same as in Fig. 1 with the addition of a 
cross to indicate an interaction with the external field 
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equation 


{ r))Ao*(r)dr [om r))[Ao*!\ ot 8: VAo'! 


+4er:9VAo!|ot+--- dr, (13) 
Or SY mb 4 
Vel(wy > AI f (W) ) Fr (14) 
where 
Ay= (1!)-"(0.+0,4+-0,)'Ao"(r) | o. (15) 


One can then define the 2'th static moment tensor by 


means of the terms contained in OW/dOA,; , However, 


using Eq. (11), one obtains 


aw /ar, ((aV"(W)/dW) OW /AAs)o0 
4 [ (as W)/aWwaw Or: |mo 
+[(V P'(W))- reotf(SPUW)) joo (16) 
or, again understanding the limit A,;=0, 
OW /an, V SOW) +S OW) 
<[1 _ as’ av -{al / Ow a 3 (17) 
On the other hand, the electrostatic energy must also 
be given by 
(He) / (bo), (18) 
and if we expand @ and H*' and remember that | ao! = 1, 
we learn that 
au On, f | ‘ iS 
x}1+> f a(pi,po,ki,-* ky) 
x dpidpetk,- - ak. . (19) 


Since the oi a\ pip k;,: -k 


bilities for finding 1 


? are the relative proba 


ius led to 





mesons in the field, we are t 


the theorem’: 


> [ a P:.Po,k:, k,) *dpidpedk,, : dk; 

as’ /aw OV'/OW).=P. (20) 
However, as can be seen from Eq. (12b), (V <*4), is itself, 
in the general case, an infinite series in g*. Thus if we 
choose A,y= (2 0,+0,+0,)Ao* we are led in the 


standard way to the following infinite series for the 


quadrupole moment, 
21) 


0=E@I+P) 


i=) 
where (0°) can be identified with the usual expression 
for the quadrupole moment as expressed in terms of the 
bare proton charge density 

?See also remarks by A. Klein, Proceedings of the Fourth 
Annual Rochester Conference (University of Rochester Press, 


Rochester, 1954), p. 44 


AND A 


KLEIN 


Until now we have been dealing with P and (S*!(W)) 
as if they were perfectly finite. However, under the 
assumption that in a properly renormalized theory P 
would be small compared to unity, we would expand 
(1+P}" and hence note the additivity of all self- 
effects to those arising from exchange interaction. 
Leaving it at that, we shall henceforth devote ourselves 
solely to interaction effects. 

In ordinary quantum mechanics one defines the 
charge density in terms of the probability density of the 
proton coordinate and the quadrupole moment in terms 
of this charge density. In our calculation, however, the 
probability density of the proton in momentum space 
can be taken as 


e(p) = a(pu, oks,: ‘ky *dpodk,,---dk;, (22) 


vem) 


from which it follows that the sum in Eq. (21) has the 
form 


sa 
> = fe r)r*X (3 cos*@—1)dr, (23) 
Jat 

where p(r) is the Fourier transform of Eq. (22). For 


the remainder of this section we illustrate how p(r) 
may be computed directly from the nuclear interaction, 
in a manner analogous to the use of Eq. (20). 

To this end, we shall consider in parallel the expres- 
sions in momentum space arising from Figs. 3(a) and 
3(b). Inserting the details of the coupling we may write 
as the contribution to the energy from Fig. 3(a) 


g? dp,dpodk 
f a*(p;—k, po+k) 
. 2w(k) 


XK (Vos) 141° t2\VoY5)2 


x LW —e(pi—k) — e(p2) —w(k) }'a(pi,pe), (24a) 


where means that we are to take the matrix element 
of the enclosed Dirac operator between free spinors. 
3(b 


From Fig we have 


eg” dp:dpsdkdq i 
a*(p:—k-+4q, po+k) 
2r)* 2w(k) 


x Ao*(q)A, (pi— k yor) 
MK e1° t2\Vors 2 (W —e(pi—k +4) — e(p2) —w(k) ] 


x LW — e(pi—k) — e(p2) —w(k) }}~“'a(pi,pe). (24b) 
P-k Poth P-k+q Rk 
a ¢ 7 2 Yad “ae 
te p-_ 0” IG 3 Contnbutions 
wk 7 to (V’), and to (V*!), in 
: the order of g* and eg* 
respectively. 
Pp P 
i 2 P, P, 
(0) b) 
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If in Eq. (23b) we perform the same expansion as in 
Eq. (15), then the contribution to the quadrupole 
energy is obtained by replacing — Ao*(q) by 


} > (0?/0q :09;)5(q) 0 :0;A 0° 0. (25) 
2 

to introduce center of 

momentum and relative coordinates in the amplitudes 

in Eq. (23) which is done under the approximation that 

the deuteron is unperturbed, i.e., we write typically 


It is also useful at this stage 


a(p;,p:)=5(P)a(p)(2x)!V-3, (26) 
where 

P=pit+p:, P= — Pp»), (27) 
and V is the system volume. An integration by parts, 
then, transfers the 6 function differentiations on to the 


other functions of g in Eq. (23b). We shall show in 
Appendix A that the only term arising from this process 


which has a nonvanishing adiabatic limit has the form 


an 
a Pie 
(2x)* 


AK YVOV5) 181° T2.YOY5 


voy 
Op 0] 


a*(p—k) ] 
of 2w(k) } ; 
x[W—e p -~k)—e(p)—w(k) ] . 


X a(p)d:0;A o* odpdk. (28) 


One need only compare Eq. (28) with Eq. (24a) to 
understand that in the limit contemplated, p(r) is given 
by —dV'(r)/OW, where the last quantity is the adia- 
batic limit of the energy derivative of the interaction. 
Hence, it is sufficient to give the formulas for dV’/dW, 
from which both the normalization P and the moment 
terms can be computed. 


Ill. RESULTS 


We write the expressions for 0V’/dW at the stage 


after the spin-matrix elements have been reduced to 
large components and the adiabatic limit taken. We are 
then led to a local operator in coordinate space which 


has the form 


—dV,'(r)/aW 


Gas 
= (2x)? 


—dV2'(r)/aW 
dk, dk, 
f e* ky+kg)-r 
4w we 


(5) x 
2M/ (2x)® 


% {(6( ky -k2)?+4( 41> 22) (oy- ki X ke) (o2-k Xk) J 


x4 w*w) ++ (wwe) ll 


+-[2 (y+ 22)(Ky- ky)? +3 (o,- ky & ke) (oe- ky X ky) J 


« [8 (ws*we) 


1— 2 (ww)? 


‘(witwr2)*}}. (30) 


— 4(wyw) 
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All of the Fourier transforms in Eqs. (29) and (30) are 
standard except the last term of Eq. (27) 


evaluate under the assumption that 


which we 


4[ wwe (wi +-we)* 1X (wywe)? (31) 
over the momentum range considered. Setting «=r, we 
then find (with *;-e2.=—3 and e;-e.=+1 for the 
deuteron), 

—dV,'(r)/aWw 

(g*/4ar) (u/2M)*(2/m) 

x {TKo(x) - K(x) x 
Sif Ko()+2Ki(x)/x}}, (32) 
— OV.) (r)/aW 
= (g?/49r)?(u/2M)* 
X ( (2/2) 2)(Ki(x)/xp 
+19K o(x) (Ki (x)/x)+6(Ko(x))* | 


— (e?*/x4)[ 327+ 22°+82+-4 }} 
(7(Ki(x)/xP+ (7 


— Si2le ae a*)/ 2x°+5a4 4}. 


— S12(2/m)* 2)Ko(x)(K,(x)/x)] 


(33) 


In terms of the standard expression for the deuteron 


ground state, which we identify with do, 


¥(r)= (49)~§r"Lu(r) +2 hw (1) S12 }x (34) 


we obtain by means of Eqs. (32) and (33) the following 
contributions to the quadrupole moment, separated ac 


cording to order in g* and orbital angular momentum 


State: 
1 
Vis ): 
4n ao \2M 
x | dru? (r)x*{ Ko(x)4+2K,(«)/x], (35) 
ez/ir* I 
Vis D ( ) = 
yor 2M/ 5v2 
Xf draaese[K (2) +5K(3)/2 (36) 


Vip 


fv x*[5Ko(x)+13Ki(x)/x], (37) 


e\'7u\*11 
Qrs= . ) ( ) - faves w)* 
4 2M/ w*5 


7(Ky(x)/x)?+(7/2)Ko(x)Kilx )/x J 


4+ (6**/x*)f 2x2-+-524+4]), (38) 
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he’ ae tet 2\? It will be noticed that the operators in Eqs. (44), (45), 
V28—p ( ) (. ) can fre ey ) and (46) are too singular to permit the integrations to be 
der 2M/ 4? 5v2 i\e performed down to the origin. Hence, in performing the 
(71/2) (K (x) /x)°+-12K o(x)(Ki(x)/x) numerical evaluation of our theory we made use of a 
phenomenological wave function based on a hard core, 
+6(K o(x) ? j+ (e**/x*) which gives a good fit to the bound-state data.* The 
“ 3134-9424 De 44 | £29) results are given in Table I. We have chosen (g° 4n)= 10, P 
% ™ , even though the experimental evidence indicates a , 


slightly larger constant, in order to facilitate comparison 


Px*7 a ("1 1 | 2\? with previous work.?4 The g* terms, which are perfectly 
2p ) fon "7 convergent at the origin, have, for comparison’s sake, 


Ce 2M nu’ 20 


g ; : : ; 
been calculated using a Hulthén wave function. One 
<1 (127/2)(K (x)/x)?—2K (K ;(x)/x) should keep in mind when considering our meson cor- 
rection terms that the measured Deuteron moment is 
+6(h it le : 2.73X10-77 cm’. 
| If, from Eq. (21) we take as the total mesonic correc- 
* $x + 10% + JI7+- 70) >. 40) . , 4 
tion to the quadrupole moment, 
i OS+(OCF)—O(P,4+ P 7) 
We 1180 record the normalization terms arising \ v/ TM UP 1 Ps), (47 
) mv’ an , P , oon - a2" 
then from Table I, AOu.= —0.539X 10-** cm’, which is 
, , rm the order of two percent of the measured moment 
\ ( )( )( ) ru?(Ky—Ky/x), (41 
tr § 2M . IV. FINAL REMARKS 
) - As in all treatments of the two-nucleon problem which 
\ . ( )( )( ) $y2 make use of the adiabatic approximation, the validity of 
tr ” 2M the results depends upon the justification of the use of 
the hard-core wave function. With this proviso, how- 
, fan o(Ko+2K,/x), (42) ever, it appears that the Tamm-Dancoff method provides 
a means of computing mesonic contributions to charge 
: density effects which is rapidly convergent. In fact, the 
£ é mM i. ¢ : 
Ven ( )( ) f ars K.+-SK : 43 rate of convergence for these effects, as shown in 
tr \x 2M/ .« lable I, is considerably more favorable than that for the 
nuclear potential itself, since the second moment of 
! I rt order P pte , . : . . ° 7) 
, _ : OV’, AW is less singular in the interaction region than } 
g a y* (/2\? (seul 
( ) ( ) [ aru ( ) 
br 2M . r Taste I. Numerical results for quadrupole moment and 
normalization integrals. The coupling constant g*/4r has been 
x 43/2)(K + 19K of A OA s " 10 
. 
t (¢ v*)| 329+ 207+ 824-4 ]}, 44) "moment integrals 
Wave tion Order 1028 om? x10 
4 . ‘ P 2 Core S-—S§ ee? 0.974 0.289 
\ / (: \G ) 392 far () S—D 0.435 5.136 ° 
—— a — D-—D O115 0.778 
ix/ \2M \\y 
- 7 Hulthén S—S eg? 1.177 — 3 797 
x1 71K I 1/2 K A . dD 
dD r) 
+-(¢ x*)) 2x°+-52+4 ]}, 45 Core: S—S ra —().270 0.742 
} S—pD —0.050 —().395 
D—D 0.350 0.176 


g u . - 
Nep ( ) ) fer ( ) Core Total ect 0.636 4.069 
4dr 2M ® Total eg* 0.028 0.523 


* J. M. Blatt and M. H. Kalos, Phys. Rev. 92, 1563 (1953). We 

r ful to Dr. Kalos for giving us the use of his wave function 

r\e ai $x°-+- 22°+- 2x+ 4) 46 tables and to Dr. Sessler for correspondence relevant to the 
merical integrals performed 
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It is to be noted that the same techniques employed in 
calculating the quadrupole moment can be used to 
estimate the deuteron charge density radius. Here, 
mesonic contributions may play a role in the interpreta- 
tion of high-energy electron-deuteron scattering experi- 
ments when these become accurate enough to give a 
precision measurement of this quantity. One may also 
employ the formalism of the paper for transition prob- 
lems where meson currents play the dominant role at 
high energies (over 100 Mev). Such work is in progress. 


APPENDIX A. RELATION OF CHARGE DENSITY 
TO QUADRUPOLE MOMENT 


In this Appendix, we shall present the details upon 
which the remarks following Eq. (22) of the text are 
based. 

To this end we consider in detail Eq. (24b), with the 
, (26), and (27), and 
with all irrelevant multiplicative factors omitted, as 


substitutions indicated in Eqs. (25 


fc lle ws: 


J aravinags P+-q)a*(p—k+}q) 


x [u*(p+4P—k+q)A,(p+4P—k) 

X yovsu(pt+4P) ]:[u*(4P—pt+k)yvovsu(4P—p) ]. 

X a(p)d(P)8/dq 0g 8(q)d 0;A 0°! 0 

X {w(k)/W — e(p+4P—k)—«(4P—p)—«(k) ] 

<[W —e(p+4P—k-+q)—(3P—p)—w(k)]}-. (A.1) 


At this stage one performs an integration by parts 
with respect to g. One then has four classes of terms to 
consider. There are terms in which one or more deriva- 
tives acts on 6(P+q). All of these vanish quite inde 
pendently of the adiabatic limit since on the one hand 
single derivatives give rise to vanishing odd integrals 
and the double derivatives when integrated pick out 
only the trace of 0;0;A 
are no sources of the external field in the nucleus. Next, 
there are the terms in which one or more derivatives act 
on an energy denominator 


e 


, which vanishes since there 


These can all be shown to 
represent recoil 
the text. The 
k+-q) also give 
rise to recoil terms dropped in the adiabatic limit. 
Hence, the term in which both 
derivatives act on the amplitude a(p—k-+-}q), Eq. (28) 
of the text. Transforming this term to coordinate space 


have vanishing adiabatic limits and 
corrections not evaluated explicitly in 


derivatives acting on the spinor u*(p,;— 


we are left with 


will readily convince the reader that this is the contribu- 
tion to the quadrupole energy defined as in Eq. (23). 
The structure of Eq. (A.1) is general enough to indicate 
that the argument will go through similarly to any order 
in g°. We therefore conclude that in the adiabatic limit 
it is correct to compute charge density effects from 
oV’/dW, as we have done. 
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APPENDIX B. RECOIL CORRECTIONS 


The problem of the treatment of nuclear recoil in our 
work has two aspects. There is the problem of defining a 
suitable nuclear interaction from which the amplitude 
a(p:,P2) is to be computed. In this connection we have 
adopted the attitude that Eq. (10) has been solved with 
sufficient accuracy so that a(p;,p2) actually contains the 
significant facets of the nuclear motion in intermediate 
states. There is also the occurrence of recoil effects in the 
exchange operators themselves. Here we have uniformly 
employed the adiabatic approximation in order to 
facilitate our numerical computations. Thus all energy 
denominators of the form 


W — e(p)—«(p’)—w(k), (B.1) 
occurring in 0V’/dW, have been set equal to —w(k). 


This has been done under the assumption that 


[W—«(p)—e(p’) |/w(k)<1, (B.2) 


and since in the deuteron this ratio is of order u/M, we 
do not expect modifications of the effective exchange 
operators based on the inclusion of recoil terms to make 
substantial alterations in our results. 

However, another entirely different approach to recoil 
terms can be given in the Tamm-Dancoff formalism 
along the lines of what Deser® has done for the covariant 
equation. In this approach one assumes that the static 
nuclear potential binds the deuteron, i.e 
(10) of the text in the adiabatic limit, and then one adds 


, one solves Eq. 


both the electromagnetic field and the “recoil potential” 
as perturbations on the system. If one now applies 
perturbation theory, it is evident that cross terms be- 
tween the velocity dependent potential and the electro- 
magnetic field will make a contribution to the exchange 
moment energies. It is interesting to follow this idea 
through in detail in our formalism since we shall succeed 
then in making connection with Deser’s results. 

To this end we consider a typical contribution to V’ as 
given, for example, by Eq. (23a) of the text, with the 
structure, 


4 


g° (yovs)141° t2Yovs)2 


. (B.3) 
(29)* 2w(k)[W — e(p’ —k) — e(p) —w(k) ] 

In order to separate the recoil effects in Eq. (B.3) we 
write 


[W —e(p’—k)—e(p)—w(k) |" 
= —w'+[W—e(p’—k)—e(p) ] 


x (wl W—(p'—k)—e(p)—w J). (B.A) 


Thus by the “recoil potential,” V,’, we shall mean all 
contributions to V’ such as Eq. (B.3) with the nucleon 
energy denominators replaced by expressions like the 
last term of Eq. (B.4). 

By standard second-order perturbation theory the eg? 
contribution to the electrostatic energy due to V,’ and 
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Ao*(q) is given by 


OLV,|nyin| V"|0)+(0! Ve"! n)(n! V,"|0) 


4AW=> (B.5) 
" Wo—-W, 
Here, Wy refers to the unperturbed deuteron energy and 


the summation is over continuum states of the two 
nucleon system. In order to get a manageable expression 
for Eq. (B.5) we shall ignore interactions in intermediate 
jum 


, 1 


states and write for the contin wave functions 


indexed by momentum variables, 
on (Pi,P2) Dp’. »’ | PiP2) 
u(p’)u(p’’)6(pi— p’)(p2—p”), (B.6) 


where the u(p) are free-particle spinors. If we put in the 


details we obtain as a typical contribution to Eq. (B.5), 
eg" dp,dpdkdq 
f do* (pi, Pot @)(Vo¥sT i): 


(2x)? 2[ w(k) F 


x Ao*(qjA, (Po) ¥oYs7 i)240\Pi- k, Pe? k) 


W — (pi) —e(po+k) 
x 





TW —e(p:)—e(pe) [LW — (pi) — «(pot+k) —w(k) | 
W —e(pi—k)— (ps) 


€ — 
(B.7) 


[W —e(p:)— (ps) LW —e(pi—k)- 


to which must be added three terms of similar structure. 
The subscript zero on do(p),p2) means that these ampli- 
tudes are solutions of Eq. (10) of the text after the 
adiabatic limit has been taken in the interaction kernel. 

If in Eq. (B.7) we 


were to set all ratios of the form 


a 


(W—e(p)—e(p)/[W—e(p")—e(p'”)]=1  (B.3) 


and take the adiabatic limit, Eq. (B.7) would become 


at once, 


deg? ¢ dpidpxtkdq 
2r)* J 2a 


K (yoyst (A o"(q)Ay (pa) vovst ie 


{ao*(p:, Ps +@) 


Xdo(pi—k, pe+k)+---}. (B.9) 


lo Eq. (B.9) we add the electrostatic exchange energy 
computed directly from the adiabatic nuclear potential, 
i.e., terms of the form 


ee 


dp,dpxdkdq 
J {ao*(Pi, P+ q) 


(Qe) 2 


X (yovet dr(Ao* (QA, (Ps) over 2 


(B.10) 


X do(pi—k, pot+k)+---}. 
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The principal point to notice is that the structure of 
Eq. (B.9) is identicai to that of Eq. (B.10), and differs 
from it only by a factor of —2. If these two equations 
are now added together, we get as a total expression of 
the eg’ electromagnetic energy exactly Eq. (21) of 
Deser’s paper.’ Hence, the burden of this appendix has 
been to show under what conditions Deser’s covariant 
calculation and the three-dimensional configuration- 
space approach reduce to each other, the transitions 
having been made only by means of the two unverified 
assumptions contained in Eqs. (B.6) and (B.8). 


APPENDIX C. METHOD OF CANONICAL 
TRANSFORMATIONS 


In this Appendix, we want to explore the question of 
the existence of exchange effects in the method of 


canonical transformations. Thus we consider the 
Schrédinger equation, 
(H°+H’+H")\¢=W@, (C.1) 
where H7° is the free-meson Hamiltonian, 
H’= —¢ ar > (2Vax) 47, (4 (yovs)%e*** 
X (dir t+a wa), (C.2) 
and 
H"'=—e ¥ (vyov,)A,(x)$1+73), (C3) 


that is, we ignore nucleon recoil in intermediate states 
ab initio. Equation (C.1) is then transformed by means 
of a sequence of canonical transformations designed to 
uncouple components of # belonging to different num- 
bers of mesons. The first of these is chosen according to 
the equation 


[S®,H°)=—H’, (C.4) 
and is given by 
SV=g >. > (2Va,') br (yorys5)Petk-3 
X (@ia—a_sa’). (C.5) 


The electromagnetic effects to this order are then 

evaluated by taking the expectation value of 

exp(S®)H* exp(—S) (C.6) 

in the two-nucleon, no-meson amplitude. However, S® 

has the very special property that it can be written as a 

sum of commuting operators belonging to distinct 
nucleons, i.e., 


SY = $945, (C.7) 
and 

5,5, ]=0. (C.8) 
Hence Eq. (C.6) can be written 
exp(S,")) exp(S,%)H* exp(—S,™) exp(—S,). (C.9) 
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However, 


H'=>; He", (C.10) 


with 

(A'S; J]=0, iF 7. (C.11) 
It is now evident from Eq. (C.9) that Eq. (C.6) contains 
no exchange terms. In agreement with Villars,’ we would 
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have to include nucleon recoil to obtain a nonvanishing 
result to this order. 

If we now construct the next term in the sequence of 
canonical transformations it can be shown that no 
decompositions of the form of Eqs. (C.7) and (C.9) is 
possible. Hence, there are adiabatic exchange effects in 
the theory, but they are at least of order eg’. 
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The effective neutron-electron interaction is calculated with the cut-off pseudoscalar meson theory and 
neglect of nucleon recoil. Values of —7.1 and —8.6 kev are obtained for the meson contribution with two 
difierent shapes for the cut-off function. The nucleon contribution is ambiguous in the cut-off theory since 
the shape of the core charge is undetermined. It is shown that if the no recoil theory with cutoff is inter 
preted to be the limit, as the nucleon mass becomes infinite, of a relativistic theory with a cutoff, then the 


contribution of the anomalous magnetic moment (or Foldy) 


term is not contained in our calculation. Since 


the Foldy term alone accounts for the major part of the experimental interaction, the sum of pion and nu 
cleon charge contributions in this theory, if correct, should be at most of the order of a few hundred ev, or 
an order of magnitude less than the pion part. Finally, a brief calculation is made to illustrate the fact that 


if spread out in a plausible way, the nucleon core charge could effect 


1. INTRODUCTION 


ECENT experiments at Brookhaven’ give —eVo 
= —3.86+0.37 kev for the effective neutron- 
electron interaction energy, where the effective potential 
Vo is assigned a radius equal to the classical electron 
radius, and —e is the electron charge. Although the 
weak coupling approximation to relativistic pseudo- 
scalar meson theory with pseudoscalar coupling is in 
qualitative agreement* with this value if the coupling 
constant is fitted with the neutron anomalous magnetic 
moment uy, this theory must be considered unreliable 
because of its inability’ to give simultaneously the 
experimental ratio of uy/up, where wp is the proton 
anomalous magnetic moment. The neutron-electron 
interaction and the neutron anomalous magnetic mo- 
ment are closely related; one involves the interaction 
of a slow neutron with a static electric field, the other 
with a static magnetic field. 

Our approach to the nucleon meson problem is re- 
lated to that of Sachs,‘ who also neglects nucleon recoil. 
The two treatments differ in that here a specific inter- 
action is assumed, whereas his more general analysis is 
independent of such details. For the present purposes 
however, a more important difference lies in our belief 





* Now at the University of Rochester, Rochester, New York. 

1 Hughes, Harvey, Goldberg, and Stafne, Phys. Rev. 90, 497 
(1953) 

2 B. Fried, Phys. Rev. 88, 1142 (1952 
to earlier calculations 

+L. Foldy, Phys. Rev. 87, 675 (1952); 87, 693 (1952) 

‘R. Sachs, Phys. Rev. 87, 1100 (1952); 95, 1065 (1954). 


References are given here 


the needed cancellation 


that a theory without nucleon recoil should explain 
only the “large components” part of the neutron- 
electron interaction. The parameters of this theory 
were thus fitted to a set of data which is not equivalent 
to the set of data used by Sachs. 

These facts, and recent efforts to describe nucleon 
meson phenomena by a no recoil cut-off pseudoscalar 
meson theory,®* make it of interest to examine the 
neutron-electron interaction in this theory, because it 
gives the nucleon anomalous magnetic moments fairly 
well®-’ without having any adjustable parameters. The 
parameters were previously determined in pion-nucleon 
scattering and photomeson production calculations 
The mesonic part of the electrostatic neutron-electron 
interaction is as well defined in this theory as are the 
nucleon anomalous magnetic moments. 

In Sec. 2, the approximation is described and the 
usual expression for —eV» is obtained [ Eq. (2) ]. In 
Sec. 3, the meson charge density surrounding the neu 
tron is calculated by second-order perturbation theory, 
and shown to be negative definite independent of the 
choice of cut-off function. It then follows that the 
mesonic contribution to —eV» is negative. This is 
intuitively expected from a picture of the neutron 
dissociating according to N=*P+ax~. In Sec. 4, an 
expression for the pion contribution to —eV,y is ob- 
tained [ Eq. (9) ] which applies for the particular meson 


*G. Chew, Phys. Rev. 94, 1748 (1954); 94, 1755 (1954 
*G. Chew, Phys. Rev. 95, 1669 (1954) 
7M. Friedman, Phys. Rev. 97, 1123 (1955) 
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nucleon interaction assumed. Given a cut-off function, 


this expression, which involves a single one-dimensional 


integral, can be evaluated. This is done in Sec. 5 for a 
Gaussian cutoff and for a Yukawa-transform cutoff. 


In Sec. 6, it is shown that this calculation does not in- 


clude the anomalous magnetic moment (or Foldy 
term,’ provided the no recoil theory with cutoff is given 


the specified interpretation. In Sec. 7 we conclude that 
our answer should be 7-8 kev closer to zero. Reliance 
on recoil corrections is argued against, and the ability 
of a static, distributed core charge to correct the 
answer is mentioned. Finally, the effect of spreading 


out the core charge in a particular simple way is briefly 


examined, and shown capable of leading to the correct 


] 
Vaiue 
2. STATIC APPROXIMATION 
The nucleon is assumed to be permanently at rest 
no recoil) and the electron is scattered from an initial 
state of small momentum k,.’ Because the electron is 
moving siowily it Is affected only by the electric field 
of the nucleon-meson system. This field is assumed to 
be static. The scattering matrix element ts then 
° pir 
S y/(r é fa v(t) 1 
r r 
] ‘ 
vhere ¥,(r,) and W,(r,) are the initial and final state 
electron wave functions, p(r) is the charge density of 


core charge p,(r) plus meson 


lume element dx dy dz, and 





f the vector (r—r, 


tion potential j is convention- 


> interac 


ally defined by equating the above expression for S;; to 


(v;(r, e)V (r,Wi(r.)), 
where 
V(r, V> for r.<ro=e/m 
(0) otherwise, 
ind m is the rest mass of an electron. Assuming that 


v.(r, J exp(ik,-r,) and ¥,(r, } texp(ik z. 
ere V is the quantization volume, we obtain, for the 


limiting case of very small A 


Ta bs pir 
el few ir ec 
ix? rf, 


where K= k,—k, 


symmetric, and 


If p(r) is assumed to be spherically 


to approach zero quickly enough as 


to show that for very small K, 


- 
et els J aero) 2 


Rev. 83. 688 (1951 
nits Rec=1 are 


r > *. 1 1S CAS) 


user 
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and 


—eVo),=(e 2rd) f avr, r (3) 


If the core charge is concentrated at small values of r, 
then —eVo~(—eVo),. To evaluate (3) we need p,(r). 

As is known, the neutron-electron interaction may 
also be expressed in terms of an effective radius. If one 
discusses the meson and core contributions separately, 
it is appropriate to define an effective radius for the 


‘ 
Teees* farrooin) / [eo r) 


and to characterize the mesonic contribution by the 


pions by 


value of (7, ) rns. 


3. MESON CHARGE DENSITY 


he meson charge density p,(r) is the expectation 
value 


Vy Prfop) (T) Vy 4 


p,\T)= 


where the meson charge density operator is 


Priory (r= ie(x** —tD 


and Wy is the state vector of the physical neutron. Our 


approach is to calculate Wy correct to second order in 
the meson-nucleon coupling constant using time inde- 
pendent perturbation theory with the perturbing 


hamiltonian density,® for a single nucleon at ry, 
>) T,S5(f—Trv je’ Up (Pr), (5) 


where f is the unrationalized symmetric coupling con- 
stant, uw! is the meson compton wavelength, 7, is the 
nucleon isotopic spin operator, s(r—ry) is the “source” 
function that prescribes the points r at which mesons 
may be created and annihilated by the nucleon, @ is 
the nucleon spin operator, and ¢,(r) are the operators 
of the meson fields (x~,x°,r*). With only a single fixed 
nucleon the origin is taken at the nucleon and the 
coordinate ry will not appear. However, mesons with 
relativistic velocities are not excluded. 

An equivalent calculation could have been done using 
time dependent scattering theory, with virtual mesons 
by the electron 


annihilated meson 


Pr{op} \T) 
é) dr ° 
r—f, 


method of calculation leads to the same 


and 
interaction, 


created 


Each result if 
carried to order e/ 

Ihe perturbation theory calculation of the state 
vector Vy is straightforward. When this result for Vy 
Fields (Ir Pub 


G. Wentzel, Quantum Theory of terscience 


lishers, Inc., New York, 1949 
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is substituted into Eq. (4) the following expression is 
obtained for the mesonic charge, correct to order f?: 


—4de s/f? 
pz\T)= ( ) fax faw 
2x)° u 


v(k)v(k’)o- ko- k’ 
x e 


’ , 
wWT@ jww 


k-k’)-r (6) 


Here w= (u?+ k* w= (a +-k’*)$ and the cutoff func- 


tion v(k), defined by 


v(k)= drs(r) exp(ik-r), (7) 
I 


is a function of the length of k because s(r) is assumed 
to be spherically symmetric. Equation (6) may be 
manipulated into a form in which the spherical sym- 
metry of p,(r) is manifest, namely 


—de fy, 2 ap . 
( ) i | dk’ 
2r)*\u “ 


Pr\T) 


where e(r)=r/r. 

Before using (8) to evaluate the integral in (3), it is 
interesting to see that p,(r) is negative definite, for all 
r and for all choices of »(&). Using the fact that 


Eq. (8) may be rewritten as 


—4e s/f? 7” ~ ov(k)k-e(r) 
() fafa ta 
(2r)® bh 0 . Ww 


prir) 


l 


Since v(k) k/u 


—4e sf? 7* 

( ) fa 

© "® 
(29r)* b 0 


v(k) 
x| f ak k-e(r)e~® sin(k-r)]. 


is an odd function, it follows that 


Since the expression in the square bracket is real its 
square is non-negative and the final integration over 
must give a positive function of 7, whatever the 
choice of »(k). It is clear from Eq. (3) that since 


p.(r) <0, (—eVo), is negative. 


o 
~ 
mn 


INTERACTION 


4. INTERACTION ENERGY 


Substitution of (8) into (3) gives 


—2¢ f 2 
( ) [ave [ak fax 
(29) rN 


) 


(—eVo). = 


v(k)v(k’) 
x ——Kee(r)k’-e(reok*, 


(w-tw juxw 


By doing the r integration first, this becomes 


e f 2 
(—eVo), ( ) fa f ax’ 
2r*ro’ \p/ & 
v(k)v(k’) 
x kk’--9.9.d(k—k’), | 
(w+ w" uw’ 
where means the dyadic inner product. By two 


partial integrations, and use of the 6 function in doing 
the k’ integration, we get 


v(k)v(k’) 
| revs ke | 


, 
(W-T Ww Jaw kk 


Straightforward calculation, which uses the spherical 


symmetry of v(k), and partial integration of the term 


involving d*v/dk*, leads to 


—¢ f 2 
(—eVo). ( ys, 
2rrot Me 
“ke  pdoy? 
J | dk | 24( ) + 5(3w*— 22] 
0 w? dk 


5. EVALUATION OF (—eV,), FOR PARTICULAR 
CUT-OFF FUNCTIONS 


(9) 


For the case of a square cutoff, namely 


v(k)=1 for k< Rex, 


=() otherwise, 


the determination of the coupling constant /? and of 
Rinax iS discussed by Chew.* The values that he obtains 
are 0.058 and 5.6u respectively." Since the integral J of 
Eq. (9) involves dv/dk, a square cutoff is unsatisfactory. 
In fact, as the limiting case of a square cutoff is ap- 
proached, J» «. However, the square cutoff is not 
to be taken too seriously because it implies that s(r) 
is negative for some values of r, and we assume that 
s(r) is nowhere negative. 

For sample calculations, we chose for cutoffs the 

“ Recent work indicates that these values are likely to be in 
creased slightly, but this will not alter any of the conclusions in 
the present paper 
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relatively short-tailed Gaussian : 
o(k)=A exp(—k?/B?*), 

and the relatively long-tailed Yukawa-transform: 
v(k)=C/(1+ (k*/D*) }. 


To evaluate the constants A and C, we note from Eq. 
(7) that 0(0)= fdrs(r), and since s(r) is assumed 
normalized so that this integral equals 1, it follows 
that A=C=1. The constants B and D are determined 
by requiring that a certain important integral which 
arises in the meson-nucleon scattering problem have the 
same value when evaluated with these cutoffs as when 
evaluated with the already determined square cutoff. 
This requirement leads to the values B=5.6v2yu and 
D=5.6y. Numerical integration with each of these 
cutoffs gives J=7.20 and J=5.98 respectively. Note 
that J is the sum of two positive terms. With the 
Gaussian cutoff the dv/dk term contributes 19 percent 
as much as the v term, with the Yukawa transform 
cutoff it contributes 11 percent as much. With a pion 
273m, 


ce fy? 
) 1.20 kev, 
der Ay 


Ts)rme the values 


mass Mm,= 


and this gives for eVo),, and for 


shown in the table in Sec. 7 


6. RELATIVISTIC CONTRIBUTIONS TO —eV, 


The average of the two values of (—eVo), is —7.9 
kev, about twice the experimental value. In this sec- 
tion, we show that if the no recoil theory with cutoff 
is interpreted to be the limit, as the nucleon mass 
becomes infinite, of a relativistic theory with a cutoff, 
then our calculation does not include the Foldy term. 
Addition of this term to our result 
roughly three times as great as the experimental value. 

We need the fact, derived in the Appendix, that the 
scattering matrix element that the elastic 
scattering of a nucleon, or any Dirac particle, by an 
external unquantized electromagnetic field, may be 


to first order in the electromagnet 


answer gives a 
des ribes 


written, correct 


held, 


x 
5*3= ~i f avire n> 


OA, OA, 
XT eal_]*yA,+$ual_]*757- a me", (10) 
Ox, OX, 


where x stands for r and ¢, dx is the space-time volume 
element, p; and p: are the initial and final four momenta 
of the nucleon, y, are the Dirac matrices, A,(x) are the 
electromagnet potentials, the summation convention 
applies to Greek subscripts, is the D’Alembertian 
=:*3 | are the Dirac spinors for 


; 


operator, w, and w,/ 
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the initial and final nucleons, px= p,x,= p-r— Et, and 
«, and uw, are invariant constants which depend only 
on the particular kind of Dirac particle being scattered, 
and are independent of the nature of the electromag- 
netic field responsible for the scattering. The D’Alem- 
bertian operators act only on the x dependence of the 
electromagnetic potentials. u,* is the Hermitian adjoint 
of i#2, and “, and i, satisfy the equations 


YuPiz—imy)u,=0, 

(11) 
Popzv¥,—imyt2)=0, 
where my is the rest mass of the nucleon. 

The validity of Eq. (10) was conjectured by Foldy,” 
who, in his work on the electromagnetic properties of 
Dirac particles, derived an analogous” result by means 
independent of the S-matrix formalism. That such a 
result exists was pointed out to the author by F. Low, 
whose help in establishing the proof is gratefully 
acknowledged. 

The coefficients ¢«, and yw, are the ones 
introduced by Foldy”® to characterize the electro- 
magnetic properties of Dirac particles. He discusses 
their meaning in detail, and they will not be further 
discussed here, except to mention that €9 and yo are the 
static charge and static anomalous magnetic moment 
respectively, of the Dirac particle under consideration. 

Equation (10) is a consequence of (a) the relativistic 
and gauge invariance of the scattering formalism, (b) 
the fact that we consider only those Feynman graphs 
which have two external nucleon lines and in which 
the electromagnetic field acts at exactly one vertex, 
the assumption that the nucleon four-current 


“same” 


and (« 
(to first order in A) is an analytic function of the four- 
momentum transfer in the neighborhood of zero transfer. 
It is therefore independent of the details of the meson- 
nucleon interaction, and of the presence or absence of 
interactions with heavier mesons. 

For the neutron-electron problem, note that eo=0. 
Then, writing uy for wo, and remembering that 0A,/dzx, 
is of order Ap,= p2,— Pi», we have from Eq. (10), cor- 
rect to order (Ap)’, 


S*)= ~i f ase ‘Sp2(—i) a, 


XI] € 


OA, OA, 
as 
VA pt SUNY aa My. 
Ox, OX, 


If A, is the potential for a fixed Coulomb scattering 
center, then this reduces, when the time integration is 


"LL. Foldy, Phys. Rev. 87, 688 (1952 

* Our Eq. (10) is the counterpart of Eq. (4) of reference (10 
The two equations differ in that we believe the factor } just pre 
ceding yu, is necessary if ys is to be the static anomalous magnetic 
moment 
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performed, to 
S*= —248(Ex— E3) f der us? 
X [VA stun s/dxj Jun, 


where the index j is summed from 1 to 3. If the effective 
interaction potential is introduced in a manner analo- 
gous to that used in Sec. 2, it is not hard to show that 


3 
— fare ‘Ap t(— 7) uo* 
4drr,? 
«FeV? Agtpwyj0As/Ox; Ju. (12) 


—eVo= 


Note that 


Xn } 
0 — 10; 
10; 0 gu Xn 
E,+my 


where the o; are the 2X2 Pauli spin matrices, m may 
assume the values 1 and 2, x; and x2 are the initial and 
final nucleon spin states, and NV, is the normalization 
constant. The « term in (12) connects large to large 
spinor components, and for the case that yi=x2, 
u,*u;~1 if the momenta p; and p» are small. 

If now we consider the no recoil theory with cutoff 
to be the limit, as my becomes infinite, of a relativistic 
theory with a cutoff, then our calculation of —eVo 
should be the limit, as my — ~, of the value for —eVo 
given by Eq. (12). But in this limit the wy term in 
(12) vanishes, provided that uy remains finite. How- 
ever, with a cutoff to suppress high-momentum virtual 
mesons, we can be very sure that yw» will remain finite. 
Thus, our calculation does not include the uy term, if 
this interpretation is correct. 

Taking the limit, Eq. (12) becomes, when we replace 
A, by i(—e/r), take x:=x2, and do the integration, 


3e 
limit €1. 


tg 


—eVo- 


Comparison of this with Eq. (2) shows that 


1 
limit €;= farron, 
_— 2 


i.e., that it is the no recoil limit of ¢; which is propor- 
tional to the second moment of the charge distribution. 


7. CONCLUSIONS 


The Foldy term alone accounts for —4.1 kev of the 
value of —eV>». Since the experimental value is, to two 
significant figures, —3.9+0.4 kev, it follows that all 
contributions other than that of the Foldy term should 
add up to a value between about —0.2 and +-0.6 kev. 
Our calculation, with corrections, should thus give an 
answer of the order of a few hundred ev. 
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One correction that should be made is the inclusion 
of higher order mesonic effects, which can be expected 
to alter the meson charge distribution around the core. 
Although nucleon recoil would act to spread out the 
core charge, which is essentially positive, and thus 
improve our value of —eVo, it is the absence of recoil 
in Chew’s theory which provides the correct yy/up 
ratio. A further difficulty involved in taking recoil 
into account, though not a difficulty of principle, is 
that terms which vanish in the limit of no recoil are 
present in both the Foldy and the e; parts of —eVo, and 
one would need to pick out just the non-Foldy part of 
the recoil terms. 

A different possibility is to drop the assumption that 
the core charge is concentrated at a point. If the core 
charge were spread out appropriately, one could obtain 
any desired positive value for /drr'p.(r), and thus 
agree with the experimental value of —eV». We have 
calculated the core contribution under the assumption 
that the core charge density is proportional to the 
source function, 


pe(r) = Ces(r), 


where C is the proportionality constant. The zero 
charge of the physical neutron leads immediately to 
the result that C is the total meson charge, in units of 
—e. It is easy to show that 


2 
(—eVo).=C [Vi20(k) Jeno. 
2r,? 


To evaluate C, it is convenient to use the form of p,(r) 
given in Eq. (6). This leads to the expression 


2 f 2 «“ hy? 
PRY a 
w\eu 0 as? 


which is just the probability of the one charged meson 
state to second order in f. Numerical calculation gives: 


Yukawa-transform 


Gaussian cutoff cutoll 
( 0.50 0.50 
(—eVo)¢ +3.1 kev +6.2 kev 
(—eVoee 8.6 kev ~7.1 kev 
—tVolers 5.5 kev —0.9 kev 
* oe 7.3X%10™ cm 6.7K10°% com 


The low value obtained for (—eVo).4- with the 
Yukawa-transform cutoff may seem a bit surprising at 
first, since one might expect the meson cloud to be 
characterized by w™, the meson Compton wavelength, 
which would imply that the nucleon core charge could 
not reasonably be expected to be far enough out to 
eliminate the attractive force. However, in this theory 
the meson cloud is roughly characterized by mex, 
and with Rex =5.6u, this is only 1.2 times the nucleon 
Compton wavelength. Thus a static distribution of the 
core charge over a region characterized by the nucleon 
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Compton wavelength could easily provide the needed 
correction. 

I am much indebted to Professor Chew for his sug- 
gestion of an continued interest in this problem, and to 
Professor Low for valuable discussions. 


8. APPENDIX 


Equation (10) may be derived as follows. Consider 
a relativistic field theory for nucleons, mesons of 
various kinds, and an external electromagnetic field, 
described in the Schrédinger representation by a 
Hamiltonian density : 
¢ 


Kir)=Kol(r)+-Ki(r), Kr(r)=—K' (r)+-K* (0). 


Free, noninteracting nucleons and mesons are described 
by Xo(r), meson nucleon interactions by K’(r), and 
electromagnetic interactions by %*(r). The scattering 
operator, in the interaction representation, is 


» (—1)” 
S=14+> fen dx,,P\ Wy(x (x, 
n= n! 


operator.'* If K(x 


> 


where P is Dyson’s time ordering 
+(x) is substituted for K;(x) in the above, one 


obtains 


a 1)" 
S=14+> [dev -dsaPLae)- 1’ (x,,) 
n=! n' 


: 
+(—i) > 


nt (m—1) 
x PL (x )K Ko)«- °K v,) +--+, 


where the + represents terms of higher order in 3°. 
The terms without °* are unrelated to electromagnetic 
interactions, and are of no interest in this discussion. 
rhe part of S linear in A (x), which we call S*, is wholly 
contained in the sum of terms linear in X*. 

The part of * linear in A(x) may be written as 
v,(x)A,(x), where v(x) is a four vector operator which 
in general contains creation and annihilation operators 
for mesons and nucleons. Then, since A,(x) commutes 


with all the operators in the P bracket, we can write 


«© 1)" 
S id fas 1s 
wel (nm 1)‘. 
x Pi v,(a aC" (2 Kx (2 1, (2 
or 
Se if as 1, (x)A,(2 
where 


“ t) 
j,(x) = —2,(x)- fox + +dXq 
v2 (n—1)! 


x Pv, (x)K’ (x2) + -HC"(x,) |. 


“ F. Dyson, Phys. Rev 75, 486 (1949 
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It follows immediately from the invariance of S* under 
an arbitrary gauge transformation that j(x) does satisfy 
the conservation equation 0j,(x)/dx,=0. 

Now consider matrix elements 


S* = (¥. ~i f def-j.0@)4,0)4), 


where WV; and WV, are the initial and final states of the 
nucleon field, there being one nucleon with four mo- 
mentum fp; in state ¥,, and one with four momentum 
p2 in state VW». Thus 


S*y= (Al) 


~i f antes, — jy(x)¥:)A, (x). 


The next step is to determine the most general form of 
(%2,j.(x)¥1) which can occur in (Al). Each of the 
terms in the sum comprising j,(x) may be written as a 
sum of normally ordered terms'® with all annihilation 
operators at the right and all creation operators at the 
left. Only those terms with exactly one nucleon annihi- 
lator and one nucleon creator can contribute to (W2, 
jy(x)¥,). Each such term will introduce a factor 
tig exp(—ipex;) at the left and a factor mu exp(ipix,) 
at the right, where x; and x, may vary from term to 
term, and each must be chosen from among x, %2, --*, Xn 
in the mth term. If all the space time integrations other 
than that over x are carried out, these lead to four- 
momentum conservation at each “intermediate” vertex. 
In order that the final integration over x insures, as it 
must, four-momentum conservation for the entire 
process, it is necessary that the x dependence of 
(W2,7,(x)¥1) be of the form 


(V2, j4(x)V1) = tej, exp(—iApx), (A2) 


a 


where j is a four-vector independent of x. 
Note that the right-hand side of (A2) can be written 
in the form (W2,)(x)j,(x)%1), where ¥(x) and $(x) 
are the field operators for the nucleons, just as though 
initial and final nucleons were annihilated and 
created at the same point x at which A,(x) acts. 

In order to determine j,, we observe that the only 
quantities available from which to construct it are pi, 
p2, and y,. Applying the charge current conservation 
A2), we get 


the 


condition to 


tie} Mm Ap,=0. (A3) 


Using these conditions and also Eqs. (11), it can be 
shown that the most general form of the four vector j 
in Eq. (A2) is 

ju=iLeyst+hiny, Ap, ]}, (A4) 


where ¢ and yw are invariant functions, and are inde- 
pendent of x, and y,,=7,7,—7-7,- Other terms can be 
reduced to linear combinations of these two. Equations 


'* G. Wick, Phys. Rev. 80, 268 (1950) 
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The invariant functions ¢ and 4 must depend only 
on the invariants that can be formed from ; and ps, 
which are (my)* and (Ap)*. This, together with the 
assumption on the analyticity of j in the neighborhood 
of Ap,=0, implies that we may write 


(A1), (A2), and (A4) imply 


S*y5= i f axe ‘Apzj.(—1) 


X (erat diny.Ap,)usA (x), 


which may also be written as, 


S*;;= ~i f axe ~Opzij.(—i) 
OA, OA, 
x (onA.tiinn(= a “) Jas 
OS, Oh, 


(AS) 


€= €9— €:(Ap)*+ e2(Ap)*—---, 
b= mop (Ap)*+ u2(Ap)*— cee, 


If these expressions for ¢ and yu are subsittuted into the 
last equation, one readily obtains Eq. (10). 
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Causality Conditions and Dispersion Relations. I. Boson Fields* 


MARVIN L. GOLDBERGER 
Institute for Nuclear Studies and Department of Physics, University of Chicago, Chicago, Illinois 
(Received April 7, 1955) 


The dispersion relations of Kramers and Kronig as generalized for charged and neutral Bose particles 
with finite rest mass are derived in a new way using the formalism of quantum field theory. The alternative 
forms of dispersion relations obtained by making various assumptions on the high-frequency limit of total 
cross sections are used to obtain information about the high-frequency behavior of the total cross section 


for the scattering of y rays by electrons. 


1. INTRODUCTION 

N two recent papers,' a discussion has been given of 

the derivation of the Kramers-Kronig dispersion re- 
lation for photon propagation from the standpoint of 
quantum field theory. It was shown in the first of these 
papers (GGT) that the relation followed from the 
“causality requirement” that the commutator of two 
vector potential operators taken at space-like points 
shall vanish. The derivation was based, on the use of 
perturbation theory and a quite restrictive form of 
interaction between matter and electromagnetic fields. 
These two limitations were removed in the second paper 
(G). Another problem treated in GGT was the dis- 
persion relation for Bose particles with mass. Only a 
very idealized situation was considered and the dis- 
cussion was very involved and not very satisfactory. In 
addition, some erroneous and misleading statements 
were made in connection with the results. One of the 
purposes of the present work is to give a simplified 
and more satisfactory derivation of the generalized 
dispersion relations for particles with mass based on a 
general formulation analogous to that used in G. 

In Sec. 2, we shall discuss the scattering of bosons 
with finite mass by a matter system, the exact nature 
of which is unimportant. We shall use no specific 
theory to specify the interaction in detail. Only the 


* Supported in part by a grant from the U. S. Atomic Energy 


Commission 
! Gell-Mann, Goldberger, and Thirring, Phys. Rev. 95, 


(1954); M. L. Goldberger, Phys. Rev. 97, 508 (1955). 
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usual assumptions of quantum field theory necessary 
for the definition of an S-matrix are used. Section 3 
contains a discussion of the results and a comparison 
with the work of GGT. 

We shall confine our attention in this paper to the 
scattering of bosons. There are a number of novel 
features involved in the fermion scattering problem and 
these will be treated in a separate paper which is being 
prepared in collaboration with Dr. R. Oehme. We 
remark only that the dispersion relations derived here 
do not seem to hold in the case of fermion-fermion 
scattering processes. 


2. DERIVATION OF DISPERSION RELATIONS 


We consider the scattering of particles of mass x, 
described by a real boson field ¢4(x), by a matter sys- 
tem, the exact nature of which need not be specified 
too closely. (We shall assume, however, that it is 
distinguishable from the projectile field. The difficulties 
which arise in the case of identical particle scattering 
will be discussed in Sec. 3.) The index a may desig- 
nate an internal degree of freedom of the boson field, 
such as isotopic spin, polarization, etc. The Heisenberg 
equation of motion for @, will be taken to be 


(u?— 1)? a(x) = ja(x), (2.1) 


where the “current,” j_(x), will be assumed to depend, 
perhaps, on ¢,(x), but on ¢,(x). (To avoid the latter 
we do not carry out explicit wave function renormaliza- 
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tion; if the above assumption is not correct, or if one 
wants to do the renormalization at this point, it is 
simple to generalize the derivations.? We assume that 
¢. is an Hermitian operator. We shall furthermore 
demand that 


Lja(x),js(y)]=0, (x—y)*>0, (2.2) 


which follows from Eq. (2.1) and the requirement that 
the commutator of two @’s taken at space-like points 
shall vanish. This is our causality condition 

A typical physical situation which could be described 
by our formalism is the scattering of symmetrical 
pseudoscalar mesons by nucleons in which case the 
index a refers to the isotopic spin of the meson field. 
In the conventional theory, j.(x) is given by 
(2.3) 


ja(x igdystW+bu'b.—d(b9bs)ba, 


where we have explicitly included the mass and meson- 
meson interaction renormalizations 

We now calculate the Feynman matrix element for 
the process in which a particle of four-momentum 4g, 
ndex 8, is scattered into a particle of four-momentum 
k, index a, while the matter system goes from p, \ to 
p’, \’. The labels A, \’ mean all quantum numbers beside 
the four-momenta, p, p’ needed to characterize the 


matter system. This matrix element is given, just as 
in G, by 
Faa(kg; pr’, pr) if are f aye kertiq-y 

< (w?— 02) (w?— 07) (p'N' | (a (x)baly))4! pr), (2.4) 


where (¢,(x)¢s(y)), stands for the familiar P-bracket 
of ¢,(x) and ¢s(y). For real particles, h=¢=—y,z’. 
Carrying out the operations indicated in (2.4), we 
obtain 


Fas(k,g; pr’ pr) i fare f ary S-2rtg-y 


X[ja(x),ds(y)]| pa). (2.5 
It is convenient at this point to assume that 
i,(x)=e iP-z5 (O)e*? z (2.6) 


where P is the 
cient to assume that only the time dependence of /, is 


total momentum operator. [It is suffi 


given by a relation like (2.6) but the algebra is simplified 
by the assumption of full ] 
Using Eq. (2.6), we may easily separate from Eq. (2.5 
a factor of (2r)'3(p'+k—p—g¢ 


over-all energy momentum conservation 


translational invariance 


whic h expresses the 


Calling the 

* Wave function renormalization must, of course, be carried 
out in practice eventually. All of the relations to be derived are 
homogeneous in the scattering amplitude and a multiplicative 
factor is of no consequence. 
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coefficient of this factor F.s(k,g; p’’,pr), we have 
F aa(k,q; p’d’, pr) =i f atxe- pr’! (ja(x)js(0)), 


—8(x0)[ ja(x),63(0)]| pad), (2.7) 


where we must remember the restriction p’+k=p+q. 
We specialize now to the case of forward, but not 
necessarily coherent scattering, i.e., we put p’=p, q=k, 
but allow a and @ as well as X’ and X to be distinct. We 
write then® 


Fag(k; Xd’) if arn B-2()"! (ja(x)js(0)), 


—8(x Mf ja(x),79(0) ] pr). 


(2.8) 


The state | pA) of the matter system will be assumed 
to be stable. Under this circumstance we may define a 
quantity M.s(k;\’,A) which is fundamentally simpler 


than F,3(k;’,A4) and which contains all the same 
information : 
M aa(k;'d) if asx aa pn’ n\2 [ ja(x),js(0) | 
aw Zz A fy 7 ‘9 
—65(xo)[ ja(x),h3(0)]| pr), (2.9) 


where n(x) is the step function, zero for x»<0, unity for 
ro>0. The relation between F.3(k; \’,A) and Mas(k; Xd) 
is as follows: If the two quantities be written as a sum 
of a dispersive and an absorptive part, where the 
division is made according to whether real or virtual 
intermediate states are involved, one finds 


Fas(k: A) =Daglk; A) +te(ko)Aas(k; Xd), 


: ; : (2.10) 
M a(k; \’,A)= Daal; N'A) +iA as(k; W’A). 


Thus, for positive frequencies, kp, the two quantities 
are identical, but the absorptive parts differ in sign 
for negative frequencies. [See the corresponding dis- 
cussion in GGT, Eqs. (3.12), (3.14), (3.15), (3.16). 
The notation has been changed slightly: A — €(ko)A.] 
It should be noted that the quantities D and A are 
not necessarily real. The great advantage of Eq. (2.9) 
over Eq. (2.8) for our purposes is that the quantity 
n(x) ja(x), js(0)] is a truly retarded function which 
vanishes not only for x9<0 but also for x,2>0, accord- 
(2.2). As we shall 
whole derivation. 


ing to our causality requirement, Eq 
see shortly, this is the key to the 

It is convenient at this point to choose a definite 
Lorentz frame in which to evaluate the quantities 

* The dependence on the momentum will be suppressed 

* We have defined the forward scattering amplitude as the limit 
of the amplitude for nonforward ing, as is usually done 
Our final formula, however, contains terms which in an actual 
computation shouk be dropped, name essentially 
vacuum fluctuation terms in which the state of the matter system 
is unchanged. We must subtract from the matrix element in Eq 
(2.8) 5, times the vacuum expectation value of the same operator. 
This causes no modification of any of our subsequent results, and 
to save space we shal] not write it explicitly. The author is in 
debted to,Professor Y. Nambu for this observation 


scatter 











j nent! 
i consequentiy 
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appearing in Eq. (2.10). Since both Fas(k;X’,A) and 
M.s(k; A) are effectively invariants, this entails no 
loss of generality. We shall choose the system in which 
p is zero, the laboratory system. The particular ad- 
vantage of this system for us is that the k dependence 
of our quantities F and M is explicitly exhibited in the 
factor exp(—ik-x). We may also assume then that the 
states | pA) has a definite parity. 

We wish now to break M.(k; ’,A) into its dispersive 
and absorptive parts and then eventually each of these 
into parts which are even and odd under interchange of 
a and 8. These operations are facilitated by the ob- 
servations that 


M as(kw; \’,A)= Mas(— kw; N'A), (2.11a) 
(pd’|Cja(—x),ja(0)]| pr 
= (pr’ [ ja(O),je(x)] pr), (2.11b) 


where we have written ky=w, and, of course, we have 
w= k*+-y’. The proof of these statements is elementary : 
Eq. (2.11a) follows from the observation that the be- 
havior of @, (and hence of 7,) under reflections is, with 
P the parity operator, P¢,(x,xo)P-'=+¢.(—x, xo), 
and that P| p\)=exp(ix)| pd), x real. Equation (2.11b) 
follows trivially from the assumed translational in- 
variance, Eq. (2.6). We see from Eq. (2.11a) that 
Ms3(kww; XA) must be an even function of k and, 
thus, the exp(—ik-x) in Eq. (2.9) may be replaced 
by cos(k-x). The same is true for F.3(k,w; d’,A). These 
quantities then effectively depend on k through kK 
=w*—y* and we shall henceforth regard them as 
functions of w only. There appear to be no branch points 
at w=-ty, although if there were, they would cause no 
trouble. Finally, we note the very important relation 


Mal —=W, pe | = [M as(w; A’) ]*. (2.1 lk ) 


If we regard M,s as a matrix in the d’,\ labels, we may 
say that changing w to —w causes Mag to go into its 
Hermitian conjugate. It should be noted that the 
Feynman amplitude F.(w;A’,A) does not satisfy Eq. 
(2.11c). 

The dispersive and absorptive parts of M.s(w;’,A) 
are given, respectively, by 


i 
Dag(w; Xd’) fase wz 
) 


Xcos(k-x)(pr’ (x) ja(x),j9(0) 


— 26 (xo) ja(x),bs(0)}| pr) (2.12) 
and 


1 
Aas(w;',A)= fase ws 
)» 


Xcos(k-x)(pr’ [ja(x),j9(0)]| pr), 


(2.13) 


where we have merely written n(x) =[1+ (x) ]/2. Now 
in all conventional theories, the second term in Eq. 
(2.12) is independent of w, since the equal time com- 
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mutator always leads to a factor of 6(x); furthermore, 
it is inevitably symmetric in a and 8. We shall assume 
for simplicity that this circumstance always obtains 
for the remainder of the discussion. Let us separate 
Eq. (2.12) and Eq. (2.13) into parts which are sym- 
metric and antisymmetric under interchange of a and 
8. With the understanding that the matrix element be- 
tween the states | pr’) and | pA) will be eventually 
formed we may write, using Eq. (2.11b), 


Cja(x), js(0)J= Kas (x)+Kas (x), (2.14) 
where 
Kas (x)=4{Lja(x),j(0)]—Lja(0),ja(x)]}, 
Kas (x)=4{Lja(x),js(0)]+Lja(0),js(x)]}. 
Note that K,s(x) is an odd function of x whereas 
K.,s‘*? (x) is even. Furthermore, 
Kas“ (x)= Ka, (x), 
Kas (x)= —Kag, (x). 


2.15) 


(2.16) 


By using Eqs. (2.15) and (2.16), the separation of Eqs. 
(2.12) and (2.13) into symmetric and antisymmetric 
parts is easily carried out. We write 


Das (w; d’,A)= Dagp™ (w; Nj A)+1Dag® (w;’,A), (2.17) 
Aas(w; N'A) = Aap™ (w; A’,A)+¢A ap? (w;A’,A), (2.18) 
where 
; 
Das . (w;A’A) . J esecosk-s 
) 
X COSwx'p pr’ €(x)Kag (x) 
— 26(x»)[ ja(x),@s(0) ]| pA), (2.19) 
t 
Dag (w; X’,A) fas cosk- x 
) 
X sinwxo( pr’ | e()Kag'*?(x)| pd), (2.20) 
; 
Aes" (w; X’ A)= fa cosk- x 
D 
Xsinwxo(pr’| Kag(x)| pr), (2.21) 
j 
1 ap? (w;' A)=— fos cosk- x 
) 
X cosway( pr’ | K ag? (x) par). (2.22) 


By construction, the quantities labeled with superscript 
1 are symmetric in @ and 6, while those labeled 2 are 
antisymmetric. All four quantities are hermitian mat 
rices in the \’, A space. Note that regarded as functions 
of the frequency, w, D“’ and A® are even functions 
whereas D® and A“ are odd. If \’=A, all four quan- 
tities are real. Finally, we see that the integrations over 
xo may be restricted to positive values only. 

There is one further step which must be taken before 
we proceed to the derivation of the dispersion relations. 
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We must investigate the nature of whatever singularities 
might be expected for real values of w for the function 
A as(w; d’,r). To simplify the writing, we will not at this 
point separate A into its two parts as we did previously. 
We simply expand the matrix element in Eq. (2.13) into 
a complete set of states for the interacting systems and 
obtain, after carrying out the x» integration, 


Aas(w : NA)=e > al fas(w,n pe b(E,—E,+w) 
— fag* (wn; d,')6(E,—E,—w) }, (2.23) 
where 


fag(wn; ’,r) fer ks 


XK (pr'| ja(x)|m)(n\ jg(0)| pr). (2.24) 
We note that unless there are discrete bound states of 
energy E,=E,+u—B,, B,>0, Aasw; XA) is zero for 
w|<y. This point was overlooked in GGT and was 
pointed out to the author by F. Low and Y. Nambu, 
independently. It has been further discussed by Karplus 
and Ruderman in a recent paper.® It is clear from Eq. 
(2.23) that there will be branch points for values of 
w|> corresponding to the thresholds for real 
reactions. 

Consider now the quantity J.g(w,wo; \’,A) defined by 


The integrations over the singularities are to be taken 
in sense of Cauchy principal values and the branch 
points mentioned above are to be detoured by small 
semicircles into the upper half plane. From the nature 
of the w dependence in the neighborhood of any such 
threshold point, it is clear that as the semicircles are 
shrunk to zero, they make no contribution to the 
integral. The only role played by the branch points is 
to determine the phase of Aas(w’ : NA) on either side 
of them. The frequencies w, wo are arbitrary, but we shall 
take them to be greater than or equal to uw. We shall 
now substitute for Aqs(w’;X’,A) its value as given by 
Eqs. (2.18), (2.21), and (2.22), and tnterchange the order 
of integration. Recall now that the space-time integra- 
tions in these expressions for the absorptive parts 
extend over the interior and surface of the future light 
cone. As long as xp> | x! , the proposed interchange may 
be probably justified without too great difficulty, since 
Aga(w’;’) from these regions 
(This assumes that the 
are reasonably well be- 


the contributions to 
approach zero for large w. 
quantities (pd’| Kas‘*’ (x) | #) 
haved, which is an assumption which underlies all field 
theoretic calculations. If this is so, then since x»> |x 

we always have an oscillatory integrand which will 
.) The con- 


make the integrai go to zero as |w — « 


*R. Karplus and M. Ruderman, Phys. Rev. 98, 771 (1955 
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tributions from the light cone itself cannot be neglected 
since we must be prepared for very singular behavior 
of our matrix element, such as being proportional to 
6(x*) or even derivatives thereof. It is, of course, the 
high-frequency behavior which will be determined from 
the matrix elements on the light cone, and we must 
assume that we have supplied a sufficient number of 
inverse powers of w to make our procedure legitimate. 
We shall return to this point later in the discussion. 

If the above outlined steps are carried out, we obtain, 


T ag(w,wo; X’,A) = if arf as 
0 


XL (pA | Kas (x)| pA)T™ (x; ww) 


+(pr'| Kast) (x)| pAT® (x; wywo) J, (2.26) 
where 
w'—we? 7* ww’ sinw’x, cosk’-x 
J (x; wwe) f dix’ ». hee 
us ~ (ce? — wo?) w”? om w*) 
w? we? as 
J 2) (x , W,Wo) — f da’ 
us « 
cosw’ x9 cosk’ - x 
x : . (2.28) 
(w"? noni we?) (w"? —_ w*) 


These integrals may be evaluated by elementary con- 
tour integration following the replacement of sinwa» by 
—i exp(iwx») and coswxy by exp(iwxo), since for o> |x], 
these factors dominate the integrands, and even for 
xo= |x|, exp(iwx) cosk’-x is bounded, and we have 
supplied enough inverse powers of w that the usual 
infinite semicircle in the upper half w plane makes no 
contribution. We obtain then 


JI (x; wwe) = cosway cosk-x—coswery cosky-x, (2.29) 
J® (x + ww) = (wo/w) sinway cosk- x 
—sinwety cosky-x. (2.30) 


Substituting these equations into Eq. (2.26) and com- 
paring with Eqs. (2.19) and (2.20), we find 
T a3(ww “rr = Das ' (w; NA) = Das I (w =’ dr) 
+i[ (we/w)Dag® (w; ’,A)—Das® (wo; d’,A)], (2.31) 
where we have assumed that the second term in Eq. 
(2.19) is a constant, independent of frequency. Since 
the quantities with superscript 1 (2) are symmetric 
(antisymmetric) under interchange of a and 8, we may 
separate Eq. (2.31) into two distinct parts: 


Das” (w; ’,A)— Das™ (wo; d’,A) 
2(w*—we") e* Aas" (w’ ; X’ A) 
f dia’! ; tae 
rT ) (w”? — wo”) (w’? — w") 
w 
Das 2 w;d' Xr oo Das 2 (wo; X’,A) 


Wo 


2w(w*—we") e* Aes™ (w’; X’) 
= ———_— fe dy’— 
0 


r 


(2.33) 


(w? — wo") (w"*— ww") 
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We have used the fact that A,s“? is an even function 
of w while A,s® is odd in rewriting the definition of 
T4s, Eq. (2.25). These are the generalized dispersion 
relations appropriate for particles with mass. They 
correspond to Eqs. (5.13) of GGT, and in fact coincide 
with them in the limit uz — 0. 

Our final task is to express the integrals appearing 
in Eqs. (2.32) and (2.33) in terms of physical quantities 
in so far as it is possible. We recall that our funda- 
mental quantity, M.s(w;\’,A), becomes identical with 
the Feynman matrix element, Fas(w;\’,A), for w>0. 
The relation between this quantity and the true 
forward scattering amplitude for elastic scattering, 
Ta3(w; X’,A), in general depends the choice of a Lorentz 
frame. For any two particle scattering process, 
Taa(w; X’,A)=Fas(w’; d’,A) for the laboratory system in 
which the target is initially at rest, to within a constant 
factor.* In virtue of the fact that T4s(w;d’,A)/|k} is 
an invariant we may easily convert our forward scatter- 
ing amplitudes to the center-of-mass system: [Tag jib 
=(W/M)[T.as k.m., where W is the total energy in the 
center-of-mass frame and M is the mass of the target. 
We know also that for w>y, the absorptive parts of 
T.g are related to what we may loosely refer to as 
total cross sections by the so-called optical theorem. 
In general only the portion A 4s" (w; A,A) which is sym- 
metric in @ and @ is related to a true physical cross 
section but under some circumstances Aas’ (w;A,A) 
may also be so identified. For the energy interval 
O0<w<y, we shall use the expression Eq. (2.23) for 
Aas(w;’,d), appropriately broken into its symmetric 
and antisymmetric parts: 


Aas") (w;  A)D=a Dd nf faa’? (wn; ’,A)b(E,— Ey +a) 


— fag ** (wn; \’,A)S(E,—En—w)), 
(2.34) 
Aas® (ow; N A= Don fas (wn; \’,A)b(E,— Entw) 
+ fag * (wn; ',A)b(E,—E.—w)}, 


fast (w,n; d’r) 
[ fas(w,n; ’)+ faa(w,n; X’,r) ]/2, 
, 

af (w,n; A) 


=| fas(wn;d'r 


Nm 
w 
ww 


{gq (w,m; ’r) ]/ 24. 


We now write Eqs. (2.32) and (2.33) in terms of total 
cross sections and bound state contributions by using 
for Aas"? and A,g® the above expressions for 0<w<y 
and for w> y, we define two “cross sections,” 43" (w,A) 


and gas” (w,A), by 


(w;A)= (4ar/k Aas" (w:A,A), 
40 /k)Aap™ (w;X,d). 


(2.36) 


(2.37) 


Tas 
Cas 2 (w; \)= 
We have set \’=X, for it is only when one has not 
changed the state of the scatterer that one has the co- 


*In meson-nucleon scattering, for example, F,g= 4277 ag if we 
use Heaviside units for the meson field; with Gaussian units, 


Faa=T ag 
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herence necessary for the optical theorem to hold. We 
have also written |k| =&, k®=w*—,?. It is convenient 
to introduce the wave number as the variable of in- 
tegration and we find, using the same letter to designate 
now fundtions of & as we had previously used for func- 
tions of w, the results 


k* 4 Tap" (k’; A) 
Das™ (Rk; )— Das (ko; A) = f dk’ 
) 


2x’ hk”? — k? 
ke x 
_ i) dk 
2x5 k”?— ke? 


E,—E,, %; | 
(£,—E,)*- 


Cas (R’; d) 
+ 


X fas ‘ 


Ww wk? = dk’ Tas 3 (k’; d) 
Dag® (Rk; X) ——Dasg® (Ro; A) J 
wy 2x? 0 w’ k?— 
wk? p* dk’ oa3"’ (k’; d) 
-_ f +20 ¥ fas(En— Ep, 232) 
ar , w’ bk” -_ ko? a 


1 1 
| 
(E,—E£,)'—-P—* (£,.-—E£E,)*- 


The sums extend those 
E,—E,<u.' The natural energy is 
ko=0, in which case our formulas take their final form: 


Re ep? aaa" (k’: d) 
f dk’ 
2r* kh"? — k? 


0 


over states in) for which 


most reference 


Dag" (Rk; 4) — Das (0; A) 


+2) (E.- Ey) fas 





1 1 
x - (2.40) 
(E,—E,)*—-P—w (£,—E,)*—p 
w kw 7? dk’ aag? (k’) 
Dag™ (k: X) Daag (0-2) f 
oe 2r' 45 w’ h’? — k 
+2w > fas '(En— Ey, n;d) 


1 1 
XI - . ‘ - | (2.41) 
(E,—E,—-FP-w (E,- E,)'—w* 


7 We have included in the bound state contribution only terms 
arising from the singularities associated with the first 6 function 
Eq. (2.34). These correspond to true discrete bound states of 
energy M<E,<M +uy. It is also possible for the argument of the 
second 4 function to vanish and in fact in the case of meson 
nucleon scattering it is only this second 6 function which makes a 
“bound state” contribution. It is not a true bound state, of course; 
however when the energy of the meson is continued below the 
rest energy, and the state |) corresponds to a one-nucieon state, 
we indeed find a singularity in the scattering amplitude. This 
point is discussed in the paper on meson-nucleon scattering 
which immediately follows this one 
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A typical application of these generalized Kramers- 
Kronig relations is to the problem of meson nucleon 
scattering. We shall treat this case in detail in a separate 
paper, so at this time we merely mention the physical 
significance of D®’, D®’, o® and o®’: D®'(D 
difference) of the dispersive forward 
x*+p (ordinary 


is one 

half the sum 

amplitudes for x + and 
i 


and consequently ¢ 0 1s 
i , 


scattering 


one half the sum (dif- 


ross sections for ail 
trom the fact that the 
amplitude 


i 


1 nucleon charge space, may be written as 


processes. These results follow 


total forward scattering regarded as a 


matrix uJ 


There is a bound state rrespom g to the ¢ ré 
whose mtnbution mav be ed trom meso r 
; ? r ? / r 
Ory aimo €Xa ) erms 1 orae lu Wu 

er t eT mi» etiect 
i i i] i 


rhe actual simplicity of the derivation of the genera 
zed dispersion relations, Eqs 2.40) and (2.41) has 
probably been obscured by the rebraic details. For 
this reason it 1S perhaps worthwhuie to summarize the 
procedure. We first observed that the Feynman matrix 
element describing the scattering event could be re 
placed by a qua y whi vas the Fourier transform 
1a tunction Ww vanished ever where excep inside 
the luture mit c This new quantity was divided 


VW \ VU oA) |" ar the other satisfied 
An integral operation, 


Eq. (2.25), was applied to the absorptive part of M 


+iM ind the two dispersion relations (2.32) and 
2.33) emerged. The remainder of the task was to 
express these re ts terms Ol physical quantities 
rhere are, however, a number of points concerning the 
final relations which should be discussed further 


rhe reason for the special role played by the forward 





Scatle ild appear to be the fact that 
the ¢ 7 | as given, Say by Eq 2.9 
occurs in the explicit exp(—ik-x), whereas if p’+ p, but 
instead ?’ prgq k, the & dependence becomes muct 
more complicated. In this connection, it should be 
noted that the dispersion relations which we have de 


rived cannot necessarily be expected to hold wit! 


modification for identical particle scattering processes, 


since the forward amplitude for such events is a linear 


combination of forward and backward 


nonidentical particles and t! 


scatterings for 


e backward amput ide does 


rather than the Feynman amplitude (whict 


the scattering amplhtude) which has these 


* Note that it is MW 
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not satisfy the normal relations. This point will be 
taken 1p in more detail in connection with fermion- 
fermion scattering in another paper. The problem of 
finding dispersion relations for other than forward 
scattering is being studied further. 

In this paper we avoided explicit mention of the 
behavior of the forward scattering amplitude or rather 
our quantity M,s(w; d’,A), in the complex w plane. The 
use of complex variable theory does not appear to add 
anything to our understanding, although it is certainly 
true that a sufficient condition for the existence of our 
general dispersion relations is that M.s(w; d’,A) be the 
boundary value of a function which is analytic in the 
upper half plane, together with certain boundedness 
requirements. Our “boundedness requirement” had to 
do with the legitimacy of the interchanging of certain 
orders of integration. Because of the fact that principal 
value integrals are rather singular, the conventional 
theorems on such matters are not immediately appli- 
cable. However reference to our integral operation, 
Eq. (2.25), shows that at the point 
is really singular, namely if w=wo, we 
in front 


where the operation 
have the factor 
which is then zero, and thus the 
removed. 


w* Wo" 
singularity is The remaining troublesome 
point that is involved is the behavior of the scattering 
amplitude for large frequencies. That this is indeed the 
case was borne out by examples in which the results 
of the two orders of integration were compared. 
Our particular form of the dispersion relations, Eqs. 
2.40) and (2.41) would appear to be valid provided 
Jaa” ’(w;A)/w tend to for 
rhe behavior of scattering amplitudes at high 


and gas” (w;A)/o"* zero 


uw > ©. 
energies is of central importance in field theory and it 
should be clearly recognized that the prec ise form of 
(unknown) 
high-energy behavior. Violations of the dispersion re- 


any dispersion relation depends on this 


lations as given might 


perhaps be interpreted as an 
error in the assumed behavior, although it is certainly 


possible that it means that our original causality re- 


quirement, Eq. (2.2), has perhaps broken down at 


interesting to see what happens if we make our 
high-frequency assumption more stringent. For sim- 
confine our remarks to tl 

i, 3 


plicity we e completely co- 


herent amplitude, i.e., a=§,\’,A, and assume that 
there are no bound states. Further, assume that the 
second (and usually constant) term in Eq. (2.9) is 


absent. A physical model which satisfies these conditions 
is provided by ordinary quantum electrodynamics. We 
S *dwtaq" (w; Xd) is 


ime that 


shall ass bounded, i.e., 
waa’ (w;A) ~Oasw-— ow, Under these circumstances 
we may consider, instead of Eq. (2.25), a quantity Jaa, 
defined by 
, 
w wo = WwW = WwW A) 
Tou! beapeash | des 3.1) 
© = w*—w w *—w"*) 











CAUSALITY 


This quantity is evaluated, as before, with the result 


=wD.. : (w;A —we' Dea" (wo; Xo), (3.2) 


T xa’ (wen 74 


and following the same steps which led to Eqs. (2.40) 
and (2.41), we find 


w 1 kf 
Daa” (k; 4) ——Daa (0; )— f dko aa’ (Rk; X) 
a der? wry 


Ww < 


Evidently, if (3.3) is valid, so is (2.40) and comparison 


1 x 
ff 0.8 k:X). (3.4) 
2r? 


Consider now the scattering of photons by free elec- 
trons. We know that D,,"’(0;\)=—é/m, where e 
and m are the physical charge and mass of the electron. 
Thus, Eq. (3.4) cannot be satisfied and we must con- 
clude that the assumed existence of f“dkoga"’(k; A) is 
incorrect. All indications from perturbation theory lead 


of the two shows that 


one to believe that the integral diverges, nevertheless it 
is interesting that a rigorous demonstration of the fact 
may be given. It should be noted that although we have 
proved that Eq. (3.3) is not applicable in quantum 
electrodynamics, we have not established the correct- 
ness of Eq. (2.40). 

Before concluding, we must make a few remarks on 
the relation between the results of the present paper 
and those of GGT. For the case of photon scattering, 
they are identical. However, for the case of particles 


} 


with mass, aside from the bound states which were 


assumed absent by them, their formula, namely, 


Daa" (w;)— Daa" (w=0; d) 


corresponds to choosing the wo of the previous section 
equal to zero, instead of u, as we have done. As has been 
remarked earlier, if there are no bound states, the 
lower limit of the integral should be set equal to yu. 


Then, changing to the wave number as variable, we 
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may rewrite Eq. (3.5) as 


Daa (Rk; \)— Daa” (k2= —p?:d) 


Pe? aaa (kR') wt e®% aaa” (k’) 
=-- f dk’- + f dk’ ’ 
2rd, kR@?—k? QJ, ky? 


which perhaps illustrates more clearly the choice of 
wo=0 as reference energy. 

The derivation of the dispersion relations which we 
have given here is based on the formalism of present 
day quantum field theory. It would appear, however, 
to make use only of the essentially minimal features of 
the theory, which we would abandon oniy with extreme 


(3.6) 


reluctance, such as Lorentz invariance, and the concept 
of the S-matrix. If one were to assume that our condi- 
tion on the vanishing of the commutator of the cur- 
rents at space like points were too stringent, and 
instead should be replaced by the requirement of van- 
ishing for space-like separations greater than a certain 
fundamental length, the dispersion relations would be 
modified in an essential manner. We shall not discuss 
these modifications here, but merely remark that there 
are complications similar to those which arise when 
one considers the scattering amplitudes for individual 
angular momenta. 
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tion) that in the derivation of the dispersion relation, 
Eq. (3.3), we have effectively assumed that not only 
does goa\(k) go to zero faster than 1/k for large k, 
but also that D.a(k) also approaches zero. This may 
be seen by comparing Eq. (3.4) with the limit as & goes 
to infinity of Eq. (2.40), dropping the bound states. 
We however, exclude the 
Daa? (kA) approaching a constant in which case there 
need be no contradiction, since Daa “’(0)—D,_"(@ ) 
may be positive and equal to the right-hand side of 
Eq. (3.4). It is the author’s opinion that this is not the 
case and that text is 
correct. 


cannot, possibility of 


the conclusion drawn in the 
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1. INTRODUCTION wert 


N the preceding paper,! a new derivation of dis 7 rm D"’ (@)+ie(w) A’ (a), BS 2.2 
persion relations of the Kramers-Kronig type has We have introduced the factor e(w) in order that our 
been given wi is OF sulhcient generality that the notation coincide with that of I. We consider here only 
problem of the uttering of urged pions by nucleons positive energies, so it is of no importance. In place of 
may be treated. In the present paper we wish to specia the representation we have been using it is convenient 
e the results of I to this case and cast them into a_ to introduce the amplitudes for pure isotopic spin 
lor S Die r WAT ¢ CT € Phe States imely 








however. cot he applic e descr e We have assumed t the nucleon charge state does 
uttering of charged pions by protons. In view of the not change and we shall assume that it is a proton. It 
ortance of this to n the analysis of experiment follows immediately from Eq. (2.3) that 
» it was felt worth while to d a ees rome om 
7 ‘ s| T_(w)+T, (we) |, 
letai 4 
In Se Lo? ee Cie So es 7 . | Ta Tl. 
priate for the description of the ttering of positive where 7 ire the forward amplitudes for the co 
negative pions by protons. There appears these erent scattering of r* mesons by protons, i.e., r* — x 
lispersion relat s a term corresponding to a rather - >a. We note that the four quantities D®™ and 
usual bound state, the neutron, whose contributio1 1 ire real since the nucleon charge is not changed. 
may be expressed in terms of the strength of the See discussion following I-(2.22 Thus D® and A 
nucle ter In Se 3 esults w be ire respectively the reai and imaginary parts of the 
discussed and the connection bet ween our work and that forward scattering amplitudes defined by Eq. (2.4). 
of Low? will be developed Since we have our simple dispersion relations [ I-(2.40), 
I-(2.41) | only for the quantities D” and A“, it is 
2. DISPERSION RELATIONS FOR vident that neither the Sentanic enin amniit 
. severe MAM Ora erin te evide it neithe ¢ isotopic spin amplitudes 
PION-NUCLEON SCATTERING . , , ' , 
nor the charged meson amplitudes satisfv them sepa 
The genera spersion re ns given in I must now ratel\ rhe mathematical reason is, of course, that 
be written ext tly for the case of pion-nucleon scatter these more physical amplitudes have no simple behavior 
Regarded as a matrix in nucleon isoto spit of evenness or oddness when w— —w. We shall return 
t the tor < er 1¢ escrit ) S mor iter if f dis uSSIOI 
ttering of a meson with isotopic spin index 8 int We now write the dispersion relations for 7 and 
ne with isot spin index a 3=1.? 3) mav be I in the following form: 
r t i 
D_(w)+Dala | D_(u)+Dy(u 
J | y : ] ) - ; , 
] l i l w—pz wl A tle 
,/ ~« 
4 ere 5 he a 1 f eT ‘ r cs 
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M. L. Goldlx ; g | ; 99 ) 2w(w* — p : 1_(w 1.(w 

Ss hereaft { to as I dw 2.6) 
F. E. Low, I Rev. 97, 1392 (19 r wy? — ps?) (w?— we" 
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DISPERSION RELATIONS TO 


These are just Eqs. I-(2.32 
We 


= Ds(w)+ie(w) As (uw 


and I-(2.33), with wo=g. 
notation T,(w) 
the integrations 


have introduced the obvious 


+ | Recall that 
over the singularities are to be carried out in the sense 
of Cauchy principal values. All quantities appearing 
in Eqs. (2.5) and (2.6) are to be computed in the labora- 
tory system in which the proton is initially at rest. 
For the region of integration extending from u to ~, 
we have the relations 
_ 
2.7 


4 / RJA 5 (u 


o4(w 


where k= (w*—,")! and o, (w) are the total cross sections 


for all processes originating from positive or negative 


pions incident upon a proton. In the integration region 


0 <w<y, there is a contribution from a “bound state” 


corresponding to an intermediate state consisting of a 


neutron. This may be computed almost exactly from 


meson theory 


To find the bound state contribution we write out the 


amplitudes A, tates, 


w) aS SUMS OVeT a COMplete set of s 
2.23 


following I , modified of course approximately to 


describe our charged-meson amplitudes 
{i@w=r Y (lh QO) p)) *6(F I 
san 
, 0) p) *6(E,—F w)}, (2.8) 
where are the ‘‘currents’’ associated with the 
charged meson fields, defined by 
ue Q(x t 
(2.9 
bu Q t 


and the connection between , o*, and the ¢%, of Lis 


2.10 


It is evident that the ONLY States n whi h can possibly 
contribute to an integral over w in the region 0<w- u 
are those corresponding to a single nuc leon state. For 


all others, even thoug! we 


ow w to be less than vi 
or k=u?—y*<0) and consequently E,=(M,2+)! 
V., where M is the total rest mass of the states 


n), the 6 functions car For the positive 
values of w to which we hay 


the 


restricted ourself, only 





second term in (2.8) can 


ticular, if |p 


contribute and in par 


represents a proton state, by charge 


conservation only (| 7_(0)| p) is different from zero. 


corresponding to the 


proton 


emission of a x* meson by a 
leading to a neutron st 


state is E, Vf 


and k? | le oe © | 


ate. The ‘energy”’ of this 
2M 


Consequently only A,(w 


~u°/2M, corresponding to w=y* 
2M)? 
exhibits the 6 function singularity for 0<w<y. 
Since the state n 


required 


represents a single nucleon state 


the matrix element in (2.8) may be expressed 


terms of the vertex operator I rresponding to the 


emission of a virtual positive meson by a proton leading 
According to Low.* we 


to a neutron have to within 


worth noting that the form of 


this matrix element is esse independent of any details of 
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terms of order (u/M)* the result 
igv2e-k/2M, (2.11) 
and thus 

fa) ut 
2rg" éf w— , O<w<p 


2M 


A,(w) (2.12) 
In these equations, g is the renormalized coupling 
constant of the symmetrical pseudoscalar theory (in 
units, with #=c=1) and M is the nucleon 
mass. Note that we always maintain the relation 
k?=o*—y*?, even when w<u. In other words, our scatter 
ing amplitudes are to be expressed entirely in terms of 


Gaussian 


w and then continued from w> yp u. We observe 


O w< 
that for w>y, only the first term in Eq. (2.8) contributes 
to A, 

result of the fact that k®=w*?—y?= 4+ 


w), and it is a positive contribution, and as a 
(u?/2M)?—p?, Ay(w 
is also positive for w<y. The contribution of this neu 
tron state to the real part of the forward amplitudes is 
numerically very important. 
We now substitute Eqs. 


(2.5) and (2.6 


(2.7) and (2 12) into Eqs. 
and also change the variables from 
energy to wave number. We find then, using the same 
letters to designate functions of & that had been used 


for functions of w, the results 


k’ k? w* hh 


2 2.14) 
kh’? — k? w— (u?/2M)* pu 
We ha 


the 


of the pseudovector inter 


e introduced small coupling constant 


ug/ 2A characteristic 


action. The energy dependence of the bound state 


} 


ie 
term is exact, however the coefficient, 2f*. as we have 


remarked before 


(us M )? 


is accurate only to terms of order 
Che final form of the dispersion relations for 


the individual amplitudes D,(k) is obtained by com 
bining Eqs. (2.13) and (2.14 
l ws 1 Ww 
D,(k) 1+ D,(0 1 D_(0 
2 mM 2 v 
k f dio’ Fo.(w’) ou d} A 
+ + »> 15) 
i 
dr a k wo" Ww w" TW ur lw Vi )M 
1 w | w 
D_h 1+ D_(0 1 )p 0 
) ) 
2 Mu 2 bi 
k © dwt a_(w a4(w’) df k 
f 2.16 
4, Rw’ —w ow’ +6 wu wtpw’/2M 
minology of the usua theory, and depends only on parity and 
anguiar momentu considerations. It affords a definition of the 
yupling $ hich measures the strength of the interaction 
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We have reverted to the original variable, w’, in the 
integrals, although the wave number is more convenient 


for numericai €Vv alu ition 
3. DISCUSSION 


The final forms of the dispersion relations, Eqs 
1 


for the real part of the s 


2.15) and (2.16 

amplitudes, D,(k), are quite different from what one 

obtains by naively applying a dispersion relation such 

as Eq 2.15 to the individua amplitudes tor the 

scattering of positive and negative pions We should 
that this is the correct procedure for the 


perhaps note 


case of x scattering. The underlying physical reason for 


difference between 


the profound 

t 
neutral and charged pions seems to be that 1 making 
the cor ition of the scatter g I 1des to eva 
tive frequencies, tne irge | e bean ist be 
change ! IT} Ss only the syn er | d 5 metr 
combinat ons ol mp aes W if ve have « sidered 
have simple properties when we co i em to nega 
tive frequencies. It may f be sho that if we 
lefine two ¢ intities VU. i the reiations 


As was sh I e M’s for which the dispersio 
relat . ate ene ld. and it is this fact t 
eads to our ! I € relations Eqs 2.5 ind 
6). In the se of neutr s, because the ” is 
Ow harge « gate ( ive 
> 
VU Vf 4! 9.3 
i | seque y tnea ro dis version relia ) > 
D Dou 
) 
2 u Aolw 
‘ 
Les" os 3.4 
r re re u! iv 
(ur expressions for the a udes D, k , Eqs y 
1 (2.16) bear a strik resemblance to the equations 
r por é scattering rece proposed by Low 
l fac i ¢ é issumes that scattering occurs Only 
p-states and further cor siders the limit M—> ~», and 
replace r ex total cross sections b the t l 
elast ross Ss ms, one gets two co binations of 
Low’s ret tegral equations for the hase shifts.? 
We il obta oO t} se A 10 I \ ive SI } 
, } } } ; 
f s hecaust ere 1s I S| I the torward direc 
tion.* Our expressions are of course mu h more gener 
* Note added im pr It has been shown by R.O 
and independently by W. Thirring (privat m) U 





the spin flip equations may also be deduced from the 
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AND OEHME 
although they are not equations for the determination 
of the complete scattering amplitudes 

We may also provide the exact form of the effective 
range relations which have been suggested by Chew 
and Low® by expanding the integrals in Eqs. (2.15) and 
(2.16) in powers of w. This must be done with some care 
because of the singular nature of principal value in- 
tegrals; however, the leading term is trivially obtained 
setting w equal to zero. Calling the left-hand 


simply by 
have the 


sides of Eqs. (2.15) and (2.16 Li(k), we 
rigorous effective range relations 
pe be k?) 5 fn 
2M k m 
wepy?/2M) r* dw’ o )+a_(w’ 
4 n 26 
dir k’ w’ 
Note that the effective range, r defined by 
pe = dw o.{¢ TOW\W 
£ 3.6) 
ud, ¥ af , 


tive quantity. 

Vote added in proof.—An 
be obtained by dividing Eq (2.14 by w and passing 
Within the framework of the 


assumptions already made in deriving the dispersion 


nteresting sum rule may 


to the limit ol w=. 


it can be shown that the difference | D_(w 


reiations 1 al 


D(w) \/w either approaches a constant or goes to 


zero as 1/w*. Calling the quantity A(w), we have the 
resuit 
} 1 = du 
A(yw)—Al« + 7 (w 7. (w 3.7) 
vi ar my k 
Using the value of f* given by reference 5, namely 


(0.081, and the experimental data on the total cross 
sections one finds A(u)—A(*)=0.18/u? which is pre- 
cisely the value given by Orear® for A(u) = 2L.a:— a3 |/3u. 
Thus to within the present experimental accuracy, we 
may conclude that A(«)=0. We have not as yet been 
able to prove theoretically that A(*) must be zero, 
but it would not be unreasonable. If true, Eq. (3.7 
then provides us with a sum rule relating the difference 
of the s-wave scattering lengths to the coupling constant 
and the total 

The results obtained in this paper hi: 
to the phase-shift analysis of pion-nucleon scattering 
data by H. L. Anderson, W. Davidon, and U. Kruse. 


This work will be published shortly. 


cross sections 
ive been applied 


considerations of the preceding paper by studying the derivative 
I I } 


y 


of the scattering amplitude with respect to angle, evaluated in the 
forward direction. 
+G. F. Chew and F. E 
ference on High-Energy Nuclear Ph 
* J. Orear, Phys. Rev. 96, 176 (1954) 
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Quasi-Bound States of the Pion-Nucleon System in 
: ie 
Tamm-Dancoff Approximation 
B. P. Nicamt anp H. P. Noyes 
University of Rochester, Rochester, New York 
Received April 15, 1955 
The question is asked whether the lowest order Tamm-Dancoff equati 

p-state meson-nucleon scattering for G?/4r~15, leads to a quasi-bound state of high angular momentum 
capable of being ide with the A° particle. Both a static potential approximation and 
form of the integral equation indicate that values of G*/4x of the order of several hundred would be required 
to give sufficient binding. Although the results are not quantitatively reliable, the 


that either the T-D approximation is in 


wound state of the pion-n 


I ucleon system 


INTRODUCTION 


7 


HE work of Dyson et al. 
that 


scattering in the J=3 


and Fubini*® has shown 


agreement with the observed 
2 p-states of the pion-nucleon 


ising the 


reasonable 


system can be obtained by lowest order 


inrenormalized 


lamm-Dancoff approximation to the 
covariant pseudoscalar meson theory with pseudoscalar 
co ipling. It is therefore of interest to see whether other 
experimental results can be explained in the same way. 
Since the A parti le is known to decay toa pion anda 


it 3x 10 


proton with a lifetime of abo sec, and an 
energy of 37 Mev.’ and a strong short-range force 


between meson and proton capable of overcoming the 
centrifugal repulsion could easily lead to a quasi-bound 
im with these properties, 
lamm- 


This 


model for the A°, first proposed by Fermi and Feynman,‘ 


state of high angular moment 


an attempt is made here to see if the lowest 
| } 


Dancoff approximation leads to such a state. 


allows for copious production of A°’s, even though their 


lifetime is long, since in energetic pion-nucleon collisions 


it is possible to radiate most of the energy as pions, 
leaving one pion trapped in the quasi-bound state of 


high angular momentum. The model presupposes that 


it can be shown that there are no quasi-bound states of 


lower energy and angular momentum, since decay to 


these states by electromagnetic radiation would be 


rapid. 


The problem has been attacked by two different sets 


of approximations, which lead to qualitatively similar 
' 
1 


conclusions. First the energy-dependent interaction 1s 
reduced to a static potential in coordinate space by 


using approximations similar to those employed by 


Arnowitt and Deser,® who approached the same problem 


Atomic Energy 
Commissior 

+ Government of 
Delhi, Inc 


lar on leave from Delhi University, 


fulfillment of 





and Kazmark, 


ll, Huggett 


lished 


-y. 92, 1061 (1953 





authors feel 


lequate for this problem or that the A° particle cannot be a quasi 


via the covariant Green’s function® for the system. It 
in order to obtain binding, 
the order of 
would not only invalidate the T-D 
but ith the 


whi hy 


is found that a coupling 


parameter G*/4a of several hundred is 
required, which 
approxim ition also disagrees W value of 
15 The 


discrepancy with the more reasonable values of 9.0 and 


about explains the scattering data.’ 


13.5 obtained by Arnowitt and Deser is explicable, 
since their potential approximation still includes nega 
Tamm 


tive freq lency components not present in the 


h on elimination yield a 
like 


1/r and capable of overriding the centrifugal repulsion 
! ! 


Dancoff equation, and whi 
potential varying at short distances something 
is little reason to trust a sta 
lamm-Dancofft 


to solve the integral equation in 


Since there 


tic potential 


approximation to the equation, an 


attempt was mad 


momentum space, using the approximation successfully 
employed by Lévy and Marshak’ for st: 


angular momentum. If the energy eigenvalue ts taken 


ites of lower 
to be complex, the equation for the imaginary part 


determines the lifetime, while the equation for the real 


part determines G*/4x, given the energy of the decay 
Although the approximation used cannot be trusted 
quantitatively, it is argued that the qualitative features 
of the interaction are preserved. In this approximation, 
it proves to be impossible to find a decaying state for 
I 3/2, and for J 
to require a complex G*/4r 
is found that, 


of G*/ 44 of the 


1/2 the quasi bound solution seems 
In both cases, however, 


it values 


as in the static approximation 


order of several hundred are indicated. 


STATIC POTENTIAL APPROXIMATION 


The lowest order Tamm-Dancoff equation for the 
pion-nucleon system can be derived directly from the 
Hamiltonian form of the pseudoscalar meson theory 
with pseudoscalar coupling,’ or can be obtained by 


taking the adiabatic limit of the covariant two body 


equation in the usual manner,® iterating once, and 
* J. Schwinger, Proc. Nat. Acad. Sci. (U. S.) 37, 452, 455 (1951 
™M. M Lévy and R. E. Marshak, Nuovo cimento 11, 366 
(1954 


* E. E. Salpeter and H. A. Bethe, Phys. Rev. $4, 1232 (1951); 
M. M. Lévy, Phys. Rev. 88, 72 (1952 
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projecting out the positive frequency components of two terms in the kernel then combine to rive 
both® meson and nucleon. As is well known, there is a - ’ 
' {H(p+s)—|_W—E(p)—E(s) }} 
Ais r ising this theory for states of isotopic spin ‘ ‘ , 
- . - : < <-> t —_ 7 4 — 4 ¢ 
one-half ty . same of these states an isolated +{L E(pt+s) | W-—E(p)—E 
nied be present part of the time 1 the integra If we now make a second nonrelativistic approximation, 


equation then corresponds to adding up an infinite namely that E(p)~E(s)~M+[MQ/(M+u)], where 


eres ol divergent seil-energy effects even though the yi)/(M-+-y) is that fraction of the total kinetic energy . 
trix elements in the kernei are themseives finit O which is carried by the nucleon, the equation becomes 

Ho ever tor the present WOHLEeT ve ire yncerned 

tes of to ing ir momenturl greater G 1 

‘ b)—w(>) Ie. ' F 
tha one i. sot " 7) ed iclec in never LW I P WP) £a\ Pp) Vos ey t - 
2n)* 2w( p) 

ippear. a e€ ol C50 ¢ erge es O r. For ese “ 


states the lowest order Tamm-Dancoff is then simply a: (p+s)+38M —W(M—uy)/(M+un) 


W-—E(t b) lga(p p+s)?+M°*—[W(M—yp)/(M+u 


} 


G Mf? vhere this equation agrees with the adiabatic limit of 
fy,’ {3< “ . . . 
\ P ne covariant two body equation when written out lor 


e€ positive trequency compone! lt 2a p to order G 4dr 


i | 
A_(p+s After multiplying Eq. (2) by |(W?—M?*+y°)/2W 
+w(p) [| W+E(p)—o(p)]/2W, it is transformed to 
i I p+s p oordinate space, dropping a term 


ompared to f exp(ip-r 2r)*6(r). The large and 


) i 
+ / ) J ) 1 
‘ P H P I I f smail components can be separated in the usual way, 
ving for the irge omponent the equation 


ra ire retaine (o ni r é ) effe t { ; 
re rT il rder G bor Wi be to re e the where 
SSeS ( rr 7 the jeft i e of the et i } r ] ; J+-4)/2y’r? 
ry eT T ler i¢ I iT the poss pie effects 
ft replacemet , rt be sidered , Volr 1 ("/2)(G*/4ar) (1/ 2p 


’ 





touched ( rox i the energies ol ( . 
the system, that is E(p)+w(p)=W =E(s)+« Che sotopic spin 1/2, the potential V2“ is attractive in the 
former case for J = 3/2, 7/2, 11/2, --- and in the latter 
Ifo es « AS give xa for J=5/2. 9/2, 13/2 
S , } } 90 75 53 
; , : ‘ . Alt igh this equation could be solved exactly, a 
stea I ‘ t i i ‘ i : . » 
eon, the resulting equation contains terms other than those rough approximation shows clearly this is scarcely 
ove ce RODCOVATRS GDPFSaCR Even bo Order ty /'te worth the effort. The first part of this approximation is 
See reference 1 I 13 Ar Als ior notati We use as : . ny 
Sei Bi ain AL) Sew Ge Gnied eaemee of thee eeiemn cathe thats Bl to replace the Yukawa potential V2(r) by a square 
“ g , ’ : 


. *hy 994 (1953); a 91, 1543 (1953 we of range 1/p and depth given by Ve, where 
W. M. Visscher [Phys. Rev. 96, 785 (1954) ] has shown that =f | ir= V, f.''* Pdr; the centrifugal repulsion is 


rivrdar 

LLIZA es a € t . é - : 

mable te int ot physically and wi . , aye retained outside this range, but replaced by a constant 
l.D. approach. In ar ase, we are motivated here by the agre repulsive potential inside 1/p whose value V, is given 
. t with experiment taine " rr malized equa =, —) . » , P 

: : tg by V,SJo!* rdr= _/ V.(r)rdr. The problem is then 
: ask sin {f the A’ narts " 7 x i] wit r . . . ‘ t : 
same framework readily handled by the WKB approximation, and for a 








QUASI-BOUND STATES 
given Q-value both lifetime and coupling constant are 
determined, selected values being given in Table I. 
The approximations leading to these results are so crude, 
and the results so sensitive to the precise value of p, 
that close agreement 


‘ with the experimental values of 
Q=37 Mev and r= 


3x10 


expected. However, Dyson ef 


second is hardly to be 
al.’ obtained agreement 
with the p-wave scattering for a value of G*/ 49 slightly 
greater than 15, while the values of several hundred 
indicated in Table I would invalidate the whole Tamm- 
Dancoff approach. We interpret these results as an 
indication that G*/4r this 
theory does not give sufficient binding to form long- 
lived states of high angular momentum. 


for reasonable values of 


This result is in striking contrast to that of Arnowitt 
and Deser’ who find, after making a similar potential 
approximation to the adiabatic limit of the covariant 
two-body equation, metastable states with orbital 
5 of O~40 Mev and r~2X 10 
second using a coupling constant G*/4m of either 9.0 or 


angular momentum / 


13.5. It is true that the approximations we have used 
inderestimate the potential strength by dropping a p 
dependence in the whereas Arnowitt 

Deser overestimate their potential by the approxima- 
tion f'd’p[ M/ E(p) jexp(ip-r 


not account for so large a discrepancy. 


numerator, and 
2r)*6(r), but this could 
The essential 
difference is that in their result the potential approxi- 
mation still couples in states of negative frequency. 
They replace Yukawa potentials by square wells and 
additional 


decouple these equations, which gives an 


1/r potential in their final equation (again approxi 


mated by a square well in their calculation). Thus a 
more exact treatment would presumably give an inter 
action varying something like 1/r* at the origin, and it 


hat this attractive term can overcome 


is not surprising t 
the centrifugal repulsion for reasonable values of G*/4r. 
Hence it is clear that their result comes about precisely 
because they retain the negative frequency components 
h are absent in the 


whi l'amm-Dancoff treatment. 


APPROXIMATE SOLUTION OF THE INTEGRAL 
EQUATION 


Since there is no particularly good reason to believe 
potential approximation does justice to 


the interaction we are 


onsidering, an attempt was also 
made to solve the integral equation directly. That is, 
M+u +O 


the 


W is treated as a complex eigenvalue, W 


iA, A>O whose imaginary related to 


ifetime by r=h/ 2d. By a 


part 1s 
series of approximations, the 
kernel is factored and, for an assumed value of QO, the 
imaginary part of the equation determines X while the 
real part determines G*/4. Alt 


lead 


jough the approxima- 


tions used can at best to only qualitative results, 
these results reinforce the lusion drawn from the 


com 
pproximat! yn thi 
sufficient binding to form a metastable state of 


potential a 


it this equation does not 
give 
“e 


high angular momentum. 
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TaBLe I. Numerical results in the static potential approximation. 


I O(Mev J Qu’ ° Gade 7 (se¢ 

3/2 35 11/2 0.28497M 0.47921M 147.9 2.1Xi¢0°" 
25 11/2 0.27822M 049341M 142.5 2.1x10°" 

1/2 35 9/2 0.28497M 0.47921M 203.3 86x 10°" 
35 13/2 0.28497M 0.47921M 406.4 67x10" 
oo 13/2 O030144M 0.440990 450.3 5.3xio-" 


The angular and spin dependence in Eq. (1) can be 
separated in a straightforward manner [ see, e.g. refer- 
ence 1, Eq. (23)] and the kernal of the resulting 


one-dimensional integral equation depends on quantities 
of the form 


l¢+r 


J [2/(b+2) JPL (?— 


1—r?)/2r dz, 


ips /L[E(p+s)+E(p—s) ?. In order to obtain 
manageable expressions, these quantities are expanded 


rx R, 


R=1+r'; this expansion parameter is always less than 


where r 


as functions of where x= (2?—1—r*)/2r and 
1/2 and only approaches this value in the region where 
both p and s are very nearly equal and both much 
larger than M, so this expansion is reasonably good in 
the region of the interest. This expansion leads, ulti 


mately, to the following equation: 


I\R ( B 
ps r l 
[M+] p) |i M4 E(s) | R 
1? W+M 
x 1, (ps; y+ figs bs: 8) g(s), 
( B 
(4) 


where the various quantities entering this expression 
are given in Appendix I, including explicit expressions 
1,(p,s; 8 


| 
} 


- and higher 


for for 0<1<11 neglecting terms of order 
(ry R 

This approximation is still insufficient to make the 
equation tractable, so the approximation procedure of 
Lévy and Marshak’ is used. This consists of replacing 
either p or s by a constant momentum fp; in those terms 
[such as E(p+-s) ] which do not factor. Provided p, 5 M 
the approximation p=, is good except in the region 
where both sSM and p>M, pi is a good 
approximation except in the region where both pS M 
5 >M the 
function into two parts at some value of p of the order 


while s 


and Consequently we can divide wave 
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nd take This is equivalent to replacing ¢ by p: in Eq. (4) in E, 
R. and the terms inside the [ _], eliminating g(p), and 
itting off the integral at po. 


p= pi, O<p<bdo, O<s<~, ; 
On examination of Eq. (8 


+ 


it is found that the 








‘ 4. 4] ) « x Oc c< 6 
pr, f . po, oa ' a ee le o tages Thi 
integral depends logarithmically on the cutoff po. 1 his 
while retaining the unfactored kernel in the region divergence has been artificially introduced by the 
where both s and p are greater than po. This is still a failure of our approximation of replacing p by fi: in the 
f = , : , ° . 
reasonable approximation to the original equation for region where p is large. We have just proved, however, ‘ 
1 iudicio e of do and :. Specif for J=] that the contribution from this region to the eigenvalue 
f - f . . . “1 - . 
+ 1/2, in w use the term containing / equation is, in fact, negligible. Therefore, an appropriate 
Eq. (4) can be dropped, this approximation gives us choice of both po and p; must give a valid approximation ‘ 
‘ . t vas 5 ‘ + . . . . . * " x * 
to the original equation. We have already seen that we 
7, ’ must choose 1<M and of the order of a few M, 
O0< p< bo: oy; b n VU, + Vils pid 1s : pi i p , ; < : 
=o ' . , so what is done below is to solve the equation for a few 
x appropriate choices. In order to justify a parti ilar 
+” Mf p)N Di \dels)d tatively it would be necessary to iterate 
Vi p + 3 . 1 Ns . 
J t ave function and show that the correction 
are ee ver, the results ol our particular Choices, 
’ which should reveal the qualitative nature of the 
solution, are so completely negative, that it did not 
, - oA \ P| y ie . 
Pe: @ ” M ’ ‘ ? 6) ippear worth while to attempt such an iteration to 
obtain more quantitative results 
k : In order for our eigenvalue to give a lifetime of the 
- L (2 @ 1s . ° : ; e 
‘ order of 10° second, \ must be of the order of 10-°M, 
so Eq. (8) can be expat ded in powers of \ and the real 
| p + A +> 
nid bo)M op, pi) ind imaginary parts separated giving 
‘ 
+n K(p,s)o 1s, UG 
: t=nliulE; py} Ti ihn, 
Sa 44 9 
tat Lot ] ] 
ere the me i ) s cle é \ eT x 1. If we 
r LislE; p:)/LilE; pip 
erate the equation o r anc € ite < i - ! 
j > ‘ ot ft ren qiuat . 
oa, WE Strive & ee —— where the integrals Ly, Ly, and Ly; are defined in 
Appendix III. A rough estimate shows that for 
l= Mi(s)N1(s,pi)d tail M,(p)N2o(p)dp >, =k=0.103375, ~11 should give X~10-'*M, so the 
“ ‘ imerical work was carried out for this case. The re- 
= sults are given in Table II. Since L 1S positive, only 
4 [ Vi(p,pi)} Mo(P,? sotopic spin 3/2 gives a real G*/ 41. (If / were even only 
. isotopic spin 1/2 would lead to a real G*/4r.) Since 
: I 512/2028117 = 2.52 10-4, values of G*, 4x of the 
+n, K (p.s)Mo(s,p;)ds } dp |. 7 order of several hundred are required, as given in the . * 
table. In addition, both Ly. and Ly; are negative, so that, 
+} y , ee wae. ae 
As is shown Appendix II, it is possible to use the . ugh A was assumed positive (corresponding vst 
, ce Ving stat we find a negative valu in other words 
usymptotic form of A(p,s » demonstrate tor res wi “are ay a — ‘ 
» 
finite p» the contribution of the term proportional to : 
p wenden orm | Taste ITI. Numerical results for J=/—1/2 (M=A=c=1). The 
” Ss neg gible so that we are ieit with the eigenvaiut \ es of | i ar Ls: are the same as given in Table II 
r iatior 
1 nN V ¢).\ p | » 30 40 20 
La 19.33 4444 1.1441 
15.30 22.75 0.68049 
Taste Il. N " / 1/2 (i=a 1 1.607 x 10-™ 1.9443 x 10 
Vv ~116.78 — 277.96 8 4880 
: 4s d “= 93.46 166.99 4.8410 
0.103375M 30M 66.24 ; ¢ o = Wis 3.2172K10-" 5 6457K 10°" 
O.10337SM 40M 134.40 87 S¢ aoe ~374 no sol YW — 33.19 —67.11 — 2.2743 
~10°™ 7 — . - 
7 105M 30M 4.2356 4689 3.2080 600 no solut Vf 21.06 43.54 1.3207 
x 10-18 Ms — 1.6043 10" 2.8153 10-5 
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Taste IV. Final numerical equations for J=/—1/2 


p pe Equation (10 Equation (11) 
11 k 39M 7.8X 107%? +8.0 10™y +1 =0 A(n +94.1) = —6.8X 107 (9 4-68 
11 b 40M 7.7X 107%? +1.5X 10 +1=0 A(n+18.1) =—3.5X 10°" (»+2.0) 
7 1 21.0) = — 2.1 10-(» +-92.3) 


OSM 3.0M 4.1X10~y?+-3.2K 10) +1=0 A(n +3 


the equations do not possess a solution for any sign of of 7 lie between 92.3 and 321.0, corresponding to a 
\. If we were to take / even, A and consequently both fantastically high coupling constant. Again Eq. (10) is 
Li. and Ly, change sign, so that there are also no de- inconsistent in that it give complex roots 

caying states for J=/+1/2 and J=1/2. 

The equations for /=/—1/2 are more complicated, CONCLUSION 

since both the term in /, ; and /;_;, ;-: must be retained. We feel that it is indicated by these calculations that 
However, the same approximations lead, eventually, the lowest order Tamm-Dancoff equation does not give 
to the two eigenvalue equations sufficient binding in states of high angular momentum 
to lead to a quasi-bound state capable of being identified 
with the A° particle, if the value of G*/4m indicated by 
the p-state scattering calculations! is approximately 


1—7n, 1Mo=nf Liu T Ni-1 LoyM yy, - Li,M l 
+LisMos—LesMi3)], (10) 


and ; 
correct. The much larger coupling parameter found 
(nia/) (AM 2+ MM ALw— Lis above would make it virtually certain that the Tamm 
ssf (Leif wt-Laolfu~Lallie~Laltal Dancoff approximation could not be employed in any 


+(LaMistLaMu—-LuMa—LiMn)). (11) 9% Since it may well be, as Pais and others'*® have 
suggested, that the long-lived hyperons are evidence 

lhe definitions of the integrals are given in Appendix III for a new fundamental interaction or new symmetry 
and their numerical values for particular cases in principle, this negative result may indicate that there 
lable III. For the various cases indicated in Table III, are, in fact, no long-lived excited states of the meson 
the resulting numerical equations (10) and (11) for 7 nucleon system. Conversely, if there are such states, 
and \ are given in Table IV. For the case /=11, p, the lowest Tamm-Dancoff approximation, which agrees 
k=0.103375M, po=3.0M we see that in order for \ fairly well with the observed p-state scattering, appears 


to be positive, 7 must be negative (that is, the isotopic to be incapable of predicting them. 

spin is 1/2) and lie between 6.8 and 94.1 in absolute 

value. The value of G*/4m required to give \~10-"M ACKNOWLEDGMENT 

is about 450. But the quadratic equation for n indicates We are indebted to Professor R. E. Marshak for 


still higher v. !ues. Unfortunately the solutions to this _ originally suggesting this problem and for many stimu 
quadratic are complex, so that again the equations lating discussions. Professor M. M. Lévy was actively 
are inconsistent. If the itoff is increased to 4.0M, the concerned with the final stages of the work on the 
value of G*/4x required to give X~10~"°M comes down _ integral equation, and his advice and help were most 
to about 125, but Eq. (10) still has a complex solution. useful. One of us (B.P.N.) is indebted to the Govern 
If we take /=7, p 1.05M and p 3.0M, the limits ment of India for the award of the Central States 


for \ to be greater than zero are that the absolute value Scholarship 
APPENDIX I 
rhe quantities appearing in Eq. (4) are defined as follows 
A+=E(p)+w(p)+E(s)+o(s)+M—-W=B+C2M+W, 
B=E(p)+E(s)—W, C=a(p)+u(s)—W, 


2E=E(p+s)+E(p—s), r=ps/E*, R=1+?', 
8= R'/(R'+B/n), y= R'/(R'+C/E). 


' 2™*1n !(4n+4m) ! 
I aa* 2"P,,(2z)dz when n—m is even and positive 
= (4n—4m) !(n+m+1)! 


0 otherwise, 
2™*! (mm !)? 
2m-+1)! 
—_ n= (O’/8r)(G*/4x) 


+A. Pais, Physica 19, 869 (1953); M. Gell-Mann, Phys. Rev. 92, 833 (1953); D. C. Peaslee, Phys. Rev. 86, 127 (1952); M. M 
Lévy and R. E. Marshak, Proceedings Padua Conference, 1954 Suppl. al 12, ser. 9 del Nuovo Cimento p. 253 (1954). M. Gell-Manr 
and A. Pais, Proc. Intnatl. Phys. Conf., Glasgow, 1954 (to be published 
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The explicit expressions for A,(p,s;| 
{ ae a 1 7¥)+O(7/R)?+---. 


1 P,S; 1+7"7)+O(7r/R)?+ 


i 


&8179 (— 4199 


256 256 
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APPENDIX II 


The term to be estimated is 


nf f msconacerdn] f Ni(ps0)| Malop+m f K(p,s Ma(s,pidds dp (II-1) 
" . PO 0 


0 0 


For p>M, we have M,~p'*, Ny~A/p'", Me~A/p'**, Na~p'™, where A is the asymptotic numerical value 
of A; and is independent of p. Then 


© A? p A? 
J K(p,s)M2(s,pi)~—— In—+—— ; (II-2) 
po ate po (2/+-1)p'** 


where we have used the fact that in this region ps/ E” behaves like the lesser of (p,s) divided by the greater of 


(p,s). For po finite, the entire contribution from (II-1) is therefore 


nrA* 
(1 T 2nA 2i+-1), 
1+-1)* 


tN 


provided only fp is finite, and since 9,4 is quite small for reasonable values of G*/41, this term is negligible com 
pared to the leading term in Eq. (7). 
APPENDIX III 


The quantities [L’s and M’s] appearing in Eqs. (9)-(11) are defined as follows 


Ly EY; pr f dp Try +T ray), 


E(p)—w(p) RUE k)+w(k) | ( B oud 
( B 
Tr Kol pt 1-A ,(~i,p; ¥1) I rp,== Ko(p,pi)- E—M)Aj(p1,p; 81), 
C*+A B’+-r 
( | 1 a 
I(p7 K2(p,px) \Ai(pi,P; ¥1)— ——Ay 1;:(pi,p3 | 
C?+)? | C+ER! dy } 
B | E-—M a 
(pg —K, P, Pi) ) Ail PrP; Bi) 4 -———f$ 3 Ai(pr,p; Br) ?, 
B+? | B+ER' 0p; } 


[M+E(p)]/ p \* E—E(p)—w(p) 
Ki(p,pi ( : ) ; Kalp,pi)= Kilp,pr)- 
E(p)w(p) \ER' CE } 


where in the expression for A*, B, C, E, and R, the variable s=p,, and W is to be replaced by E wherever it 
occurs, & is defined by the relation E= E(k)+w(k) and ¢, is very small but DA. Ln, etc., are defined exactly 
the same except that they have a factor M+E(p) more in the denominators. Mj, etc., follow from the definition 
of Ly, etc., if the replacements 

rr 


K, *K;= p . a. 
E(p) (wp) (ER!) 


A-—At, E—M-E+M, and /-+/i—1 are made. Mx, etc., bear the same relation to M,,, etc., as La; to Ly, ete 
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Phase Shift Formulas for Nucleon-Nucleon Scattering 
S. CourTENAY WRIGHT 
Institute for Nuclear Studies, University of Chicago, Chicago, Illin 
Received February 10, 1955 
An ex] formula for the scattering s atrix in terms of phase shifts a ixis eters is de 
rived for the case of nucle f ering. The treatme $ relativistic and hat urge 
ele eT f . 
ALITZ and Wolfenstein and Ashkin' have shown minima of y are found. The direct derivation of the 
how the results of any nucleon-nucleon scattering form of M which follows is in the style of Lepore’ who 


experiment may be ll the scatte Zg matrix 
M , operating in the spin space of the leons, is know! 
They limited the form of M by ert Variance 
onditio to 
VU = BS+-C(e,+e,)- n+ Dle,—e.)-n 
+ Vie, n)(o,-nj)7T+4 1G a, k)(o.-k 
+ (o,-p) (os: p) |T+4H1 (o,-k) (on-k 
Go,  p)\eep 7 1 
where B,C, D, N,G, H are « rgy depen ie tur ons 
of the c.m. scattering angle 6. S a d 7 ares rlet and 
ripiet projecuion operators; n k, p ire vectors 
lirected along k k k k and k k respec vely 
ere k,; and ky are the initial and fir I ymenta 
| € ol 1 par les 
The D term changes the symmetry of the 
| function and w be absent when the ex s 
principle forbids rlet-triplet transitions, 1¢., in p-p 
scattering and n-p s ering if isotopic spin is 
yr Se ved 
In the abse e ol a Satisia ry eory of nuclear 
lorces the primary object ot nucieon scattering exper 
ments 1s » est ate the phase Its t¢ and mixing 
parameters (¢ f those partial waves responsible for 
e scattering. Rece ly Wolfenste nas re ed r 
re ol ce pie scattle y exper r pit 
I ear ml ms of the B,C,G,H ‘ 
piex ) es These relat ~ Ss 
venient basis for the phase sis il e exp 
depe det ( | é B isn Ge H , Oo 4 eosa d the 
e's can be fo d. J] 8 analysis | ne isto 
lor an art \ e ol 5 1 e's a digital ter 
s coded to firs d the comple bers B, C,G, H, 
tne angies 0 a ne exper e - ave bee 
irried o ‘ » combine est ymplex numbers 
a ling e Wolfenste lo ulas and cor pute to 
i the observables O the east-squares su x vr: 
Onsite (}.. Phe procedure is repeated with a 
different choice of 8’s and e’s until the minimun 
* This work su ‘ int contract of the Off Na 
Resear and the U. S. Atomic I gy ‘ ISs10T 
R. H. Dalitz, Proc. Phys. So L A65, 175 52 
L. Wolfenstein and J. Ashkin, Phys. Rev. 85, 947 5 
*L. Wolfenstein Phys. Rev. 96, 1654 (1954 








treated the equivalent problem for scattering of a spin 
} particle by a spinless particle. , 


The wave describing the system in p-p scattering is 


I 
¥(r)~(1—E)e™ : ki-r).y (1,2 
-_ ’ 
+ Mx(1,2), (2) 
r 
where a=e’/hv, E is the particle exchange operator, 
x (1,2) is the product of the two incident proton spin 
fu ms, and M is the scattering spin matrix. To find 
VM, first expand the incident wave in terms of the eigen- 
fur ons ol e constants of the motion: J’, parity, 
and spin symmetry Then construct the scattered wave 
according to the standard S-matrix prescription.’ If 
the operator form of the projection operators which 
occur is retained, the M matrix may be easily identified 
in the scattered wave namely, 
1+-/ 
Vf {>° (S'—1)(21+-1) PA 
2 b 
1—E){ 
. (S)°—1)3A9d P+) (SA—1)(2/4+1)A/P 
ok | 
tS 1(S 1)(2/+-1)Ayi'P S 1 
S 
< (214-S5)A P 4 
1+1)(1+2 
x 2I+1)A i+1 21+-3)(1-—e P+ (21+-5) 
* Ap 1+2 21+3)(1—« Pr, rA, 
Here A,(A,) are singlet (triplet) projection operators; 
\ rojects states of total angular momentum J out 
J. V. Lepore, Phys. Rev. 79, 137 (1950 
‘J. M. Blatt and L. C. Biedenharm, Revs. Modern Phys. 24, 
258 (1952 











PHASE SHIF 
of Px (1,2 
M?+ (/+2)A4+-/+1 W+A—1(1+1) 
\ A - ’ 
1+-1)(2/+1 I(l+1) 
\ l—1)A—I 
A 
1(21+-1 
A\=l-e, l=rXp/hA, e=}(e:+e:), with o-e.=1. 


The elements of the S matrix are written SY and 
S,’ for nondegenerate singlet and triplet states re- 
spectively. S;;'*! is the submatrix of S referring to the 
two degenerate triplet states with J=/+-1 and parity 


r 
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(J,) unlike the invariant S matrix. This is the origin 
of the e.? term in the last summand. To put M in the 
form (1), carry out the spatial operations in the Ay'P; 
terms and then reduce all expressions to at most a 
bilinear dependence on the components of e. This last 
operation is facilitated if the formula, 


(A-e)(B-2)(C-2)=i(AXB-e)(C-e 
t i(A-e (Bx C-e T A (B-e Cc 


is used. A, B, C need only commute with e. This for- 


iA-BxC, 


mula follows from the identities for a spin-one operator 
e, namely 
e,4 


e,=e,, (es2 ie,)*?=0. 


1)'. The coefficient of the S,.'*' term depends on The final expressions for B, C, VN, H, and G—WN are 
cr 1 
B em $+e |4 dea o% (21+-1)P 
Ik ik « € 
sin@ 24-3 J -4-3 44 | 
( >> 3 P 3 Pi /—a ve 7 P,' t Veolia) 
4k +1 14-2 1(14+1) 
a b4 : uP,’ uP, 
\ e'm S—e ]+ > 1B: 2(1+1)P; +B» (20+2)7 
2k 2iklo l+1 1+-2 
B +1 ) 
Pru +e ty 1 uP ra é Fi}, 
1+1)(1+2 ’ l(l+1 
1 : P/ Piss’ 3 
H > 18 +3 + uP ur’ —2(1+2)(14+1) Pu) 
ik | od 1+-1 1+-2 1+1)(1+2 
2i ] | 
¢ a 1 P/ ra € 9 > 
l l t l | 
a 1 uP! me 
G \ em S— ( + . > 3 P,4 Dp Put 
2k k l+1 1+-2 


dP 


polynomial of order / 


where P,/ du, w= cos, 


la 


is the phase shift for triplet states of orbital 


angular momentum / and J respectively. 





mtits 
Pnuily 


for singlet states. 


ng jua 
LOS"é€s 

-exp(2tm:)) sin*ey, 

Bs exp( 216, Ms sin*€, 


~€xp 2iniss cos*€s, 


Here 5,' and 6,” are the two eigen phase shifts of the 


triplet states with angular momentum J and 


-] and €/ 


parity 


is the mixing parameter.‘ The separation 
ho phy sical 
of 


angular momentum cannot 


of nuclear and Coulomb phase shifts has 


significance if occurs, because a mixture 


mixing 
states of different orbital 
have a pure Coulomb phase shift. The separation is 
made here so that the slowly convergent Coulomb series 
can be replaced by the usual Rutherford scattering 


amplitude 
$=[sin*(6/2 


) |  exp/ -ta In sin?(@/2) | 


i) 


@ = [ cos*(6/2) }' exp[ — ia In cos*(6/2 
The formulas apply to neutron proton scattering if 


a=e*/hv is put equal to zero, the sums are extended 
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over all / save for the absent *S» state, and charge 
independence is valid. In this case, it is useful to write 
the formulas in terms of 6;/+8,7, 8;/—8.’, and 8,’ 
because the last two have the same complex phase. 

It is interesting to note the connection between this 
derivation of M and the limitation placed on M by its 
invariance under time reversal.' Terms in (e,—e.)-n 
and @,@,-n do not occur here because change of spin 
is forbidden by the assumed charge inde- 
The term in (e;-k)(o2-p 
disappears only because of the sym- 


symmetry 
pendence of the interaction 
+ (oy p) (ark 
metric nature of the S matrix. This property of the S 


UME 9 


9 NI 


AY WRIGHT 
matrix can be proved by the invariance of S under time 
reversal. 

The formulas have been checked against those de- 
rived by Stapp by a different technique up to f waves 
with mixing but without Coulomb phase shifts and 
against Breit and Ehrman® formula for 2 Re(C*B) 
without mixing. This work was started after some 
illuminating discussions the author had with Professor 
E. Segré and Professor O. Chamberlain about the 
analysis of proton-proton scattering experiments. 


*H. P. Stapp (private communication 


* G. Breit and J. B. Ehrman, Phys. Rev. 96, 805 (1954). 
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A genera! method is described whereby the low-energy behavior 
of collision processes can be investigated systematically. The basic 
procedure is the construction of the renormalized Green’s functions 
for the participating particles in the presence of external sources. 
For processes involving the collision of a boson with a fermior 
photon scattering, meson scattering, ar I iucti f 
mesons —one requires the propagat func f a nucleor 
the presence of external electromagr ane n fields, as we 
us the propagator for a meson in an electromagnetic field. The 

uther direct relation of these functions to the various transition 

utrices is deriver The possible forms of the Green’s functions 

are limited by the principles of Lorentz, gauge, and charge con 
igation invariance. Their detailed structure is determined in part 

by the requirement that they describe parti les of known mass 
charge, magnetic moment, and mesic coupling constant. These 
‘ ditions are ent tol ly a number of theorems. For ex 
a ¢, it is shown that the amp! le for photor pr scattering 
is given correctiy t terms of first order in the photor energy 

a Born approximation calculation, if one assigns to the protor 

s experiment cludes the 


al charge and magnetic nent. If one ir 


upling constant in this set of parameters, ther 


I. INTRODUCTION 


— RABLE 
recently to the 


limit of field theories which can be renormalized. In 


attention has been devoted 
investigation of the low-energy 


he study of the simplest processes involving 
} 


particular, t 
the collision of a boson with a fermion—-p 


10ton scat 


tering,' photoproduction of mesons,’ and scattering of 


mesons’—-has yielded a number of theorems which have 
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The zero frequency limit w 
Thirring, Phil. Mag. 41, 1193 
in the frequency by F. E. Lov 
M. Gell-Mann and M. I 


Department of Physics, Universit Pennsy! 


as first treated in full ge 
1950), the amplitude to first 
w, Phys. Rev. 96, 1428 (1954 
Phys. Rev. 96, 1433 


nerality 
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order 
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perturbation theory is also valid for the leading terms in a 
energy expansion of the P-wave in meson-nucleon 
j ; 
df 


tion, and the entire meson 


momentun 
scattering, the S- ar waves associated with the nucleon current 


in photomeson produ current for the 
Same 


The methods employed to establish 


process 


the 


theorems are extended 
in order to provide a phenomenological framework for the de 
scription of the experiments for energies low enough so that the 
but for which the 


deviations from the theorems are of practical significance. Thus, 


expansions in boson energy are still valid 


ygested that for the description of photon scattering one 





ric and a magnetic polarizability to the 


of the P 


troduction of two additional parameters 





Hute an elect 





The desc ription wave in meson-nucleon scat 


nut leon 
tering also requires the ir 


From the manner in which these enter the scattering amplitude, it 


can be concluded that the phase shift in the state of angular 
momentum and isotopic spin 3/2 is enhanced compared to its 
Born value, if only the phase shifts in the other states deviate in 
the opposite direction. Finally, parameters are introduced to 





describe the S-wave in meson-scattering, and the basis for a 


phenomenological! description of photoproduction is indicated 


proved of considerable utility in the interpretation of 
experiment. For the phenomena involving mesons, the 
theorems have been of special value in pointing to 
suitable experiments for measuring the meson-nucleon 
coupling constant.? 

In order to 
scattering or production matrices, one expands these, 
in effect, in power series in the four-momenta of the 
One then observes that of the 
leading powers is of the same form as its Born approxi- 
mation, expressed, however, in terms of the experi- 


investigate the threshold behavior of 


bosons one or more 


mental charge, magnetic moment, and mesic coupling 
constant of the fermion. The purpose of this note is to 
report a systematic procedure for the construction of 
discussion we shall 


such theorems; in the course of the 


rederive the results that are already known,’ as well 
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as a number of additional theorems on photomeson 
production and meson-nucleon scattering.‘ 

The physical properties of a nucleon which underlie 
these results are most clearly subsumed in the structure 
of its Green’s function in the presence of external boson 
sources.® The rather direct relation of this quantity to 
the transition amplitudes is derived in Sec. II. The 
basic physical information at our disposal, to be fitted 
naturally into a framework that satisfies the require- 
ments of Lorentz, gauge, and charge conjugation in- 
variance, is twofold. First, we know the form and 
analytic properties of the field-independent part of the 
renormalized Green’s function, G, for four-momenta in 
the neighborhood of the free-nucleon mass shell. 
Second, we can insist that the propagator describe a 
particle with the correct experimental electric and 
mesic charge and magnetic moment, a condition im- 
posed on the terms of G which are linear in the boson 
sources. The role of the requirement that we deal with 
a renormalizable theory is merely that the above 
statements have a meaning, after a suitable scale change, 
if necessary, for the various functions of the theory. 

It is perhaps worth emphasizing that the true sig- 
nificance of the theorems is that they provide a means 
of measuring parameters which are logically defined by 
other experiments. Thus, the charge and magnetic 
moment of the proton is measured, in principle, in the 
scattering of the proton by a weak, slowly varying 
external electromagnetic field, weak enough so that 
only effects linear in the field need be considered and 
sufficiently slowly varying so that any space-time 
variation of the field-strengths may be neglected. Again, 
the meson-nucleon coupling constant—in the sense in 
which the term will be usedin this paper®—is meas- 
ured by the scattering of a nucleon by a weak, slowly 
varying meson field. Because of the pseudoscalar nature 
of the meson, the coupling constant so defined is more 
the analog of the magnetic moment than of the charge, 
since there is no scattering to first order in the field 
from a uniform meson field.’ If we notice the formal 
identity between the scattering and production phe- 
nomena to be considered and the dependence of the 
scattering of the fermion on terms of second order in 
the external boson fields, then the theorems may be 
given an alternative statement. It is that the matrix 
elements which determine the scattering of a fermion 


‘ The new results to be established in this paper concerning the 
P-wave in meson scattering and the P-wave and meson current 
effects in photoproduction have been established by independent 
methods by F. E. Low, to whom the author is indebted for illu 
minating discussions 

‘In the treatment of photoproduction we also require the 
Green’s function of a meson in an external electromagnetic field 

* The alternative definition proposed by Deser, Thirring, and 
Goldberger, reference 3, in terms of meson scattering at zero 
energy is less closely related to the original Yukawa hypothesis 
In the absence of a satisfactory dynamical theory, however, one 
can only remark that this definition is of use in the correlation of 
a different class of phenomena than those considered in this paper 

? This is, of course, equivalent to the observation that the 
emission of a single pseudoscalar meson is into a P state 
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by a weak, slowly varying field also determine—with 
exceptions to be noted below—-the scattering by some- 
what stronger but still slowly varying fields. 

We have divided the detailed considerations accord- 
ing to phenomena. Section III, which treats of y-ray 
scattering, contains the proof that the scattering am- 
plitude for this process is correctly given up to terms 
of first order in the frequency of the photon by the 
Born approximation computed for a nucleon with given 
charge and Pauli moment.' We actually construct the 
Green’s function in greater detail than is required for 
the proof of the theorem. Thus, we are in a position to 
specify the number of additional parameters required 
to determine the scattering amplitude to the second 
power of the photon momentum. It is suggested that it 
should be possible to understand experiments up to 
energies somewhat below the threshold for meson pro- 
duction by assigning to the proton (approximately) 
constant electric and magnetic polarizabilities in addi- 
tion to its charge and magnetic moment. The interpre- 
tation of existing experiments’ in terms of single nucleon 
scattering cross sections is not sufficiently certain to 
allow a real test of this hypothesis. 

In Sec. IV, it is shown that the P-wave in meson- 
nucleon scattering is given by Born approximation 
except for relative corrections which vanish as both the 
momentum and mass of the meson go to zero, That 
there is no analogous theorem for the S-wave is merely 
a consequence of the fact that the coupling constant 
taken as fundamentalgin the discussion is the strength 
for the emission of a meson into a P state.*:? The S-wave 
near threshold is determined by two parameters,’ the 
coefficients of the S-wave terms which are independent 
of and linear respectively in the energy of the meson. 
The first deviation from the Born amplitude for the 
P-wave can also be expressed in terms of two param- 
eters. Since there are three independent P-wave phase 
shifts (a@s;=a,; in the approximation which neglects 
nucleon recoil’), it is then possible to derive a single 
relation among them. One qualitative statement of this 
relation is that if a; and a;3 are reduced compared to 
their Born values, then a3; is necessarily enhanced. 
Comparison with experiment yields values for these 
parameters by no means small compared to the coupling 
constant, although this is easily understood in terms of 
the resonance in the scattering. 

Three theorems on photomeson 
established in Sec. V. The S-wave theorem for the 
nucleon current leading to charged meson production 
(Kroll-Ruderman a direct 
consequence of the definition of the mesonic coupling 
It is then demon- 


production are 


theorem)’ is shown to be 

constant and of gauge invariance. 

strated that the P-wave production from the nucleon 

is given near threshold by the Born approximation 

computed with the actual meson-nucleon coupling 
* Pugh, Frisch, and Gomez, Phys. Rev. 95, 590 (1954) 


* We use the notation of Fermi for the S and P phase shifts, 
Anderson, Fermi, Martin, and Nagle, Phys. Rev. 91, 155 (1953). 
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onstant and magnetic moment Thirdly, a similar 

tatement is establishe for the contribution of the 

meson current ‘ h involves the harge and the 
, ' } . - 

oupling constant. The latter contribution contains al] 

angular momenta for the meson and multipoles for the 

photon be L1usé 1 a retardation tactor tor the motion 

! the meson. The deviations from these theorems can 
} ’ ’ ‘ , - ‘ " 

“> i ons eres n ‘ yresen nstance owever 

| ’ ’ 

t leads o to a type of analysis wi nh has essentialiv 

been exploited the terature ve have theretore 

been content with noting the general forms of the cor- 


Il. EXPRESSION FOR SCATTERING AMPLITUDE 


We sha erive the scattering amplitude for 1 boson- 
fermion co mn. ft king is a representative ise that 
of photo uttering. As is well known. the transition 
ymrlit le fron » given state of the cvster at some 

| l I i \ \ 

, al time 1 unother state at a later time is deter 
mined | ~ bly expre ed matrix elemertT ol tne 
(ree | t for the svster taker bet wee those 
tes. The , . » defined ac thy ' le for 
y , tror tree mar é té e re €& past to 
: er such state n the remote { re For the 
t imple hose e 5 matrix y é by t e¢ ress r 
yy , 
b’o’, k'w'i S| p ky 
1 L : > ra 
7 | 
X,0E dxdt. (f k Ei)a 
. 
. A/a L4a/A C. 
ms ala ; at " f , b 1) 
Here po, p ire tour-mome I 1 spin variables 
specifying 1 final nucleon states, kv, ku, are 
the correspo gy momentun ind vector omponent 
iriabies ot ‘ t ihe am} tuce r.£ pa b S 
e init tate of the hime syster 
, i we j ) 
g d 
1 f ~-" 
, , tal De ; 
) 
T ” 
) iL ‘ 
T ia / + 
and 
+ k i ¢ b)\t- 5 
where yo is the usual Dirac matrix and the four 
momenta are those of lree particies The Green’s fur 
i KM W Ann. I 
N 
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tion of the photon nucleon system is defined by the 


Cras, yx (X »X2; &1,&2) 
— ((Walx1)We(%2)A,(E:)A,(E2)), ela ) 
Gs (41,%2) aaG + (E1,E2) us 
—10°G . (%1,X2) a8 Pe: 6 ,(fs)\ z-0, (6) 
with J,(£) standing for the external current which is 


lly assumed to be coupled to the electromagnetic 





consider the first 


6). SINCE X19 > Xoo, We Can write 


the sum is over all states of unit “‘charge,”’ and 


, t? . 7 uT YY fiir 7 +} + ; 
P,, is the four-momentum of the state n, 


P,, (p,£, p)= (p’ +m,”)*) 


Among the allowed values of m,, there is the isolated 


ywest point m,=m, the mass of a nucleon. Separating 
the contribution from this state from all the others, we 
may write according to the theory of renormalization 





Z:>. <pLip(xi—x2)—1E(p) (a x 
2r)* ro. 

4 0 ¥.(0) po) (peo W9(0) O)+-+-, &) 
vhere indicates the contribution from higher mass 
states and the matrix element (0'W.(0)| po) is now 
inderstood to be finite and a solution of the free partic le 
Dirac equation for a real nucleon. From Eq. (8) com- 
bined with Eas 3 and (5). we then obtain the 





Equation (9) is true in tl that al] terms which 
os ite wit! t te rapt » to be equated to zero, 
he limit g pro edure of Eq (] beu yg understood in 
t sense. We have also required the normalization 

fi. ( bo )u.( p.o' 5...m/# Pp 10) 

For the photon propagator G,(é1,é2),., there are 
The completely analagous case of the meson-nucleon system 

heen stucier S Deser and P. C. Martin. Phys. Rev. 90, 1072 
1953). For the notation see J. Schwinger, Proc. Natl. Acad. Sci 


F. J. Dyson, Phys. Rev. 85, 1736 (1949 
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similar expressions. From the equation (&> £20) 


eC 


(£, £.) 
IT \SES 


2/ me 


X (0! A, (0) | RAK RA! A,(0)|0)+---, 


we conclude the relation 


lim (£19 


an A 12) 


2r)*2k é 


Applying Eqs. (9), (12) and corresponding expres- 


sions for the limit (x20, fo—— ~), to the second term 
of Eq (6) as well as to the first, we obtain for Eq (1) 
the more immediately useful equation: 

b'a’. k'y »> po, ky) 


ZZ Deo ie) p’ 


v, dst" dix! dstd4xe , tal p 
x C & ,é PP EF Y ou " 
be 6S Ek J 
’ r 0 oe pike 13 
KG, ; E  E)et\ pare é Abas 


where sumn egration over repeated vari 
ables is understood several additional observations 
ire required before Eq. (13) is transformed into final 
vorking form. First, we note that we must divide by 


he product ZZ, to obt 1 unitary and indeed finite 
¥ matrix. Second, we make a change of variables from 
the external current to e external electromagneti 
potential according to the expression" (in which vector 
di es have been suppressed 


PI 
BG /6S (£)6I (E) = Z(PG/5A (E" 


ad bv the expression 


15) 


Ie 
tr 
tr 


1 


uncoupled photon Green’s function 





Eqs. (14) and (15), A.(£) is the renormalized external 
field, whereas J(£) is the unrenormalized current. Consistency 


between the definition (cor 
wrmauzation 
normalization J 


pare reference 12 Cc, b(A 
se@Zs5, {p= ZA 


6J and 
scheme, 4 requires 


ZU, 


the ren 


E 
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CG, We next note the validity of the equation 


for k’ the four-momentum of a real photon and ¢( 


ction of & 


any fun Finally, we introduce into Eq. (1. 


the convergent Green’s function, G., where'® 
G=Zdi. (17 
14) 


a position to state a convergent 


By the use of (17) and the accompanying 


Eqs 


remarks, we are now in 


expression for the § matrix for photon-proton scat 


tering,'* conveniently expressed in terms of a transitior 


matrix 7, where 


6( p’ +p’ p k p’o’, k'u 7 po, kv) 


€ 
Me! hel Med ep 
b'd'x'd Exe ¢ ul pa 
2x)* 


gu 


Kulpa)e'*e**®, (18) 


n related to S ace ording to the equation 


and T is the 


(p’a’, ku! S po, ky) 
k) 


ky) 


5e0/Sy5(p’ — p)d(k’—k) —2 +k’—p 


2r)*2ko'2ko | '(p'o’, k’u! T| po, 


“e/ pt 
ri0( p 


x 19) 


ne renormalized ( harge ol 


to the proofs of tt 


In Eq IS) eist 


the proton, 


Before proceeding 1e photon scat- 


tering theorems, it is perhaps worthwhile to exemplify 


the use of Eq. (18) by deriving the Born approximation 


scattering for a fermion with a ch irge but no anomalous 


moment. For the Green’s function in the external field, 
we then take 
G(x,x|A viG| A |)2 
iz. » 
, d't , E)(p eA E)) i+ mj 20) 
. } 
| i€ ynil e ol] the notatio iS expressed by ih 
equations 
' 
“ ~ ) 
(x y(E) | x)= d(é O\A 21) 
‘ 
vitid ~ »)) 
ms s / d 
Che renor ilization succeeds formally if we assume this rela 
tion to tain even in the presence of the electromagnetic fiek 
The scale factor Eq. (13) then disappear without any necessity 
of mentioning vertex renormalization. The proof equivalence 
to the more usual statements is easily carried through 


what follow t 


*In 


except briefly at the start of Sec. V 


with ¢ 


s we discard the subscriy and c, since 


we shall be 


a of the 


dealing exclusively 


mvergent propagation functior indicated type 
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with p the ordinary four-momentum operator. It then _ itself about the point yp+m=0, we obtain 
follows directly that : ~— he as 
; G(p; (0 })= (vyp+m)'+ (2m)S, (0) 
G'PGA /6(eA,(E) (EAE) | 4G + (2m)~*(yp+m)F2(0)+ - -- 
, ; , . = (yp+ 14 "(4 
v»(t) yp m) > E \+y7, é } yp+m Ys f), (23) = (yp m) +AG(yp), (30) 


which yields in turn the following form for Eq. (18 


p’a’, k's 7 po, ky 
[y(p+k)+m} 4, 


ae 


TYLY\P 


Cul p'a’){y 
k’)+m}\"y,}u(po), (24) 
wherein it is understood that 

= p+ b 25 


We have here il 


the point, which is 


lustrated and wish further to emphasize 
fundamental to our further dis 


cussion, that in any consideration of t 


he second varia 


tha part of it which 


tional derivative of G{ A |, only 


has a second-order poie on the tree part le en rgy 


that is a factor of G| 0 | standing both on the right and 





, contributes anything to the scattering 


wise the factors of 


fe r’. xf O é dix pa), 26) 


hing assert the free particle 


whose vanish character of 


} 
nit 


initial and final nucleon states, dominate the situatior 


Ill. PHOTON SCATTERING 


We require the structure of the Green’s function in 
ectromagnetic field. It is 
j 


considerations with the zero- 


the presence of an external e 


instructive to begin our 


i] 4 } 

held propagator, since this suffices to obtain the zero 
, 

limit of the 


frequen scattering. We thus consider the 


structure 


G'(p:T0 yp+m)) 1+ (2m) (yp+m)F,( p?/m?*) 

+ 2m) 2 ypr ” °F i m-) ‘ 27) 
as determined by e dual requirements of Are 
invariance and the condition that 

G PLU Diyp rm iif ul p), 8 
when u(p) itself satisfies 

yp>m)ulp)=0 19 


Equation (28) prescribes the singularity of G itself for 


four-momenta satisfying p°+m’=0. It follows that 5, 
and %, are analytic functions of their argument in this 
neighborhood.” As a consequence, if we expand G 


; 


’ This will certainly be the case if we exclude 


actions with quanta of vanishing rest mass 


virtual inter 


with AG again analytic in the domain of interest. 

Now to obtain the scattering which is independent of 
the boson momenta, we can ignore any explicit de- 
pendence of G[A] on the field strengths or their 
derivatives, since for such a dependence we have, for 
example, the relation 


8G 6G 6F ,(¢’) 
6A,(£) bFs,(&') 5A, (£) 


5G 
f 59a — 5,0, )5(¢’—£), 
—— 
6F 4, } 


s 


(31) 


and each derivative with respect to the photon coor- 
dinates leads to a factor of the photon momentum upon 
insertion into Eq. (18). We therefore require only the 
explicit dependence on the electromagnetic potential, 
and the form in which this may occur is restricted by 
the principle of gauge invariance to the combination 
1, = p,—eA,: the 


dination 


more explicitly this means com- 


: 
11,= Pp ef d*t1(£)A, (8), (32) 


with the understandin 


g that y1(¢)=~7(¢). But Eq. (30) 
now tells us that AG(yII) is an analytic function of yI 
so that its derivatives can contribute nothing to any 
Our result is thus that the Green’s 


effective for zero energy scattering is'® 


SK attering yrocess 


function, G;, 


Gi(p; A ])= (yIl+m) (33) 

To extend our considerations, we must now include 
in the Green’s function its explicit dependence on elec- 
tromagnetic field strengths. It is generally true, how- 
ever, quite independent of the expansion in the photon 
momentum, that we may ignore any dependence on the 
external current, J,(£), since this is zero for a real 
photon; that is, J,(¢)= — (74,(&) contributes, after 
computation of the variational derivative, a factor k* 
or k* both of which vanish. Again, we require the de- 
pendence on the field strengths themselves in a very 
restricted sense, for G need be correct only to the second 
order of the field. Moreover, terms which depend on the 
square of the field strength will contribute to the scat- 
tering first to the second order in the frequency. 

To see these arguments in more detail, we consider 
the problem of constructing invariants which are linear 
in F,,. We shall be guided in part by the requirements 


‘* The subscript 1 on G; will be used to denote that part of the 
Green’s function effective for scattering throughout the varying 
contexts of this paper 
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of charge conjugation invariance, which can be stated 
in the convenient form 


CG-(p, [—A])"C"=G"(p, [A]), (34) 


where C is the charge conjugating matrix and the 
operation of transposition is to be applied to all vari- 
ables of the nucleon, remembering that p’=—p. For 
the formation of the required invariants, we have at 
our disposal the linearly independent Dirac matrices 
and the vector II,. A systematic consideration then 
shows that essentially the only combination that satis- 
fies Eq. (34) is ow/4=oF; all other possibilities are 
simply expressible as multiple commutators and anti- 
commutators of yII with oF. To the first order in the 
field then, it is correct to write the series 


G"(11, [A ])=yI+m—}u'oF + (2m)“"(yl+-m)*5i+ - - - 
+4(2m)"{yll+m, oF My 
+3(2m){yIl+m, {yIl+m, oF }}Ma 

4-1(2) *{-yI1-+m, [yli+m, oF ] }Mee2+--- 


é\e 


(35) 


in terms of the additional set of parameters I1,, Ma, ---, 
and yw’. The latter can be correctly identified as the 
anomalous magnetic the nucleon if we 
compute from Eq. (35) the scattering of the nucleon to 
first order in the field, as given by the expression 


moment of 


5(p’— p—k)(p’o"| T,| po) 


€ 
= - fevarnive ip'2'eipre kt G ( p'q’) 


(2r)* 
X (x |6G-/5eA,(£)| s-0| x)u(po) 
=5(p’— p—k)ia(p’o’){y,+i(u'/e)Raoa,) u( po) 
=5(p'—p—k)a(p’o’){[ (2p+k),/2m ] 


+ (i/e)Raoay(u'+e/2m)}u(po). (36) 
Equation (35) suffices to compute the scattering to 
first order in the frequency, since any terms of second 
order in the field not already contained therein are by 
the requirements of gauge invariance proportional to 
the square of the field tensor. Indeed, we wish to 
establish the theorem that to first order in k, the scat- 
tering is correctly described by the Green’s function 


G,=([yII4 m —4hy'oF } 1 (37) 


To see this most clearly, we consider a trivial analytic 
continuation of the series, Eq. (35), obtained by 
choosing as independent operators G;" and ¢F, rather 
than yIl+m and oF. The numerical values of 91), 
will then be altered, but without changing notation, the 
new series reads 


G, I4LG, 2(2m) 1Fitees 


$4 (2m) 4G, oF Mat: --. 


G*(II, [A }) 
(38) 
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Inverting and expanding about G,, we obtain” 


G(I, [A ])=Git(2m)“S,4+---- 

+{G,, (2m)hoF }Mi+---. (39) 
The theorem now follows from the observations that 
when we compute the second derivative of G at the 
point A=0, the terms involving the coefficients § are, 
as before, analytic on the free-particle energy shell, 
whereas the new contributions involving the coefficients 
IM exhibit at most a pole of the first order. Indeed, the 
representative terms exhibited in Eq. (38) are the 
most singular members of their respective classes. 

The actual form of the 7 matrix of Eq. (18) computed 
to first order in k by means of the G, of Eq. (37) and 
expressed as the scalar product of a Pauli spin operator 
with initial and final polarization vectors is' 


e’- T-e= (e/m)e’-e— (ie/2m)u'2koa: (e’ Xe) 
+-(ie/2m)ukol (n-e’)(o-nXe)+(e-n)(n-eXe’) 
— (n’-e)(o-n’ Xe’) — (a-n’)(n’-e’ Xe) ] 


+ 2ip*koo: (n’Xe’)-(mXe). (40) 


Here n and n’ are unit vectors in the direction of the 
incident wave and in the direction of observation re- 
spectively, and uw is the total magnetic moment, The 
differential cross section for unpolarized particles to 
which Eq. (40) gives rise, may be written as 
do, ‘dQ f 
— (ue®/m*) + }(e4/m!) | 
+k? cos6f —8u*(e/m)+2yu?(e 


+k os" — 2u*+-3u?(e?/m?*) 


m*)4 (1-+-cos*8) + k*{ 6u*+- (u2e?/m?) 
m®) | 


(41) 


4 


—p(e®/m*) — }(e4/m') |. 


In Eq. (41), we have returned to unrationalized units it 
which e* is the fine structure constant. It should be 
remarked that for y rays with energy of 100 Mev o1 
more scattered from protons, the magnetic terms are of 
the same order of magnitude as the Thomson cross 
section, the main contribution arising from the isotropic 
terms which is proportional to the forth power of the 
total magnetic moment. 

Equation (41) is not yet accurate enough to be 
compared with experiment even in the energy range 
for which a frequency expansion of the scattering am- 
plitude might be expected to have approximate validity 
the region below the threshold for meson production 
since there are additional contributions to the cross 
section of second order in the photon energy. These 
come about as a result of interference between spin 


* The structure of the Green’s function, Eq. (39), could have 
been inferred equally well by considering the proton to be situatec 
in a weak uniform magnetic field, in which it is still possible tc 
srescribe energy values, as determined by the singularities of G, 

‘he term depending on , is then associated with the first order 
change in the wave functions 
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ndependent terms in the scattering amplitude, of cially in view of the fact that no deviation from 
second order in the photon frequency, and the Thomson Thomson scattering was detected for heavy nuclei. 


amplitude. The terms in question may be divided con- 
veniently into two classes. There are first those whict IV. MESON-NUCLEON SCATTERING 
ire contained in the Green’s function, G, itself.” The 


In direct analogy with Eq. (18), the formula for the 
leadir g effect on the cross section 1s it most, propor- . + " . , . 

; renormalized transition amplitude is given by the 
equation™ 


i 
be readily ca tlated althoug! for reasons to be stated mu 


below. we shal! not take the trouble 


More important, ul doubtedly ire the effects of the g° 
““ , : = Ay! Jit! Hyd ht 2’ o— ik’ ( p!! 
transition of the nucleon to excited states after ibsorp- d'x'd*t'd ad oe u\po ) 


tion of the incident pnoton, the Rayleigh scattering 


For energies below e thre id Tor meson production, XK (x | GG /6 (2: (£))5(20;(£)) | 4-0 x) 

we may expect to obtain an approximate description of 

this scattering by adding to the Green’s function of Eq Xul(pale'*e'*®, (46) 
38) members which are quadrat ir e electromag 

net ‘ d «trenct} He > ¢ « the external > field d | the - 
etic held strengths ere @,(&) 1 le external meson held, t and 7 the iso 
We require only such terms as have nonvanishing topic indices of incident and emergent meson. 

matrix elements between solutions of the free-particl We proceed immediately to the construction of the 


Dirac equation and, further, remain linearly inde- Green’s function, G(p, [o If we consider first terms 














pendent when such matrix elements are computed linear in ¢, we have at our disposal besides the principle 
There are in fact only three such forms, which may be of Lorentz invariance, the property corresponding to 
ike conveniently » Ba y11,/m)F.P,, and charge conjugation invariance, as expressed by the 
Yel alae vy here F" is the tensor dual to F,, Of these ondition 
é ~ is eTiective ol l rae in e ireque vy. OG p, o r’ =G (p, o : (47 
the secor 1 proportional! to F*. and the first to H FE : 
For ieeeouiaiee Pe oe a pa ee ee ‘ f where C has the same effect on the Dirac matrices as 
1 a Ciawuly 1¢Si ) ) ereitore is Sul- 
a tice Ghateremmseetie cme send tex msihiite baw Slee 
‘ to consider the addition to G of the terms le el¢ nagneti ast ind in addition lor 1€ 
sotopic n rices rt 
be 18H? $2 
Crt T (48 
eid the no INe xp ted result that the Ray elg 
scattering should be describable by means of an electri Avain, there is really only one invariant independent of 
d magnetic polarizability, a and 8 respectively yp, that is, the quantity y;<-¢, all other invariants 
For a model which includes Thomson but omits mag- being expressible as multiple commutators and anti- 
net scattering, we then obtain the scatte ring ampu tators of the two operators. For example, we 
tuck ive the relation 





PD 2/m)e'-e b te’ .e+-3sk xe ‘Se’ * a ow, } 
e’- T-e= (¢ e’-e—akfe’-e+3k?(nXe): (n' Xe’), (yp, vst- 6) =tysy,4,2- ¢. (49) 
13 
1 a cross section It is important to remark that in the choice of a funda- 
. mental! coupling term to define the constant g, we have 
Oo : ’ 2 
r/aul c/m)—ar ; + cos? 1 ‘ 
Pad at our disposal either —gyse-¢, or i(g/2m)ysy,0,%°¢, 
) , . 2b2 - hl “es . ° “ 
2| (e8/m) —ak? \Bk* cos +-8*k*} (1+ cos"6 #4) since both lead to the same scattering of the nucleon by 
@ to the first order in the momentum transfer.” As will 
The iracteristics of Eq. (44) are suited to fit the | , , . , , 
, become clear gradually, it is convenient to choose the 
oO sting experiment® with the not surprising values , ; 
7 — ' : , meee he , atter form.” 
lora and p 1 1 £ 
ha Employing the effective Green’s function G 
a~ai~(eomm, 45 ‘ 
. . . . J gc 4. Ls ) ae. ° }1 {5 
to within a factor of two, with m, the mass of the Gy YPM g/ LM) ¥sVuut ¢ | ’ (90) 
x meson. We hesitate to draw any conclusions from - 
The symme f Eq. (4 he meee Sables immedi 
this circumstance since the interpretation of the exper- it stablishes the relati 
results in terms of individual nucleon scattering re’ dit'Tl he of fe 1 Tl be ; 
sections is subject to considerable doubt, espe There was wes . ase tor 
scattering 
is sense our method of calculation has greater generality ™ We recall that @ u(p)=0 
lirect moment expansion of the scattering amplituce * It is perhaps we r iasize that this choice has absolutely 
values of a and 8 in Eq. (44) justify the neglect of f nothing to do with the lamental dynamics of the meson 
al contributions of order # arising directly from G, nucleon system 
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which will be the subject of a theorem, the expansion 
to first order in @ analogous to Eq. (38) can be expressed 


as 


G"'(p, [@])=Gr'+Gr*(2m) “5,4 --- 

+3{Gr", yst-¢}@Qit--- (51) 
of which we are assured that only the first term con- 
tributes anything to the scattering. Indeed, the inser- 
tion of Eq. (50) into Eq. (46) yields the Born approxi- 
mation for the P wave of order (g*/w), where w is the 
meson energy, whereas the S wave behaves as w*. If we 
admit, provisionally, the result that any other P wave 
in the theory must behave as g’, we should then have 
established the validity of the Born approximation to 
the P wave in the limit as #0. On the other hand, we 
shall see that there may be S$ waves in the theory of 
zero and first order in w. 

To verify these last assertions, we must consider 
those contributions to G which are second order in @ 
and no more than first order in the derivatives of each 
of the fields.*® A systematic procedure for generating 
those forms which have nonvanishing and linearly 
independent matrix elements between free-particle nu- 
cleon states is to transform the quantities ¢-¢(yII)"*-¢, 
n=(, 1--- by commuting the factors yII to the outside 
where they can be replaced by —m. By this means we 
find five independent forms, conveniently expressed as 
¢?, ¥.2°6X 9,6, (0,6,)", owt (0,6X9,¢6), and {7,Il,, 
0,¢,0,0,;}. By carrying out the reduction to the non- 
relativistic limit, separating S and P wave effects, we 
find that the S wave up to first order in the meson 


energy can be represented by adding to G~! the forms 


Pils 


a” 
tN 


2m)¢*+ p2(g/2m)*2- 6X (0¢/ 00), (; 
whereas the leading P waves are of the form 


Zm)* 


Ail e?/(2m)*V 8-0 db+AL 2" 


X €yapF 7%" VadX Vad, (53) 


Levi- 
(52) and (53) provide 


where €,23 represents the three-dimensional 
Civita tensor density. Equations 
the justification for the conclusion of a theorem for the 
P wave, although not for the S wave. 

If the parameters p;, p2, A:, and Az were all of order 
unity, it betoken the validity of the Born 
approximation for pseudoscalar theory with pseudo- 


would 


scalar coupling, ‘at least in the low-energy region. To 
recall the form of the 
the 


WwW hat 


understand this, one need only 
Hamiltonian for this which results from 
Dyson or Foldy transformations.** To 
extent the actual circumstances differ from 


theory 
see to 
this simple 
one, it is instructive to compare with experiment the 
function con- 


phase shifts obtained from a Green’s 


*% Thus, a form such as ¢-([_F¢ is of no interest in the present 
discussion, 

* F. J. Dyson, Phys. Rev. 73, 929 (1948); Berger, Foldy, and 
Osborn, Phys. Rev. 87, 106 (1952 
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structed from Eqs. (50), (52), and (53). Turning first 
to the P waves, we obtain by a straightforward calcu- 
lation, the following formula for the transition ampli- 
tude, expressed as an operator in isotopic and ordinary 
spin space, 


(q'j|T | gi) = — (g/2m)*{ 7,7 Le-qoe-q'/—w(q) | 
+r r,le-qo-q’ w(q’) ] —2r,[ ¢* (2m)* }q-q'5,, 


+2dof_g?/(2m)* Jejurso-q’Xq. (54) 


If we decompose the scattering into the separate 
channels labeled by values of total isotopic spin and 
angular momentum, we obtain for the phase shifts, in 
the approximation in which e* sind=6, the formulas 


a33= (4/3) (g?/ 40) (u/ 2m)? nF (u/w) 
« [1+4(w/m)(Ar+Az2) J, 
31 = 13 —(2 3) (2g? 4or) (us 2m)*n* (u w) 55) 
‘ (55 
XL1—4(w@/m)(Ay—2A3) | 
ay = — (8/3) (¢*/49) (u/2m)? 7 (u/w) 


w/m)(Ay-+ AAs) |. 


x[1—4 
Here yu is rest mass of the meson and n= g/z. From Eq. 
(55), we can derive the interesting result that if a3;=ay; 
and a); are reduced compared to their Born approxima- 
tion values, then ays is enhanced relative to its per- 
turbation theoretic value. This is a consequence of the 
fact A;+Az necessarily lies between A; — 2A, and Ay4+-4Aq, 
both of which are positive, by hypothesis. Under the 
same assumptions, Aj, itself, is necessarily positive. It 
is perhaps worth emphasizing that this result holds for 
the nonrelativistic limit of the relativistic theory and is 
independent of the actual dynamics of the mesor 
nucleon system, 
, is known with 


100 Mey, 


Of the P-wave phase shifts only a 
lor 
is represented by the formula”’ 


any accuracy. meson energies below 


roughly, it 


33 = 0.235’. (56) 


To obtain the order of magnitude of \,-+A+» from Eqs. 
(55), we shall set wy and assume that** 


g°/ 4) (u/ 2m)? = 0.081. 


We then find 
Ay tA 4.8M /y, (57 


a result that hardly inspires confidence in the validity 
of the 
Eqs. (5 


antiresonance formulas, then Eq. (57) predicts a reso- 


energy expansion.” Actually, if we look upon 
5 


as the linear approximation to resonance and 


77H. A. Bethe and F. de Hoffman 
J Orear, Phys. Rev. 96, 176 (1954 
% Value qu Fifth Annual Rochester Conference (to 
sblishe by G. Chew and F. E 
f The S wave in photoproduction 
See G. Bernadini and 


Phys. Rev. 95, 1100 (1954 


ted at the 


be pt Low, based on fit to data 


using an efiective range formula 

vields the somewhat smaller value of 0.066 

E. L. Goldw Phys. Rev 95. R57 (1954 
»® This 1, however, the neglect of the corrections to 


value justified 
the Born approximation that can be obtained directly from G 


isser 
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It is 


veriment. It most certainly determines that the other convenient to change variables from K, J to (9), 1), 





nance at much too low an energy compared with ex- propagation functions remain to be renormalized. 


I i y 

. 7 . ° ae » 

phase shifts change sign compared to their Born values the vacuum matrix elements of the quantized fields. In 

f we take Eas. (55) seriously for these also. This means carrying out this transformation, it is well to remember 
it | 5 ve at most a qualitative validity ever that K and J each depend on doth matrix elements. We 
the extreme energy region thus find, suppressing indices, and recalling the defini- 
We ¢ ection by comparing with experi tions 

me r e represented in Eq 52 We first Gy 5(A éJ, GM OD 6K, 63) 

bondi that 
recor ( ( g amp ce 


(6, éJ 56G/6K) 
Cul &G 5()6 { Got 6Gu 6(A ile (od Gop 

+G ul 6°G/6(b)5(p) }(6()/6 

y =e we owe ©) +- (5G /5()) (5G /5()) (6(@)/6T) 
: ; : 


, { | y 1 y ' 1 
- , tr) (u/M)n— 3p =e 7 When Eq. (64) is inserted into Eq. (62), only the 


sY - 
j if le first two terms survive in virtue of the observation that 
a j t7)(u/ M )n+p bor) (ues m*) 7 
. 

ere er ri é é ¢ ( . s +. See w 

' d‘n'e€ Cy (9 n”")8(A )/6K (9”) 

Sp 4 ve tr é \ ( 

' * 


Olin. « 0.16n Oo) 





We then find that The re rmalization goes through smoothly if first we 
remember Eq. (17), and second we recall the relations 
p:2-0.01, pe0.56 61 
‘ ‘ £ ¢} ‘ f + 1 Z3A+O {+0 eu") 
. er drama expression < Lo Ata vy ¢ , 


} - On ia 25 ra Ai ¥ 66) 








ve 
} +} nr } ; 7 + 
. 7 = 7 n r iT 4 r rescribe 1e€ids perat Ss 
V. PHOTO-MESON PRODUCTION where A 1D als © Prescriy ‘ € operator 
O and ( possess the property 
S e it ir n to dist i fort i for the transi 
¢ . ‘ P r , of the nNesol (0 Oo {) 67 
, 
current é eparated tror e re ler. we! S 
‘ t s only é tter v le of the operators that 
ter enme ' e nrocs re follows ibsequent to } 
t ers Eq OZ e renorn on constants cance! 
13). Let ©, be the p 
ou I e obtain finally the desire 1OrT 
( ‘ es Le { é MSE 
; , ; 
er , y j é r ! sa a on |e T | bor. ku 
t Ne Il and t t Z« 1s the S 
r é ,. For e renorn é r S ) eg ° 
I*n a*2 r e “"*uipo tr 
< 2r)*. 
é ( to I 13 
: XK {(x" G'8G/be¢ ;(n')6eA,(E)G x) 
A p T . l f AM 
. ; ; ; * ; ‘” 
(x Su 7.7 )OGa\n 4” be A ,(&) 
, 7A? . “ 
% _/ by! « , “ af mr ' ul aoe Ep tke 
: ] é d x 0G ed) (n r)}4 t( por je'?*é 03) 
Sf . 
whicl Ss lerstood » be expressed ompletely in 
« Cy n'y G ! 
terms ol! e€ propagation ft ms. Ot e two terms 
< bY, , Kl TAG: GG l of Eq 68 the first has ft came ctr ire as e1 
0 tered n tne previous Sé yns ind Wi be rT 
. I 
Do ¢ ° ( | ‘ ’ ] } 
x ¢ é t)hertt é . en sidere 1 be Ww We ' now , e se err \ } 
lescribes the effect of the mes irre 
ynere i © ¢ ernai source of the es ¢ i 
K i aeaeial denis ol din ie sl aa a 
t ive rye egree I eeacon 
esigt ; {' \ iT Dies tor t j Cull | t y irio ~ x Ne J ~ g ere 12 
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gator in the zero-field limit is given by the expression: 


(69) 


where g is the meson-momentum operator and 3C(q?/m? 


is an analytic function of its variable. The dependence 


of Gy on the electromagnetic potential is given by the 


replac ement 
70 


To construct invariants 





o | 1 ’ 
field strengths and currents, we have at disposal] 
solely the vector g,. The | 


a power Series ¢ Xpal $10Nn al 
for i n, and sucl 
to 


ntegral ] 
instance, ther 


proc esses INvOiving 





elore, it sull 


be 


l } 


eva 


1e combination that occurs in can now 


luated using Eqs. (69) and as follows: 
| 





Cw OG vu b¢ ” Cy eA Cw 

29,| 1+O ml + 1+0O m 72) 
Consequently, the relative correction to the Born ap 
proximation is of the se order of smallness in g 
Likewise, the matrix element for the emission of a 
meson, & '/6 taken between free-particle states 
is by definition given by its Born approximation with 


relative corrections once again id order 


ot the seco! 
Taken together, these statements constitute a prool 
that the contribution to photoproduction arising from 


ng order 


e meson current Is give orrectly to the leadi 
: he | SP eR gy eae rae. eR eg Se oniel 
in the poson momen Dy perturbatlo ory, Wi 


the relative corrections as specified. » actual form 


of the transition amplitude tor charged pr 


(g + Ty ku) 


oO q 
> ev2 yy I—k),, 73 
k-q—kuol(q 

wherein the iso op I trix element nas ilreacy been 
eva ed | compare Eq 9) below 

We turn finally to the sideration of the nucieon 
current, for which we st it the leading contribu 
tions to both the S iPy ive are contained in tne 
Green’s functior gnores the neutron-proton 
mass difference 
Gy p i ce) 

yf p—eh (1+73)A ]+m—}y,'cF3(14+7 


2 + ‘7. 
+ (eg/2m)ysrpAuh[ rs, #°¢). (74) 
The ‘ ure actua ne 
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Here u, and u,’ are anomalous moments of proton and 
iar last term of Eq. (74) 
is a consequence of the requirements of gauge invariance 





neutron respectively. The famil 


for the interaction of charged mesons with the electro 


magnetic t as expressed by the replacement 


0.6 


> 0,0 


where J; is the matrix 


(76 





0,2°¢ | py, 7°96 | — O,2°¢ 
€5 l T - < oO 78) 
Either Eqs. (75)-(77) or Eq. (78) reminds us of the 
existence of the last term Eq. (74 
Now this term contributes to charged photo-meson 


ndenendent 


W 


energy 


production an S w: 


have only to 


independent S wave in the eory to complete the 
proof of the Kroll-Ruderman theorem Direct com 
putation est iblishes that the remainder of G, con 


tributes an S wa 


meson) €! 


2 


isa term Db earin A,@a dw be at least first order 
in the photor energy, according to the requirements of 
gauge invariance. Such a term will be exhibited below 
lo separate photoproduction processes according t 
the cl rge ol he meso produ ed ( ntroduce the 
usual de tions 
d 2) 3 (1 +16 ¢* 2 ob ids), 
(,9) 
, Af aad ! 
Up to tern 7% first order in the meson energy, G 
vields for positive and negative meso! prod ion, [rom 
protons | eultrons resp vely 
I € v2 eg/ imoiie e{ ; dm } sO) 
Eq ution (S80) predicts a threshold yield of negative to 
po ve meso 
a(+)=(1+2yu/m 1.3 »] 
not CSS disagreement wit! experiment 
As e hina neorem ol $s paper we have the 
Statement that except for relative corrector which 
vanish as > 0, the P wave is given by Born approxi 


mation computed for a nucleon characterized by its 
experimenta harge, magnet moment, and mesk 
° 
i | ile A Wa P} } 95 92 (1954 











AH 


coupling constant, that 1s, by the Green's function G 


By analogy with the meson scattering case, G; generates 


a FP wave ot order (kg/w), whereas any other P wave 
e theorv behaves least as kg 
We may record here for convenience the leading 
pP A e terms i posi ve prod 1O fro pr 5 
egative production from neutrons, and neutr r 
tus fr mr r¢ re ve 
[ io kXe)(o-q 
. y 
T,-e=v2 | 
mi m 
ao qQgie kXe 
29 
oa ~- 
} 
k 
a q)(a-kXe 
} 
I e ve 
in ‘4 
o kXe oq 
Mh 55 
a-q)ia-kxXe a kXe)(e-q 
‘ 
I e Mh S4 
2m k ws 
er { é magne me if , j 
r 
\s A nthe p d t I ter 
, 
¢ oOas proy it i = & ( { ) y 
{ t t | Up ) t ” 
‘ hy vior of the ” < or ' 
Dp 
gas the S wave go¢ eariv and e / ¢ 
] i \ tne ( ¢ } We nreler ) 
- e de ¢ erical analvsis since 
ra ae ' ir ) 
wie ns that e already bee recorded the 
, 
t ire We ) ice K wwever. D 
re the tra ( k for s VSIS f 
{ Lime CSS \ v é l¢ 5 ) roo 
t the ? rego y 
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It is amusing to remark first that in the formation of 
invariants bilinear in A, @ we are mot constrained to 
ms which are explicitly gauge-invariant. Thus a 
term in G" of the ‘iysy,0*0,2°¢, not 
hitherto considered, gives rise by the considerations of 


te 


on | 


‘form (2m 
gauge invariance discussed in connection with Eq. 
78) and preceding equations, to an additional term of 
the form 
(e/ (2m)? 1, 0?+43( 07A,) 


JV8V 2737 


+2A)9,0,+ (0,Ay)O,+ (0,Ar) 0 1s, (85) 
he first three members essentially describe 
ole absorption with emission of charged 


S state and the last two members 


mesons into an 
electric quadrupole absorption with emission in a 
P state; both effects are quadratic in the energy- 
momentum vectors of the bosons. 

Turning to forms that are explicitly gauge invariant, 
ave three possible types of isotopic dependence, 
ind $3. If ® stands for a 


of these, the permissible, independent Dirac inva- 


linear combina- 


most of second order in the momenta are four 
¥ Pal »o Vey O,PF,, {y s¥,0,.0,0F 3 


(yslLvs7,,O0F,}. Passing to 





in number, 


and 


the nonrelativistic limit, 


we obtain as the leading S wave e-E, representing 
electric d pote absorption, and as the leading P waves 
V@-H and o- XH, giving magnetic dipole absorp- 


lo obtain additional electric quadrupole absorp- 


tion beyond that contained in Eq. (82) we must include 
terms of stiil one higher power in the energy of the 
photon. We have therefore verified the assertions about 
the minimal energy-momentum dependence of the 

variants bilinear in electromagnetic and meson fields 
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Depariment 


In this paper we analyze the difficulties which occur when one attempts to quantize a theory such as 
electrodynamics or the general theory of relativity. Because of the invariance properties of theories of this 
type all of the canonical variables of the theory are not independent of one another but rather there exists 
certain algebraic relations between them called constraints. These constraints plus the Hamiltonian, in the 
unquantized version of the theory, constitute a function group. It is proved that there exists at least on 
ordering of factors in the quantized theory for which this is also true. From this fact we conclude that it is 


antum version of the theories under consideration and that the 





possible, at least formally, to construct a qu 








quantum version will possess the same invariance ]| 


I. INTRODUCTION 


[' one attempts to cast a field theory, like electro- 
dynamics or gravitation, into a canonical form, one 
is faced with the following difficulty; 
impossible to express the “velocities” (first time deriva- 


it is generally 
tives of the field variables) uniquely in terms of the 
momenta. Rather, one finds that the momenta, together 
with the field variables canonically conjugate to them, 
satisfy certain algebraic relations which are free of the 
velocities. As has been previously pointed out,' these 
identities, which we shall refer to as constraints, occur 
in any theory which is invariant with respect to a group 
of transformations, an element of which is specified by 
one or more continuous functions of x, y, z, t. The gauge 
group of electromagnetic theory and the group of con- 
tinuous coordinate transformations are examples of 
such groups of transformations. 

In spite of this apparent difficulty it has been possible 
to develop a Hamiltonian formalism for theories of the 
type mentioned above.’ The role played by the con- 
straints in such a formalism has been investigated, as 
far as the classical theory is concerned, in I. There it 
was found that, in addition to the primary constraints, 
there exist secondary constraints which must be satisfied 
if the primary constraints are to remain satisfied at all 
future times. We were able to show that the number of 
these secondary constraints is finite (usually equal to 
the number of primary constraints) and that, together 
with the Hamiltonian of the theory, they form a func- 


] 


tion group.’ This last property of the constraints is 


absolutely necessary if all the constraints are to be 
satisfied simultaneously and remain satisfied in the 
course of time. 

The proof of the above statements were obtained by 


* Supported by the Office of Naval Research. Part of the ma” 
terial reported here appears in the author’s thesis presented to 
the Graduate Faculty of Syracuse University in partial fulfillment 


of the requirements for the Doctor of Philosophy degree 


L. Anderson and P. G. Bergmann, Phys. Rev. 83, 1018 
(1951), referred to as I 
2 Robert H. Penfield, Phys. Rev. 89, 737 (1951). For an alter 


nate approach see P. A. M. Dirac, Can. J. Math. 2, 129 (1950 
? A function group is defined as a set of functions of the canonical 
variables with the property that the Poisson bracket of any two 


members of the set is again a member of the set 
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yroperties as the corresponding unquantized theory 


noting that the constraints, being constants of the 
motion, when multiplied by an appropriate number of 
arbitrary functions of x, y, s, ¢, and added, serve as 
generators for invariant canonical transformations. In 
particular we showed in I that the invariant trans 
formations so generated are nothing but those which 
led originally to the existence of the constraints. Here 
the argument rested upon the fact that one was able to 
set up an isomorphism between elements of the abstract 
group associated with our group of invariant trans- 
formations in the Lagrangian formalism and a sub- 
group of contact transformations in the Hamiltonian 
formalism. 

Since the arguments contained in I were based on 
the Lagrangian formalism, they cannot be taken over 
directly when we attempt to quantize our theory.‘ The 
difficulty 
quantum theory must necessarily start from a Hamil- 


is compounded by the fact that, since our 


tonian formalism, we have none of the simple methods 
of the Lagrangian formalism available to us for inves- 
tigating the invariance properties of our theory. If we 
knew, for instance, that in the quantum theory the 
Hamiltonian, 
formed a function group® with the same commutation 


constraints, together with the also 
properties as the corresponding classical group, the 
proof of invariance would be essentially completed. 
Conversely, if we could prove the invariance of the 
quantum theory independently, i.e., without using the 
properties of the constraints, we would be able to 
conclude that the constraints plus Hamiltonian indeed 
do form a function group. These last assertions follow 
from the fact that in the quantum form of the theory 
we can also use the constraints to generate the invariant 
transformations. If, then, there is an isomorphism 


ow of no method of quantization, 
the Lagrangian formalism, which is applicable 
to the types of theories under consideration. The methods of 
Lagrangian quantization which do exist are applicable only to 
essentially linear theories 

§ The definition of function group in the 
except that commutators replace 
In what follows we shal] use the word corn 
in the group theoretical sense, ic., classically the corn 


resent moment we kr 


* At the; 


based or generally 


uantum theory is the 
same as in the classical theory, 
Poisson brackets 
mutator 
of two 


function group corresponds to 


quantum mechanically it corre- 


mutator elements of a 


forming their 


Poisson bracket; 


sponds to actually forming their commutator 
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between members of the quantum function group and a norm for our state vectors when the constraints have 

the corresponding classical group, we can conclude that _ their original form. 

tnere 1s also an isomorphism between the generators of 

be cossemendine jnvesient trandiormations ‘This Il. REDUCTION OF CONSTRAINTS 

somorpnis s enough to insure t the quantun In this section we will prove that there exists a 
mane S the same invariant properties as the corre canonical transformation which will reduce the elements 
sponding Class sme08} of a function group to an equal number of momenta in 

[he usual procedure for « rmining whether the the new variables introduced by the transformation . ° 

onstraints plus H ‘tonlan torr i hon group 1S Tet us denote the ‘ments of our function group by 
by direct tion. This is the method used in th¢ [*(pa,e4). They have the following properties: 
electromagnetic theory where, for example. the ) 

tr ts take on an extremely simple form.* However ff=(0) (2a . , 
ay on ens Caey 6 5S grevitat jf=Ts, 2b 

rect ‘ hy mec it hest ‘ eeding| it 
volved. Furthermore, for most purposes, we t need fF A= f 2 

' t? r t r ? rr | r 
okno r € ol e tu ‘ BU D cre where fs fa s the Poisson Dracket I ind f? and 
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for which the onstraints plus Hamiltonian fort " Hl}... d8 dd4)+0S/dt=0, (4 


functio UD posse g the same co ! yn prop ; , , 
where H(@4,“) is the integrated Hamiltonian densitv 
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where the g‘(x) are arbitrary functions of position only. 
(The f‘ of course must have vanishing Poisson brackets 
with the Hamiltonian and with the constraints modulo 
the constrains.) The reason for the existence of these 
last equations is the following: Eqs. (5) represent a 
number of conditions on the possible initial dependence 
of S on its «* arguments, the ¢4(x) However, since 
there are only «* of them we need an additional « %~* 
equations of the form (6) to completely specify S as a 
function of its arguments. The arbitrary functions 
g‘(x) can be considered as initial condition for the 
problem. Putting it way, if we form the 
generalized Pfaffian 


another 


poe r) 


then we can use Eqs. (4) and (5) to determine 0S/0t and 
n of the DS/Ddo4. The remaining .V—n quantities DS/d@4 
must come from some additional equations like (6). 

Having established the existence of Eqs. (6), we now 
assert that it is possible to solve the system (5) and (6), 
for the DS/d@q4 in terms of the d, and g*. This assertion 
can be shown in the following manner: We consider a 
and form 


solution of the system (4), (5), and (6 


~ 


DS/dd4= D4 (b4,2" (7) 


When substituted in (5) and (6), Eqs. (7) must satisfy 
them identically and hence, considered as equations for 
S, they are equivalent to (5) and (6). Conversely, we 
and (6) for the DS/d@,4 and 


obtain equations of the form given in (7). 


must be able to solve (5 


Since we are able to solve the total system (5) and (6) 
for the DS/D@4 we can of course solve the subsystem (5) 
for n of the DS/d@,4 in terms of the @4 and remaining 
V—n quantities 0S/d@.4, i.e., there must exist a system 
of equations of the form 

DS/Dd = AS (du, DS/D$'), (8) 


which are in every respect equivalent to the set (5) 


That such solutions actually exist can be seen as follows: 


together possess solutions provided 


J )ro 
DS / dd. 


possess solutions of the form 


and (6 
that the Jacobian 


Eqs. (5) 


Similarly, the set (5) wi 
(8) provided that at least one Jacobian 


10) 


does not vanish. But this must be the case since the left 
side of (9) can be expanded as a linear combination of 


these Jacobians. Since the right side of (9) is nonzero, 


* The actual method for arriving at the form of Eqs. (6) is very 
complicated. For our pu niy know that they exist. 


rposes we need 
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we conclude that not all of the Jacobian’s (10) can 
ranish. Hence we conclude that solutions of the form 
(8) really do exist. 

From the standpoint of the Hamilton-Jacobi theory 
then, Eqs. (8) are those which would result if our con- 
straints had the form 


ri'—Al (b4.9') =0. (11) 


Thus we conclude that it is always possible to bring 
any system of constraints, which satisfy the require 
ments (2), into the form (11). 

Once having established the result given by (11) 
we are in a position to construct 
formation which will reduce the constraints further to 
the form (1). Indeed, consider the canonical 
formation generated by the functional 


Cc fo x)# (x)d*x+S(o4,#'), 


where we have made the identification 


a canonical trans- 


trans- 


We have the following transformations: 


Dobe (x) = # (x) +-DS/Dd-(x), (14a) 


Dds (x) = DS/Dd,(x (14b) 


d#! (x) = d(x), (14) 


OS /dD#'(a (14d) 


DF (x 


Now, since S§ satisfies (8), we can rewrite (14b) as 


mi — Al (b4, 0S/Dg,) = # 
or substituting from (12b) we have finally that 
mi —AM(baar #, 


and since (11) holds, we have 


=O 


as our constraints in terms of the new variables. Thus 
we have succeeded in finding a canonical transformation 
which reduces all of the constraints to the form giver 
in (1). Furthermore, since the proof does not depenc 
upon which of the infinity of Hamiltonians (which 
differ from each other by terms which are linear in the 
primary constraints) we choose, it is applicable in al 
coordinate systems."® Unfortunately in most cases of 
interest, the field equations are of such a complicated 
nature that it is extremely difficult to actually construct 
the generating functional which accomplishes this re 
duction. As we shall see, this is not a serious defect in 
the theory since for all practical purposes we never 


% See I for a detailed analysis of the relation between choice of 
coordinates and choice of Hamiltonian. By coordinates we mear 
the mode of description of our theory. Thus that in general rela 
tivity a choice of coordinates corresponds to actually making a 
choice of space-time coordinates while in electromagnetic theory 


it corresponds to choosing a particular gauge. 
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which are independent of ¢;(x), the field variables 
canonically conjugate the constraint momenta a‘ (x 
If we were to attempt to normalize our state functionals 
} 


"y integrating over ¢-(x) as well as over the remaining 


field variables, we would obtain an infinite result. 


There would be nothing in the integral which would go 


to zero fast enough as ¢;(x) approached infinitely large 
this situation is 


values. In quantum electrodynamics 
reflected in the fact that we cannot normalize our state 


functionals over the scalar and 


longitudinal! parts of 


of the above result is that only those 
h do not depend upon tl 





1e @ and wf can 

ive meaningful matrix elements. This corollary follows 
from the fact that a matrix element is a c-number. If 
the allowable state functionals do not depend upon the 


é» and if we do not normalize with respect to them, the 
matrix element of an operator which does depend upon 
either ¢; or x! will still be an operator as far as these 
variables are concerned. The requirement that physi- 


lepend upon the ¢; 








d > can be expressed mathematically by saying 
that we only make use of those quantities which 
ymmute with a linear combination of the constraints." 


Once we have quantized our theory as outlined above 





we are free to carry out unitary transformations on the 
i variables Ir parti there wl exist a 
series of unitary transformations which will carry us 


back to the original set of variables'* where the primary 
ynstraints have the form given in (2). That such trans- 


formations do exist follows from the fact that to every 


nonical transformation in the classical theory there 
orresponds at least one unitary transformation in the 
quantum theory. The unitary transformations en- 


} 
¢ 


visioned here correspond to the canonical transtorma- 


yns which are the inverse of the ones employed to 








reduce the onstraints to the form (1 
The reason tor returning, in the qu intum theory, to 
ir original set of variables is that, as mentioned 
yusly, it is extremely difficult to construct the 
tual transf ons which reduce our constraints to 
he form (1). The transformations were performed in 
the first place so that we would be ible to prove certain 


heorems in the quantum theory. For instance, we now 


vhich all constraints commute with each other (modulo 


463, 681 (1950) and 








I. Bleuler lave introduced into 
a electr t sa ur ‘ in normalize 
wabie sta I iis over a r ponents ) an 
ul. The extension of such metho: roblems 1s s 
eri stigati +} suthor 
For a more thoroughgoing analysis of this p P.G 
fergmann and Ralph Schiller, Phys. Rev. 89, 4 
‘ The fac hat assica ‘ 1, essentia 1rougno 
Se | ants rons 4 s 
CASI t t Since the secondar ynstraints are 
one ent of a constraint , nta we " even i the 
i versio i the theor multi re ed sec ary 
nstraints t i als of the stra riables without 
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the constraints themselves). The statement is of 
course trivially true when the constraints have the 
form (1). However, the relationship between constraints 
is invariant under either a unitary or a canonical trans- 
formation. Therefore, the statement is true also for the 
quantum form of the original theory. In fact, one can 
assert that there is an isomorphism between the group 


of constraints in the classical theory and in the quantum 


theory. 


One can also prove that the constraints all commute 


with the Hamiltonian (again modulo the constraints). 


This is certainly original form of the clas- 


true in the 


sical theory, as was proven in I, It is therefore true 
also in the transformed classical theory. Furthermore, 


since the commutator of a constraint and the Hamil- 


tonian is again at most a constraint, the Hamiltonian 


can depend upon the constraint variables through terms 


of the form cyr!, where the cy are arbitrary functions of 


the independent variables and possibly of the field 
variables. 


When we go to quantize the theory, the Hamiltonian 
will again depend on the constraint variables through 


We can conclude 


therefore that also in the quantum theory, at 


terms of the form mentioned above 
least in 


terms of the new variables, the constraints all commute 


with the Hamiltonian, modulo the constraints. This 


relationship, however, is unaffected by a unitary 


transformation. Therefore, it is true as far as the 


old variables are concerned. Thus we can assert that in 


the quantum form of the theory the constraints, to 


gether with the Hamiltonian form a function group 


rhe problem of the normalization of the allowable 


state functions is not so easily solved when we return 


to the old variables. Since we can normalize our states 


in the transformed system of variables, we should 


be able to normalize our states in the old system, 


for normalization is invariant under 
The 


worked out 


a unitary trans 


formation actual prescription to be used has 


not been in general and will probably 


depend to a large extent upon the method of 


solution employed. We can assert, from our previous 


results, that the allowable states are eigenvectors of the 


constraints with eigenvalue zero and that the only 


‘ 


quantities t 


physically meaningful are those which 


commute with the constraints 


IV. INVARIANCE OF THE THEORY 


We will conclude our discussion by demonstrating 
that the quantized theory is invariant with respect to 
the same group of transformations as the corresponding 
classical theory. This demonstration is ac omplished by 
showing that to every element of our abstract group 
the 


lo proceed with the 


there corresponds a unitary transformation in 


quantum version of the theory 


proof, we recall that I we proved the existence of an 


isomorphism between elements of the abstract group 


and a subset of canonical transformations in the Hamil 


tonian formalism. These particular canonical trans 
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formations, of course, formed a group in the sense that 
the commutator of any two generators was again a 
generator. In fact the relation was such that if C is the 
generator corresponding to the infinitesimal transfor- 
mation 6;¢4 while C2 is the generator corresponding to 
the infinitesimal transformation 6.¢,4, then 

Cr=(C1,C 


‘pen 


is the generator corresponding to the transformation 


6 (de 4) be(bib4 


Finally it was shown in I that the generator of an 
invariant transformation could be written as a linear 
combination of the constraints, with the coefficients of 
the constraints being directly related to the description 
of the group. 

In the last section we proved that the constraints, 
together with the Hamiltonian, form a function group 
which is isomorphic to the function group formed by 
the constraints and Hamiltonian in the classical theory. 
Again, within the quantum theory we can construct 
generators of infinitesimal unitary transformations by 


} 


forming linear combinations of the constraints. From 


the results of the previous section, we can conclude 
that these unitary transformations will be isomorphic 
to the canonical 


Hen e 


a subgroup of 


group of invariant infinitesimal 


transformations in the classical theory there 


Wlil exist an isomorphism between 


unitary transformations in the quantum theory and 


our abstract group. This, however, is enough to prove 


invariance of the quantum theory. Certainly the 


commutation relations are invariant under a unitary 


transformation. In addition, the change in the Hamilton 


ian as a function of its arguments 18 given by 


6'H =ihdC/ di 


HY 


and as we have already shown in I it can be at most a 


constraints. There 


linear combination of the primary 


fore, in the subspace in which the constraints are 


satisfied, the Schrédinger equation or the Heisenberg 


equations of motion will remain unchanged in form in 


the face of a unitary transiormation generated by a 


linear combination of constraints, 1e., an invariant 


transformation. Finally, any method of normalization 


which we prescribe will remain unchanged under our 
unitary transformation and hence, once normalized, will 


remain normalized. 


V. SUMMARY 


In this paper, we have discussed some of the problems 
like 


Complications 


arising from an attempt to quantize a theory 


electrodynamics or general relativity 


resulted from the existence of constraints which are 
always found in such theories. One was faced with the 
problem of deciding whether or not there existed an 
ordering of factors such that these constraints plus 


Hamiltonian formed a function group in the quantum 
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the role of indicies while the ¢4(x) are the independent 
variables of our theory. The chief advantage to using 
functional derivatives as defined in (A) instead of the 
variational derivative is that functional differentiation 
is commutative, while variational! differentiation is not. 

By keeping in mind the idea that the space variables 
are really indices, we can, by analogy, define a Poisson 
bracket between two functionals F and G as 


( oF 0G GF | 
(F.G)= |} id 


- vr. B) 
loo. x) Dw4(x) Ddba(x) D4 (x) 
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APPENDIX II 


A canonical transformation from variables ¢4, x4 to 
4, #4 can be generated by the generating functional 
C(¢4,#4) by requiring that 


Dalxk dC 
H' = H+ dC / dt. 


w4(x)=dC/dg4(x), d#* (x), 


(C) 


It can be shown by direct calculation that the trans- 
formation (C) preserves Poisson bracket relations and 


the canonical form of the equations of motion. 
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The cross section for the multiple mit of photons in bremsstrahlung at high energies is calculate: 
and it is shown that the pr ability for iltiple bremsstrahlung is quite small compared with that for the 
ordinary bremsstral g eve he very high eners regio 1 cosmi iys 

The general proble: f multiple photon production is furthe scussed, and it appears that even at high 
energies the probability tor multiple phot yrOdUCLLO 8 appre ible nly in the following two cases 
1) an ene urge rtich flected tl igh an angle, which is large compared with the ratio of 
its rest energy ar ts total energ 2) an energetix urge ur ri i hilated, capture wr « verte 


into a neutral particle 


1. INTRODUCTION 


HE Bethe-Heitler'? formula for bremsstrahlung is 


one of the most widely used results in the study 


of cosmic rays. Therefore, various types of corrections 


to this formula have been investigated from time to 


time.’ In this paper, we shall consider the possibility of 


multiple photon production in bremsstrahlung to see 


i Bethe-Heitler 


e emission ol pi 


iow far the formula is adequate to 
des ribe tl otons and loss of 


energy 


electrons at verv high energies. It would also be inter- 


esting to see whether there is a reasonable possibility 


of directly observing the multiple 


iy bremsstrahlung in 


cosmic rays 
Recently, the author’ has investigated the multiple 


yroduction of photons in the 
i r 


electron-positron anni- 


hilation, and it has been found that the probability for 


the production of several photons in this process 


becomes appreciable at high energies, which are avail- 
But, 


ability for multiple bremsstrahlung is quite small at all 


able in cosmic rays. we shall see that the prob- 


energies of experimental interest. The reason for this 


H. A. Bethe and W. Heitler, Proc. Roy. Soc. (London) A146 
83 (1934 
27H. A. Bethe, Proc. Cambridge Phil. Soc. 30, 524 (1934 
+ For the latest work on this subject, see H. A. Bethe and L. C 
Maximon, Phys. Rev. 93, 768 (1954), and Davies, Bethe, and 
Maximon, Phys. Rev. 93, 788 (1954 
4S. N. Gupta, Phys. Rev. 98, 1502 (1955 


difference in the two cases will be discussed in this 
paper. We shall also further discuss the general problem 
what 


of multiple photon production to see under 


conditions such processes are most likely to occur 
It seems to us convenient to represent the ordinary 


bremsstrahlung process as 


where take 


place only in the presence of a nucleus. We can then 
represent a bremsstrahlung process involving the mul 


» indicates that the above process can 


tiple produc tion of n photons as 
. ny 
2. MATRIX ELEMENT FOR DOUBLE 
BREMSSTRAHLUNG 
In the presence of an external electromagnetic field, 
we can write Dyson’s S matrix® as 


¥ l/n 1 cays f ax fa 
x PLH(x’), A(x )), (1) 
with i 
Hua —ishy dl Atha on (2) 
‘F. J. Dyson, Phys. Rev. 75, 486, 1736 (1949 
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n express (7) as 


Ps , ; 
k k 1p 
[ é 
But, due r listinguishab ) 
y lo 4 rs tor the 
& S State ‘ ve » write (0) as 
resi Ve 
rs 
S S 





3 
¢ s(] q 
We shall now consider the extreme relativistic case, 
ro } } oath 1 ' , , : 

‘ , in 1.e., we shall take ky >«. We shall also assume that the 
ave Hee . or contribution to the cross section for the process 
ve , ‘ “eo , , . F P . , 

ve . inder consideration arises from those values of go’ and 
ara So ] which are small compared with ko. We can then 
fy the denominators and the numerators in (7) as 
f ! 
k t+¢q"")?-+« 2k’ g' + 2k'G 
P 8) 
- k—g'—g +-K 2kq’ — 2kg”’ 
, 
y ' ' : j 
: y—K l(y-e’)u,(k i(k-e’)u,(k 
Q) 


, x [ (k-e’’)/(kg’’)—(k’-e ‘q 12 
v-e' us. (hk 

o- Let us now denote the angle between k ind k as y. 
Further, let the angles made by q’ with k and k’ be 

¥-@ ienoted asSa@ and 6, respectively, and the ar gies m ide 
7K by q_ wit h and k be denoted x’ and id respec- 
tively. Since it is evident from the denominators in (12 
k 7 that the major contribution to the cross section arises 

from small! values of the above angles, we can sim] lify 
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these denominators as where dw is an element of solid angle along k’. Putting 
k’+q'+q"—k k’) +/q’\|+/q”") —|k!)* +key’ ko’ =ko, dl\k’| /dko’=1, 
19) 


where we have also made use of the conservation rela- 


we have 
tions 
. ~ ~. 
k+q—k’—q’—q’’=0, ko—k g wo =0. (15) o 1/2!)(2 tq’ [ da” f dots 

Using (13) and (14), we can express (12) as 

XS CLK+K’|*)m. (20) 

2iZe* 1 

K+K ; sac We now choose our coordinate axes in such a way that 


k is along the z axis, and k’ lies in the xz plane. Then, we 
1 can write the components of k and k’ as 


[x*(go’ +qo'’)?/ (4ko") + hoy? ] k= (0,0, |k!), k’=(\k’! siny, 0, |k’| cosy). (21) 


x We further assume that the azimuthal angles of q’ and 


Rol x? / kota’ kon? / koe +p’ q” around the z axis are ¢’ and @” respectively, so that 


the components of q’ and q” are 


. . (16 ye ee ee , 
. ” , > ” »' cing 4 y.! es ind Ox 
bax k 1 oy ) kok b 1. 9/"2) q g we COS® ,.g na sing, Cosa 
»” 


cosa } 


3. CROSS SECTION FOR DOUBLE BREMSSTRAHLUNG) ss q”’ 10’ sina’”’ cos”’, go” sina” sing”, go’ 
In order to find the cross section for double brems- e si 
he element (16 Then, Since the angles ¥.@.048 ; and 8” have been assumed 


to be small, it follows that 


strahlung, we have to square 


averaging over the spin states of the electron in the 


initial state, summing over the spin states of the 
electron in the final state, and also summing over the pa y°— 4a y COS@ , 


Pat at - 
states of polarization of the photons q and q , we get . <9) 


> of, at 
) a T Y a ‘Y COS , 


X(|K+K’ |") 


a?+ 87°— 4 : 
; dus Zn ydy, 25) 
K R Ta K 4 
| a 4 , o* e 
< , where 6 represents the upper limit of integration for the 
L (x?/ Ree +a” c/ke +p angles a’, a’’, and y. We can choose any suitable value 
1" for this upper limit, provided that & is large compared 
~3 4 } . 7 
. ; / 17) with «?/k® but small compared with 1. 
‘} se on ™ 
x2 / Bet-tar’’?) (x2 / Be? +8") | Using (17), (24), and (25), we can express (20) as 


. ; . ‘ , — 
The cross section g¢e lor the process under consider- 167 . dq 1d . 
. ’ : +> ay An 
ation 1s related to the quantity (1/) as y yay 
, ” 
7 imch/ « jo ~ 


a= (1/2)V27E F(x f dick’ 
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above minimum value of |q| by 


Zax. (34) 


1 d { a” 
] 1 da ld : ' . , a ‘ ; 
Ve | (2 / be? +a’ Hence, taking into account the effect of screening, we 
have instead of (26 


4! 241 2/2 a 
, ai , j 
- ‘ ” ; 
T .. Smee 16Z ¢ ‘ aq ‘ dq 
, 21 al y., ni ® 
ch ed ee | 
Q a 


3” wc / Reta x /k 3 
T darch 


x k R ra 
;” ee st’. + 
‘9 . 
} 28) According to the present approximations, the above 
j h j 2 : , \ 
k j K’/ RK t Kk , ntegr rives the same result as (26), which shows that 
‘ ge yaa yon double bremsstrahlung at hick 
. . € ete ot scree g aoubile bre sstra ing at hign 
~ fitviting p4 r a i! irrving t the nte- - 
' . energies is negligibk 
ora t er ‘ al t od ve get = 
( ‘ ) ’ 4. DISCUSSION 
o/b 
] Ly’) ° . 
seer : ; In the extreme relativistic case, the cross section tor 
K/h i K/ Ro Ta *-" +a “'Y , hb] j r t 
the ordinary bremsstrahlung due to an incident electron 
P x2 /] - of energy E is approximately given by 
, 324, J ) 
k 2 / kta fa’2y? 1! 167° Ch le 2} 
log 50) 
A ] 3 — Ae 
gg 
p b 4 y’ 167°a h lw 
oy log(183Z-), 37) 
The above tegr be ea evaiuated, Dut the Sy 4 
re y ¢ f i rather c ) ited function ol . , . 
4 where ao, denotes the ross section without screening, 
+,’ denotes the cross section with screening, and w is 
4 : al 1,2 /} the energy of the emitted photon. For a rough estimate, 
0) we may take the upper and lower limits of integration 
otk ies L . ° : , 
‘ . te /h tor is FE and yp, respectively, so that we have 
ind we also note that / I’. Hence. substituting (30 , b(1677a h?/3u wl FE /y 38) 
TA j tagrating aver e ohta 
oa” 16774 t Su log F/n) log 183Z-*) 39) 
1672.4 j j 
[ 31 Choosing the upper and lower limits of integration for 
dal >M => Ps. ind ilso in a similar way, we obtain from (31 
? ° 
‘ . 
‘ } 2 , 2 ) la/ 4) (1627 a h Su gv E u , 40 
r é iT u x } 3) 
‘ ‘ , ail End +i Ve] 
A eTe a S f f structure stant u s the rest ( mparing +) 38 4 3 Ve 1d that even e 
1 " " 1 , 
energy of the electr ind re the energies it f 10"* ev the probability for double bremsstrahlung 
I the ¢€ tted Dp S s quite sma Di pared wit that tor the ord iry 
wi order to esti te the fluence of! re¢ ng remsstra 4 
‘ hile hrer sstra g re te that the Ls gy tne nproximations descr ped t s paper and 
value of t e quantity |q) appearing tne teg 6) 1s e eariuer ve Can aiso Ca e the ross section 
ior remsstra ing nvoiving§ tne roduction ot m 
. , 
t s. The ross section tor this rocess is found to be 


and we also note that the square of the above « int 7 : 
: . . 
uppears on the right and side of (13). It is well k . 
that roug y the effect ol scree g . re r ke 
y r t yas r*. $1) 
‘ we \\ lar . . 4 L 2. 
Mas! +-- +e 4ho') + het 
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where the integral J’ is given by (27). Substituting (30) 
in (41), we can easily see that even at very high energies 
o, rapidly decreases as m increases. 

The above situation is quite different from that in 
the case of the electron-positron annihilation. For, we 
have already shown‘ that in electron-positron anni- 
hilation at high energies multiple production of several 
photons can easily take place. This difference between 
the two cases is due to the following reasons: In high 
energy bremsstrahlung the average angle, through which 
the electron is deflected, is of the order of u/#. Further, 
it follows from the general treatment in Sec. 5 of refer- 
ence 4 that the photons emitted by an energetic electron 
mainly lie within a cone of angle u/# around the direc- 
tion of motion of the electron. Therefore, in brems- 
strahlung the photons emitted by the initial and the 
final electrons interfere strongly, which greatly reduces 
the cross section. On the other hand, there is no appre- 
ciable interference between the photons emitted by the 
electron and the positron during their annihilation. 

It is interesting to note that if y>u/F, we obtain 
from (41) and (30 


824Z*c* f4a\" dg © dgo'” 
| —+ | / ydy 
n! T g go” 


o,= 
/ , 
1 koy\" 
xX- log 
Ro*y4 a 
or 
ao f4ta\" us koy\" 
On log log ° { 42) 
nii«r é K 
where a» is the cross section for the radiationless scat- 


tering of an electron through an angle y, and e is the 
lower limit to the energy of emitted photons, The above 
result is in agreement with that obtained by following 
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the generai treatment in Sec. 5 of reference 4, if we 
ignore the interference between the photons emitted by 
the initial and the final electrons. This confirms the fact 
that if an energetic electron is deflected through an 
angle, which is large compared with u/£, there is very 
little interference between the photons emitted by the 
initial and the final electrons. In such a case, the prob- 
ability for multiple photon production is appreciable, 
but a high-energy bremsstrahlung process with a large 
deflection of the incident electron is a very rare event. 


5. GENERAL REMARKS ON MULTIPLE PHOTON 
PRODUCTION 


The present investigation also throws some light on 
multiple photon production in nuclear collisions. For, 
according to the present view, a proton, too, is de- 
scribed by the Dirac equation, and therefore the treat- 
ment in Sec. 5 of reference 4 also holds for collisions 
involving high energy protons. Hence, in high-energy 
nuclear collisions sometimes multiple photon production 
is bound to take place along with the production of 
mesons and other particles. Moreover, a proton pos- 
sesses an anomalous magnetic moment, which might 
also appreciably increase the cross section for multiple 
photon produc tion by protons. 

It further follows from the discussion in the pre- 
ceding section that even at very high energies, the 
probability for multiple photon production is appre 
able only if there is no interference between the photons 
emitted in the initial and the final states. This condition 
is evidently satisfied in the following two cases: (1) an 
energetic charged particle is deflected through an angle, 
which is large compared with w/E; (2) an energetic 
charged particle is annihilated, captured or converted 
into a neutral particle. Therefore, we should specially 
look for multiple photon production in nuclear collisions 
under the above conditions. 
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foregoing discussion. Mathematically, this is reflected in 
the fact that the elastic scattering matrix element be- 
tween the two virtual states (off-energy-shell matrix 
element) has a discontinuity on the energy shell, as was 
noticed by Dalitz.* This means that we cannot always 
neglect the photon momentum in the internal electron 
propagators between the successive potential scatterings, 
as was done in references 3 and 4. 

In Sec. II, we shall perform the potential integrations 
of the second Born approximation in the soft photon 
limit, and separate out the discontinuity term which 
contributes to the additional infrared divergences. It 
that 
small momentum transfer by the 
ist before or after 


will be shown this discontinuity term actually 


comes from the 


electron to the external! field, either 


j 
the emission of the photon, which indicates the effect of 


the long Coulomb tail. However, these additional 


infrared divergences cancel out completely, when 


the contributions from all the possible processes of 


sremsstrahlung are added. The same cancellation occurs 


also for the virtual radiative processes. This cancellation 
of the additional infrared divergences res ilting from the 
Coulomb tail is quite general, and can be shown to hold 
order of Born approximation and also for any 
} 


to any 





number of soft photons emitted.’ Thus, we are justified 


and (C) of Fig. 1 and 
0 in the internal electron line 


‘ 


ike only such diagrams as (A 
A) of Fig 
I 


3 in the consideration of the infrared divergence. 


to 


3, and to set k 
A 


The second step, namely to prove the nonexistence of 


a term (logm)*, needs an analysis of the origin of logm,® 


which appears in the first Born approximation. This will 


be done in Sec. III bv a careful examination of the 
photon momentum integration. It develops that logm 


originates from each of the “outer” electron propagators 
such as YA and BY of diagram (A 


photon momentum Is parallel to the ins 


of Fig. 3, when the 
ident or o itgoing 


iy 


for a large-angle scattering 








electron momentum. Since 
the dent and scattered electron momenta are not 
K/ «/ 
/ / 
/ / 
/ a / 
P x 2— >Q P + < * ~>Q 
A 8 a - 8 
wa) (@ 
«/ 
/ 
/ 
b . a = 
a es .x ° 
(tc) 
| Ke g r inelastic processes 
elect ‘ hot x, external 
ri 
*R. H. Dalitz, Proc. } I A206, 509 (1951 
Such a ( I nee estigated independ y 
yy New i er Ss B calculation of the 
radia rre ym scattering. R. G. Newto 
Phys. Rev. 97, 1162 (1955). His result is essentially the same as 
hat Drese ght niculat is umited the 
SseCOr wroer i treate not as a a 1onai 
? are t i erge f 
5 The e ¢ i yg ss secli ( ¢ expanded ir 
vers mn. Ye Rave i ind Wils Phys. Rev 95 Son 
1954 
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parallel, and since the poles of the internal electron lines 
between the potential scatterings do not generally 
coincide with those of the outer electron lines, we can 
infer the nonexistence of the higher powers of logm.® 
A remark will be necessary about the fact that some 
methods for treating the infrared divergence, for in- 
stance, the method employed in A and the method of 
assuming a small photon mass, actually give (logm)* in 
some integrals even in the calculation of the first Born 
approximation. However, such (logm)* terms are of a 
quite fictitious character, since they are shown to 
originate from the contribution of the soft photon, and 
hence are bound to cancel in the final expression. The 
method employed in the present paper, namely, to 
restrict the photon momentum space by the condition 
K2 Kunin, 


(logm) 


has the advantage of giving no fictitious 
of the above kind" and is suited for the present 
purpose. The noncovariant character of the method 
leads to no trouble at all as is seen by the facts that all 
the methods give the same value for the noninfrared 
divergent integrals and that we get a unique answer for 
the radiative correction in the first Born approximation 
by any method. 

A more important point to examine is the effect of the 
long tail of the Coulomb potential, which has the 
possibility of giving rise to higher powers of logm by 
overlapping the poles of the internal electron lines with 
those of the outer. This is also checked and the answer is 


negative. 
Il. INFRARED DIVERGENCE IN A COULOMB FIELD 


For the three ! ast 


the 


possible diagrams ol the ine 


scattering in the second order (Fig. 1) we have 


following matrix elements in momentum representation : 


Ma liel 2K)! fa Pl’ } “Us [iy p 


Xvoliy:(p 


hm | 


~~ 


bk) +m | 1'y* €U,, 5) 


Mp | tek 2K)? faery “i “Y [iy (p b—]) 


X iy: ef ry \p l) +m ly iM», +) 


where the momenta /, /’, and & satisfy the conditions 


pot kho=0, 


M- is similar to M,.and will not be mentioned here. 
t-face letters p, q, and k& denote the four mo 
’ 


q—p+l+I'+k=0, ¢ and #=0. 


Here, lig! 


f ¢ 


menta of the incident electron, the scattered electron 
*The aforementioned paper of Newton gave (logm) in the 
second Born approximation. However, after the completion of the 
present work, his result was corrected and it no longer gives a 
(logm ? term. Hence, his result confirms the validit # the general 
argument presented in this paper. Roger G. Newton, Phys. Rev 
98, 1514 (1955). See also, Max Chrétien, Phys. Rev. 98, 1515 
(1955 
The invariant minimun ymentum method employed in A. 
has some mathematical difficulty as pointed out by Elton and 
Robertson. A close analysis shows that the method in A is almost 


t to assurning a small photon mass. L. R. B. Elton and 


Proc. Phys. Soc. (London) A65, 144 (1952 
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[In (5), the pole of the denominator ?— R? is defined by 
adding a small negative imaginary part, according to 
Feynman’s prescription."'] The integrals (6) can be 
integrated exactly. Although the quantities p’, q’ and R, 
defined by (7) for Mu, approach the corresponding 
quantities for M,,, (8), in the soft photon limit k—0, the 
corresponding values of the integrals do not. In order to 
see that there is this discontinuity on the energy shell, 
the integration was made by employing the Yukawa 
potential e~*7/y instead of the Coulomb potential. The 


value of the integral (6) as well as its value near the 


energy shell (8) in the limit A—0 are listed in the 
Appendix. The integrals assume the following form near 


the energy shell: 
Io=Io*'+ A(f)+A(g), 
I =I ¢'+ pA(f)+qA(g), (9) 
[ ,=13'+ pp ACS)+9:9;A(g), 


where Jo*!, J *' and J,;,°! denote the value of the integrals 
} srgy shell (8), while A(f) is the discon- 


€ 
tinuity term defined by 


T f 2\P 
A(f)=lin renee fre) (10) 
PAP 2\P f?-+4)\?P*)3 


Here f and g represent the measure of the distance from 


f= P R?, g=Q0 R (11 


It is seen from (10) that the value of A(/) depends 
ritically on the relative magnitude of f, g, and A, whict 
s the origin of the discontinuity. The condition on the 
magnitude of K for ] q. (Y) to! old is 

K<AP, (12) 
which is necessary and sufficient to replat eAP’= p’ q ’ 
P’, and (” by the corresponding quantities AP, P, and 


(), on the energy she 8) respectively, everywhere 
except in ind 

From (7) and (11), and remembering go+ A= po, we 

ve 

p-k>O 0 for M 
Using these values 9) and 10), we get from 3’) 
and (5 
é D-e€ 


H.4 
x Meo t+F (a2 povou,)A pH. h 13) 
In just the same way, we have also that 
f e 
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parts of A(—2p-k) and A(2q-k) are 


Since the real 
respectively, these terms do actually give 


+2°/2PAP", 
the additional infrared divergence. 

The evaluation of Mx can be performed as follows. 
Introducing an auxiliary variable x, we combine the two 


propagators of (4) into 


ff exte—ar p—xk)—2xp-k] 


If we change the integration variable by p—1I—xk—I, 
we get integrals of the form 


d ' dx(d/AR?)\J 


f a0 OR*)T; ar 


R? = P’ 
p'=p—xk and q’=q+(I 

which give from (11 
f=—2xp-k and g=2(1—x)q-k. 15 
At x=0 and x= 1, we have f=0 and g=0, respectively, 
and the discontinuity at these points gives an infinite 
integrand when differentiated by R*. Therefore, only the 
A(g) in J; and J,; 
Thus, the foregoing 


discontinuity factors A(f) and 
1/K 


integrals reduce to the evaluation of 


f dx(d/AR)A ind f ix(0/AOR*)A(g). 


From (11), 


order 


contribute terms of 


15), and 


In the same way, we get 

fi )/ ARM 2g-k)-"A(2q-h 17 
I quat ons (16) and (17), together with (6 enable us to 
write (4’) as 
ve ter IK ig2p You. 


Adding (13), (14), and (18), we get 
M ne UM T VM p T VU, 
= —[¢/(2K)! 


&.b—a 
pep R—q 
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which is equivalent to what we would obtain if we were 
to take only M4 and M¢ and neglect & in the potential 
integration from the beginning. The same procedure 
applied to the higher Born approximations is readily 
shown to give the same expression as above, so that Eq. 
(18) is the exact expression, so long as the cancellation 
of the additional infrared divergences always occur, as 
shown later. The inelastic cross section for the emission 
of a photon of energy smaller than certain energy AE 
such that AE<AP is then 


AE 
Tine é Ir A>2 dk(1/2K) 
* S¥Kmin 
X (p-e/p-k—q-e/q-k)? oe. (20) 


Performing the polarization sum and rearranging the 


terms, we have 


CO ing a ar [ dk(1/K) 
/Kmin 


21) 


We shall next show that the second term of M4, Eq. 
at the point A. This means that in (3’), small I con- 
tributes to A(—2p-k) term, or that in Jo, 7; and J,; 
defined by (6) the small region around I= p gives A(/ 
In order to see this, we take the difference M a, | 
M.,, (5’), and show that this gives A lp-k 


integrated over a small region of I around the origin. 


_ stems actually from the small momentum transfer 


3’), and 
when 
For small 1, we may approximate the integrands of 


as follows: 


(3’) and (5’ 


fa fap yo/(L—2p- (k+l) — ie 
fa fap 7 2p-l—ie 


Taking the difference and performing the ingle integra 


tion first, we have 


fa fa 


r/PAP 


™ 
LYoP 


2p-k+2PL)y 2PL/€) 


tan 
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P f the resulting term with (C). We then get a term which 
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24 pp At pm 
ey er an infrared divergence nor (logm 
cimr ‘ to wv t } 
! i he K @l¢ C . re. tor Sta i 


4 F , ‘ - lL» 
{ B.andCas|,.] I.. resp f | . 
nus te sO r ef i & y¥(\p—R)+n Yull; 24 
I, is \ B r r ai 
| ice 4) (B "7 ; ul F/ (Qe ith /k 1d . 
| l ss B ( 1) i (Pp ” “ p k l ” 
terms A vit } » yu 25) 


P ‘ e . o—> e o > x vif k ” . yi Dp aL Y ol ' 
” 
x A B c Q A x 8 c Q 
(a) (B) 
p+ {} 
. « : 
We are interested at the moment only in the contribu- 





4 >Q P —>Q n of the soft photon, so that we integrate over the 











HIGH-ENERGY 
We shall examine these integrals without doing the 
separation of the ultraviolet divergent term, although 
they are infrared divergent at the same time.” This is 
justified because the ultraviolet divergent terms of the 
vertex and self-energy part in diagrams (B), (B’), (C), 
C’) and (D) are known to cancel with each other from 
the renormalization theory as a result of Z;=Z,."%" 
Then, diagrams (B), (B’) and (D), without separation 
of the ultraviolet divergence, contain no infrared diver- 
gence besides those coming from Coulomb anomalies. 
rhe exceptional C) and (C’), where 


the finite part of the self-energy part drops as a result of 


case is diagrams 


the Dirac spinor operating from the left or right, leaving 


an ultraviolet as well as an infrared divergent term. The 


treatment of these diagrams is well known C) and 
C’) give 
Mioyt+M« iM 4, (28) 
where 
I é 2n)] f aeca R*) {Val ty p—k)+m 
Xvyalty(p—k)+m | yyttp} / (a pyatty). 


Performing the k» integration and taking only the 


infrared divergent term we ge 


Q) (29) 
This expression holds of course to any order of Born 
approximation for such diagrams as (C) and (C’), which 
have a self-energy part on the extreme right or left. 
The potential integrations in Mu), Ma), Ma 
VM <p) can be reduced to (6) and the result again contains 
two discontinuity terms A(k®—2k-p) and A(k*—2k-q), 


however, be shown to cancel out exactly 


and 


which can, 
add the four 


show this cancellation by the general argument pre 


when we matrix elements. Here we shall 


sented before. Assuming & and I are small, the integrands 


of (24 25), and (26) reduce to 
Mis $(p-g)-2yopo,{ Dk 2k: p 
; 2p-(k+1) JPAp’), (30) 
VM 4mm? + 2yopo/ { 2p kp 
: 2p- (k+l) |PAp*}, (31) 
Vip 4(p-g)2yopo/{ (— 2k 2p 
. 2p- (k+l) |PAp’}, (32) 
M cp): 4m?*-2yopo/{(—2l-p p- (k+l) |PAp’}. (33) 
Adding My) a Uf e ge 
4m? 2yopo/ | 21- 2p-k)PAp 
R. Karplus and N. Kroll, Phys. Rev. 77, 536 (1950 
F. J. Dys Phys. Rev. 75, 1736 (1949 
J. C. Ward, Phys. Rev. 78, 182 (1950 
See, for instance, F. J. Dysor Advanced Quantum M 
{ te Cornell t sity, 1951 (unpublishe: 


ELEC 
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which is no longer infrared divergent. Adding M,a) and 
M «ps, we have 

4(p-q)2yopo [( 2k-p ( 
which is equal to what we obtain by putting &=0 in the 
internal propagator of M4). Thus, we are allowed to 
take only M,a) and to put k=O always in the internal 
propagator AB in the consideration of infrared diver- 
gence. Therefore, we have 


- 2k-g)(—2p-1)PAp*], 


M. ay T Mea +Me »T Mw) 


~ ie’ 2a) farecap q 


[k?- (k2—2k- p)(k?—2k-g) Mar. (34) 


the ko integration, we get as the infrared 
divergent term 


Performing 


M A) T Wf RB)? vi ay t+M ow) 


(35) 


From the interference with the pure potential] scattering 
matrix element M,;, (35) plus (29) give the following 


contribution of order a to the cross section, 


K 
Ovirt a 2r f dk(1/K) 
K im 
x[p?/(p-k p:q/(q-k)(p-k) \o 36) 
Adding the inelastic cross section (21), the lower limit 


Kin cancels out and is replaced by the physically 
n | pny 
meaningful quantity AZ. The k integration 


easily and gives as a leading term 


can be done 


Orad 9 inel T CO virt 
~ ta/w) log(AP/m) log(K/AE)-o, (37 
The coefficient of logAE coin ides with that of Eq { 2), 


which is the required result 


Ill. EXAMINATION OF (logm)? 


To understand the origin of logm, which does not 


we shall examine 


appear in the pure potential scattering 


the typ | integral 


h appeared also the most im 


whi in Eq. (34), and is 
portant integral in the first Born approximation, Since 
this is infrared divergent, we have either to restrict the 


photon momentum space by 


K > K win (39 
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as before, or to assume a small photon mass 
' 


u, and which now contains a (logm)? term. But this (logm)? is 
replace the photon propagator by 1/(#*+-u*). Although cancelled in the calculation of the first Born approxima- 


the former method is noncovariant, it gives the correct tion by another (logm)? in the bremsstrahlung integral 
answer, as explained later. For our purpose of examining which is now, for instance [ the second term of (21) ], 


ploy it We perform 


the & integration first by contour integra rhe pole of 2 , . 
the photon propagator 1/k* contributes a t } ik K* i il kp) k 


ne jogm term, it is convenient to em 
| ern : 
~ (82/AP?) log(AP/m)[2 log(AEAP/ppo) 
A logAP/m |, k?+-y?=0) 44) 


where k=nX. The angular integration can be readily instead of the noncovariant integral 


t 
6r/AP2) loo (AP ‘i 
16 } g(AP/ p ” k(1/K)01/(k- p)G \~ (160 AP 

It is apparent from the form of the integrand that logn Kmir 

) I 1 O01 ‘ - xX log AP m log AE/K : b 0) (45 
1s ontributed tron n p or n q, where one of the 

denomir itors becomes . . . . ‘ . _ . . : 
employed in the evaluation of (37). That the (logm)’ 
po— P= m*/2 po, terms in (43) and (44) come from the contribution of 


while the other hecomes small & will be evident by remarking that the integra] 


kek k k k- pb) (ih ) k 
The pole the factor 1/( 2k- pb t (38) gives ¢ “ 
f y trib or fter ttle : 
no longer gives (logm)* and leads to a unique value by 
T 1 1 any integration me¢ thod. Since we have established in 


cancellation of the contribution from 
e soft photon K<AE<AP, we conclude that the 


(k p— port} k p)?-+n differe t e of the two methods, that 1S SO ely associated 
1] with the soft pl oton, should cancei in the final answer 
k n-p complete Note that (21) and (36) have the same 





tegrand. If we assume a small photon mass yu, we have 


: 
in I 

Ut only to replace the factor 1/K by 1 K?+yu i and 

gm DY ko=K by k K*+ y")', and set Awmwin=O, in doth 





© Seco integrands. This leads to no « hange in the above con- 
ime tne ision. | In fact, in the case of the first Born approxima- 
Po, SO tha tion, we can show that the two methods give exactly the 
I singu Same answer including the terms of order unity. 
” I It remains to examine the effect of the long Coulomb 
De ¢ ail. Let us take as a typical integral M,4), Eq. (24). The 
, ever egrand is 
if \ ere ‘ 
\ si I iL L, i, 
numerator also becomes ~Jé p The same analysis "Ue A Lk’ p k oR-g 
holds for the third factor 1/(k?—2k-g). Thus, we ca <[(k—- pt+1)?+m? |F(I—Ap)?}-", (46 
expect no vu,” term from the integrals of the tvne 
y r ? Yr c "eT 
i8). The evaluat of the integer IR ¥ where the erator .V is given by 
done more eas by coml e three ) \ } 
. » \ beV an * k 1 i+ v(D hk 7m 4 
by the usua pers egrating first over | ] . 
x y(p—k)+m ly ,u 47 
then integration over & subi » (39). The res S 
‘ ] er to get (logm)? in (46 s clear from the fore- 
~ (4er-/ A/ g( AP sn g(po/A +2 ‘ 
going anaivsis tha the Linte Ta 
Thus we actua ye » te T 7, I . De f 
“ t t Ww et ex tiv the tert \ ] } : 
alse e g ; I ( f aig 21: (p—k)+k?—2k-p)} 
substitute the value (42) into Eq. (34 . 


On the other hand, if we assume the sma photon XU l I l Ap "hs 48 


t be singular or m-singular at some point near k!'p 


mus } 
eer? ®) log (AP /m : f 
~ (212? /AP*) log(AP/ m ork q. In the first denominator of (48) we can expect 


X2 log(AP/u)—log(AP/m)}, (43) that the singularity will occur at that point which 


7 











satishes the following two condi 


k—p 


because there the first f: 


0, 


which gives a very high singul:z 


with the potential factor 1/F in (48). 


is equivalent to k—p~0. (The sy 


of order ~m In the same 
k—q~0 and k*—2k-g=0, 
order 1 | 


the second potential 


he f 
Ap)-, 


lactor ¢ 


comes of the 
with 


m-singularity, if any, will occur 


singularity or the I 
second or third ¢ 


those of the 


conclusion is readily confirmed | 





value of the Lintegral given | 
\-1 f 


gives it 


assuming 





ictor of (48 


way 


nominators ol 


yy (A-1 


RGY ELI 


tions: 


2k: p=0, (49) 


is of order 1 RP, 
at I<0, 
The condition (49 


arity together 
mbol 
we know that when 
irst factor of (48) be- 


w! 





yf (48). Thus the higher 


at either 


(50 


integral overlaps with 
(46). The 
»y looking at the exact 
For instance, 
vart of the 


yr the real | 


or g~0O). Re 


nembering nat R? k Db ” f k 2k p and 
g=k k-q for (48), the singular point is equivalent to 
On the ner f if the integral (48 
n the numerator, the integral is no longer 
k=p, as is readily seen from (A-1) and 
is implies that the singularity at k= p occurs 
because l~0 
However. it tne point U tne! merator 47 1S ol 
order ~m', which is enough to cancel the m-singularity 
of the /-integration. Therefore, we get no (logm)? from 
diagram A of Fig. 3. 
The integr f Me, Eq. (25 
V{k k 2k p A f m1 
x 21-p)PF(I1—Ap)*}"", (31 
witt 
\ lhe’ (+ l)+-m 4 y(p k l)-+m \y 
4 y(p—kf m ly yl, 52 
Comparing (51) w 38 t is parent that (51 
inn ot give a gher gular tl 38), except 
vhen I=0. From l=0 el eg 1 gives rise toa 


Singular tern 

w/2PAP*)| 1/(i 2k: p 
Incidentally, this was the origin of the additional 
infrared divergence appearing in M, ).) Inserting this 
nto (51) we get the double pole (k?—2k- p)?=0, which 


gives a term of the order 1/m? af 
the direct 


ed by the 


ever, calculation she 


cancel] numerator .V, 


ter k 


integration. How- 
that this 1/m? is 


as we should expect. 


Iws 


“TRON 


allows an error 


h again overlaps 
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[ The 
series \ 
l-integration of (51 
the same order as 
(This comes from an integral that has one power of I in 
the numerator p the numerator 


h 
(52) ~m, which the 


matrix element should be expressed as a power 
of m/po plus some function of log(m/ po). ] The 
gives another less singular term of 
48), which is singular only at k= p 


However, again at & 


becomes of the order canceis 


singularity 
The same kind of argument applies also for Ma», 


Mc), Mw, and Mw 


the appearance of 


we can exclude 
\ more 


and in any case 


the possibility of (logm)*. 
rigorous analysis has been done by integrating first by 


b 





ig over k in the small region around k=p. The re- 


cod 


sult conforms v the foregoing discussion. 
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APPENDIX 


| he 


method of Da 


potential integrations were made following the 


® and Lewis'* employed for the calcula 
ing matrix ele 


Yukawa 


in order to express the results for off 


tion of the second Born elastic scatter 


ments. The calculation was made for the 


potential! Fe. 


and On-energy she 


ll matrix elements compactly, and 
also to exhibit the discontinuity on the energy shell 
( learly. The nece ssary integrals for the evaluation of (6 


are the following: 


Ty(p’,q’,R 


fat-r/ec 


A=R*AP"(AP"+ 


B=(2d?+ f+g)AP"?; C 


D=AP'%/A, 


“RR. 2 Iniversity of Michigan 


publshed 


thesis, | 


Lewis, Jr 
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p j 
Separ g e te s re € g= (on- 
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Ke e€ ve 
R)/> T.(p',q’,R Te'+A(f)+Als 
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Elastic Scattering of 5.25-Mev Protons 
on Nickel and Copper* 


WALI 


recent successes complex-potential 


HE 
] 


model in fitting the elastic scattering data for 


gher-energy protons’ have 


low-energy neutrons’ a 1d |} 


- . 
prompted cattering of low- 


I the study of the elast 


energy protons (5.25 Mev 


Prior results on copper in 


this energy range have shown the scattering to be 
relatively independent of the energy of the incident 
proton.** 

We ave extended these investigations by examining 


from 


slastic scattering of 5.25-Mev protons bot! 
copper 


Z=28 arrangement was such tl} 


Our experimenta 


we were able to take our high-pressure ion chamber 
detector to sufficiently forward angles to observe a 
region n whi the scattering was purely Coulomb 


The results obtained are s wn in Figs. 1 and 2. The 
estimated total error in the absolute value of any point 


O7 + 7 ¢ - - " 
is about 10°, whereas the relative error, as determined 
from the reproducil ty of the angular distribution at 

- . ¢ e¢ 
different times, 1s abo ) 

The outstanding il yt il most significant 
feature of these re S tne marke¢ litierence 1 tne 
general shape of the rves obtained for these adiacent 
elements. The al dant stopes of N 1 ( ure N°? 

i 4 

j 

pov 
i Ne ‘ 
a “ » # ay 

e: 7 . : 
' a 

ms . 
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ad az Pe 2 F 4 
eome 1 

I oe s . 

5.25 Mev ¢ i i ' 

Ss | é 
1 ‘ those g taint Phe at 
section the irve at rwa t alized toa 
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Fic. 2. The fferential cross section for the elastic scattering 
of 5.25-Mev otons on nickel tted as a ratio of the Rutherford 
ditferentual ¢ 8 sect 1. The errors are as 
ul n de those l to ang ir setting um 
section of the curve at forward angles was 
{1 
67 }‘ / N ' t ; and ( i 6x ; ( i 32° / 
The b energies of the last proton in the compound 
nuclei correspo ng to the Ni’ and Cu™ target nuclei 
ire 9.01 9? Mev respectively.’ If, as might be 
expected on the basis of the complex-potential model, 
the characte! s of the angular distribution depend 
ynly on the pat r region reached in the compound 
nucleus t might be expected that our nickel results 
should be somewhat similar to the 6.0-Mev data of the 


Zurich group. The fact that our observations are con 
trary to this expectation indicates that some other 
me inism must be respons ble lor the « fierence 

Since both abundant nickel isotopes are even-even 
they presumal ive spin 0 whereas the stable copper 
sotope re known to have spin 3/2.° The different 


ybserved distributions may well reflect this spi 


It is 


yarded natura 


conceivable that since we have 


arated 


of co 


ference 


bon I 


irse 


targets rather than sey 


iso 











topes, we are observing the superposition of two 
different distributions in each case. This would require, 
owever, that sotopes differing by two neutrons ind 
iving the me spin and parity should yield quite 
liffere I ng I l tributions 
With the ela illy scattered protons we 
ybserved inelastically scattered gr Ups COrrespo! 
the iowest ¢ ted states in the target isotopes whicl 
were observed | the Rice Institute group.’ In agree 
ment th their re ts we ive found that none of the 
elast I ive more than about 12% of the 
ntensit e elastic group at any angle.* We could 
it resolve groups corresponding to levels of less than 
ibout 500-kev excitation, if h exist. Coulomb excita 
tlon measurements have tailed to show a leve 
either nickel or copper below this energy.’ 
The energy dependence of the elastic scattering from 
nese and tron neighbori elements, in particular 
Zi is being examined in ar ittempt to ur lerstand the 


| nenon responsible lor tne in the 
, 


copper distributior 
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Fine Structure in the Photoproton 
Spectrum of Oxygen 
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formation is obtained about the spin values of the 
excited states in oxygen. 

The present investigation indicates that this method 
gives considerable information about the levels in an 
energy interval, several Mev wide, above the (y,p) 
threshold. It should be possible to increase the resolu- 
tion by a factor of 2 or 3. It would then be possible to 
resolve the peaks with great certainty, especially if the 
Statistics is improved by measuring a great number of 
tracks. 

'L. Katz ef al., Phys. Rev. 95, 464 (1954) 

* Spicer, Penfold, and Goldemberg, Phys. Rev. 95, 629 (1954) 
(See also reference 3.) 

*F. Ajzenberg and T 27, 77 
(1955) 


Lauritsen, Revs. Modern Phys 





Size Distribution of Neutron Widths* 


D. J 
Brookhaven National Laboratory, U pton, Long Island, New York 


(Received June 16, 1955 


Hucues anp J. A. Harvey 


N the program of work carried out with the Brook- 

haven fast chopper' on total cross sections of heavy 
elements, various regularities have been observed? with 
regard to the widths and spacings of energy levels. In 
contrast to the near-constancy of [, (~20 percent 
variation from level to level in a given nuclide), the 
neutron widths were found to have an extremely large 
variation in size; the reduced neutron widths, I,” (given 
by I',/Eo! with E 
differed by factors as high as several hundred. 

In the work of Harvey ef al.,? in which several hun- 
dred neutron widths were measured, it was found that 
within experimental error the neutron widths had an 
exponential distribution in size for each nuclide that 
was investigated. When the number of resonances in a 
given energy range with widths larger than a given 


the neutron energy at resonance), 


value were plotted as a function of the latter, the re- 
sulting distribution was consistent with an exponential 
distribution, implying that the differential distribution, 
that is, the number of levels as a function of neutron 
width, was also exponential. It was difficult to draw 
any definite from individual 
nuclides because the number of levels observed in each 


conclusion, however, 
case was rather small, of the order of ten levels. In 
order to investigate the distribution in more detail it is 
obviously desirable to combine the data from many 
nuclides to attain greater statistical accuracy. 

The combination of data from various nuclides has 
been accomplished by plotting the reduced neutron 
widths relative to the average value for each nuclide 
rather than in terms of actual widths. This process 
normalizes the distributions for different nuclides so 
they can be plotted together, but some distortion of the 
final distribution results because the average neutron 
widths are not accurately known for individual nuclides. 
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Fic. 1. Distribution (per 0.1 in Ax) of 145 reduced neutron 


widths relative to the average value for each nuclide. The curves 
are various suggested distribution laws described in the text. 


Fortunately, it is possible to compute the distorting 
effect rather easily and the experimental points were 
corrected for it before plotting. 

The distortion just described would of course add toa 
similar one already present in the distribution for the 
individual nuclides, which is a result of the presence of 
levels of two spin values. In computing the neutron 
widths from experimental transmission data the sta- 
tistical factor, g, was assumed to be }, except for zero- 
spin target nuclei, where it is known to be unity. Asa 
result, the distribution obtained for a given nuclide 
actually consists of two sets of levels, each with a 
different g value.* The spurious curvature in the dis- 
tribution arising from the uncertainties in I’,° and in g 
was computed and the experimental points were cor- 
rected before being plotted in Fig. 1. The distortion 
arising from the error in the average widths is much 
larger than that arising from the g uncertainty; the 
total correction is less than 10 percent for x<3 but 
reaches a factor of one half for the highest x value. 

In plotting the points of Fig. 1, a careful attempt was 


also made 


to investigate other possible experimental 
distortions of the distribution, particularly the loss of 
very small 


well as the loss of levels by failure to resolve them at 





levels simply because of their small size, as 


high energy. One method that was used to investigate 
the failure to observe levels was to determine for each 
nuclide a neutron energy below which it was felt that 
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Fic. 2. The data and curves of Fig. 1 plotted as distributions 
(per 0.1 in Ay) of y= (T,°/T,,°)'. 


essentially no levels were lost by insufficient resolution, 

his process involving the plotting of location of levels 
as a function of energy. The average neutron width 
was then determined as an arithmetical average for the 
levels below this limiting energy, and the size distribu- 
tion of these levels plotted. The process j ist described 
was then repeated with an energy limit one half of the 
value first used and again with an energy limit 1} times 
that limit. It was felt that this method would reveal 
experimental failure to locate levels because the rapid 
change of resolving power with energy would give in 
that case distributions that would differ in shape as 
the energy region covered was varied. The resulting 
distributions, however, show no significant difference 
in shape, providing a strong indication that the ob- 
served distribution is not strongly affected by missed 
levels. In addition, direct estimates based on examina- 
tion of the experimental transmission curves lead to 
the conclusion that the distribution shape, especially 
at the small-size limit, is not affected greatly by failure 
to find levels, the correction being less than the sta- 
tistical error shown. 

Since the neutron width distribution was first found, 
several theoretical treatments have been made on the 
possibility of correlating it with nuclear theory. In 
addition to the exponential distribution,‘ the curved 
solid line shown in Fig. 1 has been suggested by Porter 
and Thomas,’ and the dotted line by Bethe.* At large 


widths, the exponential gives the best fit, whereas at 


small widths, the other suggestions provide better 
agreement. Actually, as the square root of the neutron 


width is a property more closely related to nuclear 
structure theory’:* than the width itself,’ it is instructive 
to consider the distribution in size of (I’,°)*. For ex- 
ample, a Gaussian distribution in (I’,")! was assumed 
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by Porter and Thomas, whereas the exponential dis- 
tribution of widths requires a y exp(—¥*) distribution, 


where y= (I’,°/T’,°)!. The experimental points and sug- 
gested distributions of Fig. 1 are shown as functions 
of y, on a linear scale, in Fig. 2. The points of Fig. 2, 
which can be considered to give more fundamental 
nuclear data than the width of Fig. 1, do not decide 
in favor of one distribution definitely but the e~¥ curve 
(leading to Bethe’s suggested curve of Fig. 1) seems to 
predict too many small and large values of y. The 
yexp(—y) curve, corresponding to the simple ex- 
ponential distribution of neutron widths of Fig. 1, 
seems as satisfactory as exp(—y/2), although it does 
not seem to have as firm a theoretical basis (for it 
implies* complex y’s). 


* Work carried out under contract with U. S. Atomic Energy 
Commission. 

1 Seid], Hughes, Palevsky, Levin, Kato, and Sjéstrand, Phys. 
Rev. 95, 476 (1954). 

2 Harvey, Hughes, Carter, and Pilcher, Phys. Rev. 99, 10 
(1955). 

3 g=$[1+1/(2/+-1)], with J the spin of the target nucleus 

4J. M. C. Scott, Phil. Mag. 45, 1322 (1954 

5. E. Porter and R. G. Thomas (private communication) 

*H. A. Bethe (private communication). 

7J. M. Blatt and V. F. Weisskopf, Theoretical Nuclear Physics 
(John Wiley and Sons, Inc., New York, 1952), Chap. 8 

* Lane, Thomas, and Wigner, Phys. Rev. 98, 693 (1955 

* The quantities that are proportional to (I',°)4 determine the 
decay probability into different channels, and are variously 
titled (references 7 and 8) most recently (reference 8) as “reduced- 
width amplitudes.”’ We prefer not to use this terminology because 
of possible confusion with the usual use of amplitude as (cross 
section /47)?. 





Inelastic Polarization and Nucleon 
Momentum Distribution* 
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(Received May 31, 1955) 


NELASTIC p— > polarization is similar in angular 

dependence, but smaller in magnitude than free 
p— > polarization. In particular, at 310 Mev it is about 
65 percent! of the latter? It may be represented as 
being the free polarization distorted by the effect of 
the momentum distribution of the target protons in 
the nucleus. 

We assume here that an incoming 310-Mev proton 
hits a 20-Mev proton in a 30-Mev potential well. The 
effective kinetic energies of the colliding protons are, 
therefore, 340 Mev and 20 Mev. We consider five types 
of collisions classified in terms of the resultant B of the 
momenta, P;= 869 Mev and P,=193 Mev, of the two 
colliding protons, and listed in Fig. 1. These are as- 
sumed to occur with equal probability in the plane of 
the two emitted protons. 

For each case, the barycentral momentum p and 
energy w are calculated. To demonstrate the range of 
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w, we may consider an equivalent collision of a proton | 
130 


of energy E witha proton at rest For the 5 cases. the | 






equivalent energies are, respectively: (1) 184 Mev, 
(2) 232 Mev, (3) 344 Mev, (4) 460 Mev. and (5) 504 wood 
Mev 90; 
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high; these factors are 0.64, 0.69, 0.82, 0.95, and 1.00 
for cases 1 to 5 respectively. Now (P(¢))m for the 
20-Mev proton gas as a function of ¢ is given by: 


dw 
> Pi(o,E)—(¢,E,) fi(Evoi( Es) 
dQ 
. (P(¢) ~—— 
4 dw 
> —(¢,E,)0,(E,) 
dQ 
. , 


However, a large fraction of the nucleon gas in a 
nucleus has low-momentum components. A crude way 
to take into account its effects is to assume that 70 
percent of the nucleons are at rest and 30 percent have 
20-Mev kinetic energy in the plane of P,; and P». But 
in reality the counters used in the coincidence measure- 
ment extend above and below such a plane, so that the 
effective momentum distribution is something between 
that in a plane and that in three dimensions. Conse- 
quently one guesses that a more proper ratio is about 
2:1 and with this assumption obtains the calculated 
inelastic p— p polarizations shown in Fig. 4. 
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Fic. 4. (P(@))w for inelastic collisions of 310-Mev protons on 
a nucleus for which the probability to find a nucleon of energy 
20 Mev is } and of 0 Mev is ? in the plane defined by the incoming 
< momenta, P; and P;. The free »— polarization at 310 Mev is 
shown for comparison. The inelastic p— p polarizations measured 
on carbon by coincidence methods at 285 Mev are indicated 


For comparison, the inelastic p—p polarizations 
measured in coincidence by Bradner and Donaldson! 
for carbon at 285 Mev are shown plotted. 

The experimental data can be fitted at least as well 
by more sophisticated choices of momentum distribu- 
tions. The behavior of the inelastic polarization would 
seem very closely related to this kind of explanation. 

* Research supported by a joint program of the Office of 
Naval Research and the U. S. Atomic Energy Commission 

‘H. Bradner and R. Donaldson, Phys. Rev. 95, 1701 (1954) 

* Chamberlain, Segré, Tripp, Wiegand, and Ypsilantis, Phys. 
Rev. 93, 1430 (1954); Marshall, Marshall, and de Carvalho, 
Phys. Rev. 93, 1431 (1954 

+J. M. Dickson and D. C. Salter, Nature 173, 946 (1954); 
Kane, Stallwood, Sutton, Fields, and Fox, Phys. Rev. 95, 1694 
(1954). 
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Hyperfine Structure Anomaly in 


Atomic P-States* 


CHARLES SCHWARTZ 
Department of Physics and Research Laboratory of Electronics, 
Massachusetts Institute of Technology, Cambridge, Massachusetts 


(Received June 10, 1955) 


URIO and Prodell' have inferred a value for the 
hfs anomaly A for the two stable isotopes of 
gallium by comparing their measurements on the atomic 
p; States with the measurements of Daly and Holloway? 
on the py states, assuming that there could be no 
anomaly in the latter. The purpose of this Letter is to 
point out that as a result of electronic configuration 
mixing there can in principle be an hfs anomaly in 
any atomic state, and to calculate this important effect 
for Ga. Furthermore, before one can use a measured 
value of A to study the nuclear magnetic structure 
through the Bohr-Weisskopf* (B-W) theory, the con- 
tribution to the anomaly of other mechanisms must be 
subtracted. We arrive at the conclusion that the net 
B-W effect in Ga appears rather smaller than expected, 
but that one cannot yet be certain of its precise value. 
The hfs anomaly A in a particular atomic state is 
defined as follows: 


@) Me 


-1, (1) 


Mi Ge 


where a is the dipole hfs interaction constant measured 
in that state, uw is the nuclear magnetic moment, and 
the subscripts 1,2 refer to two isotopes (2 heavier 
than 1). Theoretical explanations of A will usually de- 
pend on some coefficient 6 which represents the density 
at the nucleus of the electrons which are responsible 
for the hfs. Thus only valence electrons with j=} are 
of interest, the value of b for a p; electron being smaller 
than that for an s; electron by roughly a®Z?, 

Now it is well known‘ that in an atomic state nomi- 
nally described as *P; there is often a noticeable ad- 
mixture of excited s-electron states contributing to the 
hfs. For such states we should use an effective value 
of b given by 


berr= (1—8;)bp;+B),, (2) 


where 8;, the fractional contribution of s-electrons to 
the hfs in the particular state *P,, may be calculated 
from the dipole interaction constants a, and a, meas- 
ured in both states of the doublet.® 


Dy (1 ~ 50a, aj) (1 + 58) (3) 


By (a, ay G,. (4) 


For Ga, a,/a,;= 7.02, @ (a relativistic correction factor) 
1.10; so we have §,=0.033, 8;=—0.23; the ratio 
b,/by, for the coefficients of the B-W theory is 23; so 
in the p, state we have b= 1.7bp; and in the p, state 
bar= —5.3bp,. We thus have the result that there 
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should already be a hfs anomaly in the p, state, about 
—3 times that in the pj state. 
The result of Lurio and Prodell’s measurement is 


a4/ay"'=0.78701965+-0.0000006, 


and the earlier measurements of Daly and Holloway 
on the pj state give 


as”/ay"' =0.7869949+0,0000013, 


DY 


while the new value for the moment ratio given by 
Rice and Pound* is 


p™/u™ =0.7870147.+0.0000012. 
From these data, we have the two anomalies 
2+2.3)K10~*, 
.2+3.2)K10~*, 
and the number given by Lurio and Prodell is 


Ay—Ay= (31.542.4) 10, 


which is independent of the exact value of the moment 
ratio. The best check on our interpretation of thi 
data is obtained from the ratio A,/(4,—A,) which is 
(—8.04-1.6), while we predict —5.3/(1.7+-5.3 7.6. 

For the purpose of further analysis, the 
A,— Ay is still the most a 


numbers, but we now see that as a result of the mixing 


value of 
urately known of these 
s-electrons, this number represents seven times the 
anomaly that would be produced by a 9, electron alone. 
as the B-W effect in 
Ga, we must first allow for other effects which can give 


Still, before we can interpret this 
an hfs anomaly. Crawford and Schawlow’ have calcu- 
lated the effect of the changing size of 
charge distribution on the hfs of two isotopes. In Ga, 


the nuclear 


the admixture of s-electrons again magnifies this effect 
in both states of the doublet, and we have estimated 
that this contributes about 2010~* to the difference 
A,— Ay. If this is a correct and complete description 
B-W effect for a 

1.6 10~°, 


Our calculations 


of the problem, we are left with a 
single p, electron of 1/7(31—20)10~* while 
the simple theory predicts ~7 X 10 
use a nuclear charge radius of 1.24! 10 

However, this number 1.6 10~* may in fact be off 


the Crawford-Schawlow 


cm. 


by even a factor of 2 since 
term was calculated using the doubtful assumption 
that the nuclear charge radius varies as A! as one adds 
two neutrons to Ga™. The quantity y= (dR/R)(3A/dA) 
(which is usually <1) may, in principle, be deduced 
from measurements of the spectroscopic isotope shift; 
but the interpretation of such data in medium-weight 


atoms depends on the difficult calculation of the specific 


mass effect.* It may be that other observations, such as 
measurements of x-rays from y-mesonic atoms of the 
separated isotopes, could be carried out with sufficient 
accuracy to give y. 

Still, the question of what 
second-order hfs proportional to u*, nuclear polariza- 


other effects—such as 
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bility, etc.—might show up as part of an hfs anomaly 
greater than about 1X10~* is as yet unanswered and 
should be the subject of further study. 


* This work was supported in part by the Signal Corps; the 
Office of Scientific Research, Air Research and Development 
Command; and the Office of Naval Research. 

1A. Lurio and A. G. Prodell, Bull. Am. Phys. Soc. 30, No. 3, 
13 (1955). 

?R. T. Daly, Jr., and J. H. Holloway, Phys. Rev. 96, 539 (1954). 

+A. Bohr and V. F. Weisskopf, Phys. Rev. 77, 94 (1950). 

‘E. Fermi and E. Segré, Z. Physik 82, 729 (1933). 

§C. Schwartz, Phys. Rev. 97, 380 (1955). 

*M. Rice and R. V. Pound, following Letter [Phys. Rev. 99, 
1036 (1955) }. 

7M. F. Crawford and A. L. Schawlow, Phys. Rev. 76, 1310 

1949). [The Crawford-Schawlow effect accounts for essentially 
all of the hfs anomaly observed in thallium: A. Berman, Phys. 
Rev. $6, 1005 (1952).] This calculation was first carried out by 
J. E. Rosenthal and G. Breit, Phys. Rev. 41, 459 (1932). 

* Crawford, Gray, Kelley, and Schawlow, Can. J. Phys. A28, 
138 (1950) 
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NTERPRETATIONS by Schwartz of recent meas- 

urements of the ratios of the hyperfine structure 
splittings of the gallium isotopes! made an improved 
measurement of the ratio of their magnetic moments 
desirable. The most accurate value available from 
published results is derived as the ratio of the ratios of 
resonant frequencies to that of Na™ and is u(Ga7)/ 
u(Ga®™) = 1.27059+-0.000023 2 

We have made a new determination using the re- 
cording oscillating rf spectrometer? and a permanent 
magnet. The sample was a solution of GaCl,; in about 
6N HCl. The line widths between points of maximum 
slope were 440 and 520 cps for Ga™ and Ga®, respec- 
tively, of which width part appears to be attributable 
to inhomogeneity of the 6350-gauss static magnetic 
field. Trial experiments revealed considerably greater 
line width, and reduced intensity, in solutions of less 
acidity. The points of zero slope in the lines were deter- 
mined by recording their derivatives with the spec- 
trometer steadily scanning in frequency, making fre- 
quency marks every 20 cps as determined by standard 
procedures from our quartz crystal standard. The 
signal-to-noise amplitude ratios, (100:1 and 40:1) 
allowed determination of the zeroes of the recorded 
derivative curves to +2 and +4 cps. 

A slow but reasonably steady drift of the static field, 
of thermal origin, necessitated alternate observations 
of each line and interpolation between pairs of measure- 
ments of one line to the time of observation of the 
other. For each direction of frequency scan four 
observations were made of one line and three of the 
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other. For scans in the direction of decreasing fre- 
quency, the five ratios so determined averaged to 
1.2706211 with an average deviation of +0.0000018, 
whereas for scans in the other direction the ratios 
averaged to 1.2706272+0.0000009. The two differ 
because of the lag introduced by the not negligible 
integrating time constant in the recording system 
(RC=10 sec in two cascaded stages) compared to the 
time of passage through the line (4 min for the high- 
frequency line and 9 min for the low). Assuming this 
effect to be eliminated in the arithmetic average, the 
final result is 


u(Ga™)/u(Ga®) = 1.2706242+0.0000020, 


where the estimated error is larger than the largest 
average deviation from the mean in the runs for one 
direction and makes some allowance for residual sys- 
tematic error. This result is in excellent agreement with 
Schwartz’s prediction from the hfs data." 

We are indebted to Dr. R. E. Richards for helpful 
suggestions regarding chemical aspects of the problem 
and to Dr. J. W. Meadows for the GaCl,; used. 

* Supported in part by the joint program of the Office of Naval 
Research and the U. S. Atomic Energy Commission. 

1 C, Schwartz, preceding Letter [Phys. Rev. 99, 1035 (1955) ]. 

7H. E. Walchli, Oak Ridge National Laboratory Report 


ORNL-1775 5 (unpublished). 
*G. Watkins and R. V. Pound, Phys. Rev. 82, 343(A) (1951). 





Second Maximum in the Negative Pion 
Scattering Cross Section 
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(Received May 23, 1955) 

HE total cross section for scattering of negative 

pions by protons! has a pronounced second maxi- 
mum at about 900 Mev. The cross section is about 30 
mb at 700 Mev and at 1100 Mev, and rises between 
these limits to a peak value of about 50 mb. As Yang? 
and others have observed, it is difficult to interpret 
this maximum as a resonance in a single state of the 
meson-proton system. First, there is no maximum in 
the positive pion scattering at this energy, and so the 
excess scattering must occur in states of total isotopic 
spin T=4. Second, the maximum contribution to the 
total cross section from a state with T7=4 and total 
angular momentum J is limited by 


a < (49/3) (2I+1)p (1) 


where XA is the de Broglie wavelength in the center-of- 
mass system, and 9 is the ratio of elastic to total cross 
section in the resonant state. Experimentally it appears’ 
that p~4, so that taking o=20 mb and A=3.45X10™" 
cm at 900 Mev, Eq. (1) would imply 


J2>11/2, (2) 
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which is highly unlikely at this energy. For this and 
other reasons, it is believed that several angular mo- 
mentum states with T=} must simultaneously give 
maximum cross sections at 900 Mev, while none of the 
states with T=} does so. 

The following simple hypothesis‘ appears to give a 
qualitative explanation of the facts. Suppose there is a 
strongly interacting or resonant state of two mesons 
which collide at a relative momentum of 250 Mev/c. 
We consider the excess inelastic x~— p scattering to be 
a resonant elastic scattering of the incident meson by a 
meson in the charge cloud around the proton. The 
second meson is supposed to be “loosely bound” so 
that the interaction usually results in both mesons 
escaping from the proton. If the resonant state has 
T=0 it will contribute nothing to x+— p scattering at 
this energy. The exces. scattering will be observed in 
several angular momentum states of the (w~— p) system 
simultaneously. 

The maximum excess cross section is given by 


= (44/3)N2(21+1)F, (3) 


where J is the angular momentum of the resonant 
state, A= 7.8710~-" cm is now the de Broglie wave- 
length in the center-of-mass system of the two mesons, 
and F is the probability of finding a positive pion in 
the proton charge cloud. With ¢= 20 mb, (3) gives 


(27+1)F >0.77, 


(4) 


which is possible if J=0 and is easily to satisfy if J=2 
[7 =0 states must have even parity. ] 

The main predictions on which this hypothesis may 
be tested are these: 

(i) The excess inelastic scattering should lead en- 
tirely to outgoing neutrons and not to protons. 

(ii) The final states should be 
(n+ 2°) in the ratio 2:1. 

(iii) The neutron should be emitted with very low 
20 Mev being an estimated 


(n+at-+-mr-) and 


energy in the lab system, 
average value. 

The width of the observed maximum is compounded 
from the natural width of the 2-meson resonance and 
the momentum distribution of the meson in the charge 
cloud. On this basis the resonance may be estimated 
to have a width at half-maximum of 50-100 Mev/c in 
momentum units. It is not clear, whether 
such an estimate based on an “impulse approximation” 
has any validity. 


however, 


'Shapiro, Leavitt, and Chen, Phys. Rev. 92, 1073 (1953); 
barr, Madansky, and Piccioni, Phys Rev. 93, 637 (1954). 

Yang, Proceedings of the Fifth Annual Rochester 
Confcres nce (University of Rochester Press, Rochester, to be 
published) 

LL. M. Eisberg ef al., 
ments were made at 1.4 Bev. 
Mev is still lacking. 

‘This idea was suggested by O. Piccioni several years ago, 
before any experiments existed to support it. 


Phys. Rev. 96, 797 (1955). These measure- 
A direct measurement of p at 900 
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raBLe I. Measurements on secondary particle in event 161-48942. 
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During the past few years masses obtained by these 
two methods have appeared to differ systematically. 
Both methods require the use of the so-called range- 
energy curves, and all three groups referred to have 
used the results of Aron, Hoffman, and Williams.‘ The 
Paris group has pointed out that an error in the range- 
energy curves would affect the masses deduced by the 
two methods described above in opposite senses. 

The recent work of several authors*~* indicates that 
for copper and lead, the stopping materials primarily 
used in the multiplate cloud-chamber experiments, a 
more suitable value of the mean excitation potential / 
would be J=13.0Z. In particular, the values of Bichsel 
and Mozley were: for Cu, 12.9Z; and for Au, 13.12 
(corrected for K-shell electron effects, using protons of 
energy 6 to 18 Mev). When this new value of I is used, 
the range-energy curves shift in such a way that for a 
given mass and momentum, the range is increased by 
1.6 percent. The several mass values available have 
been reconsidered on this basis. 

The values of the Paris group’ were as follows: 

(a) 906+ 27m, for an average of six events measured 
by method 1, where the secondary range was such as to 
require a u meson, thus indicating a K, particle. 

(b) 928+ 12m, for an average of 22 events measured 
by method 1 not necessarily all K,’s, thus indicating 
an upper limit to the A, mass. 

(c) 941+11m, determined by method 2 on the basis 
of nine events. 

The value of the M.I.T. group for determination of 
the mass by method 2 was: 

948+ 15m, based on the best two events of their 
sample. (This mass was obtained by taking the range 
reported,” using a » mass of 105.8 Mev, and the curves 
of reference 4.) 

The change in the range-energy curves reported 
above results in raising masses of method 1 and lower- 
ing those of method 2. The new results are then; 


(method 1 
(method 1) 
(method 2) 
(method 2) 


906 is increased to 915+27m,, 
928 is increased to 936+-12m,, 
941 is decreased to 934+ 11m,, 
948 is decreased to 941+ 15m,. 


Paris: 


M.LT.: 
The Princeton results’ have been reported, taking 
into account the effect of the range-energy changes. 
These results were: 
900+-40m, for method 1 on the basis of five events, 
912+ 15m, for the backward S. 
This result is the 
changes than those masses obtained by method 2, due 


less sensitive to range-energy 
to the fact that a measurement of a residual momen- 
tum was possible. 

At this time there seems to be no systematic differ- 
ence between masses obtained by the two methods and 
no systematic difference among the results of the various 
groups. Also, it appears that the A,» mass is signifi- 
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cantly less than the r mass. It is also of interest to 
note that the mass of the K,. reported by the M.I.T. 
group’ is changed from 952 to 946+: 12m, by the change 
in the range-energy results. 

Further improvement in the interpretation of the 
range-energy results is under consideration. This in- 
volves the use of more recent improved shell corrections 
for both the K- and L-shells in the analysis of the ex- 
perimental stopping-power data and in the calculation 
of the range-energy relation. 


*Supported by the Office of Naval Research and the U., S. 
Atomic Energy Commission 

‘ Armenteros, Gregory, Hendel, Lagarrigue, Leprince-Ringuet, 
Muller, and Peyrou, Nuovo cimento (to be published). We are 
indebted to B. Gregory for helpful discussions on the interpreta- 
tion of these results, made available prior to publication. 

* Bridge, DeStaebler, Rossi, and Sreekantan, Nuovo cimento 
(to be published 

4 Ballam, Hodson, and Reynolds, preceding Letter [Phys. Rev. 
99, 1038 (1955) ]. 

‘Aron, Hoffman, and Williams, U. S 
AECU 663 (unpublished 
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7E. L. Hubbard and K. R. MacKenzie, Phys. Rev. 85, 107 
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NE of the mysterious, and presumably significant, 
aspects of the heavy unstable particles is the re- 
markable clustering of masses in the neighborhood of 
900-1000m,.! The reasonably well-established decay 


processes in this mass range are 


Kyot > wt+p, 
2 neutrals, 


2 neutrals. 


. 
. 
a 
+ 


The best-known mass is that of the r meson (965.5 
+0.7m,)?; within the experimental errors this is identical 
with the the (9664+ 10m,).? The 
masses of the other particles are less well known, but 
there is some experimental indication that the Ky,s* 
mass (estimated value ~940m,)* is distinctly below 
that of the r meson. The estimated lifetimes for the 
various K-mesons lie in the range 10~” to 10~* sec. 


mass of * meson 
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If there exist among this group of K-mesons distinct 


somewhat different masses, the question 


with 


particles 
arises as to why the heavier members do not decay 
into the lighter members by photon emission. Since the 
lifetimes for the normal decay modes are so long, it 
might be expected that even with small mass differences 
such processes should compete favorably with the 
normal decay modes. 

For example, even if the 6, r, and y are not directly 
coupled to one another, the @ and + mesons are pre- 
sumably strongly coupled to nucleons and pions, as 
evidenced by their copious production in collisions of 
these particles; and by the inverse processes they might 
therefore be expected to be strongly coupled to one 
another. The same remark holds for any other pair of 
K-mesons (perhaps K,2* and @*) which are strongly 
pions in a similar way. In the 
Gell-Mann,° for 


coup ed to nucleons and 


“associate d 


production” scheme of 
example, the @ and r mesons would be expected to have 
the same isotopic spin assignments and would therefore 
be strongly coupled to one another. The situation with 
regard to tne K ,2* is much less certain, since there is 


little evidence regarding its mode of production or 


other charge slates. 


At anv rate, in the discussion that follows we con 

sider the possibility, still not excluded by experimental 

evidence, that two or more of the A-mesons are strongly 
this Iramework there are still 


coupled. Within 
} 


obvious ways to understand the absence 


several 
of rapid dec ay 
by photon emission, each possibility being of some 


interest and being subject ultimately to experimental 


test. 
(a) The strongly coupled A-mesons may have very 
neariy Phis 


experimentally ior the pair 0, 7; 


identical masses is especially indicated 


but it does not seem 
to be the case for the pair A,o*, r. 

(b) If two particles both have spin zero, the decay 
of one into the other by single photon emission is of 
course absolutely forbidden. However, in this case one 
must also consider the possibilities of double photon 
de ay and decay by the 


(the latter is possible only if both A-mesons have the 


emission of an electron pair 


same parity \ rough estimate of the lifetime for 


either of these processes gives 


1 R/AM 
T~ R , 1) 
am ¢ h 


Here AM is the difference in mass between the two 
mesons: R is the range of the interaction, which we 
take to be of the order of a nucleon Compton wave- 
length, since the decay would likely take place via 
intermediate states involving particles of nucleoni 
mass; and a= 1/137. Taking AM even as large as 25m, 
and 


(the indicated mass difference between the r- 


K,:*-mesons) one finds T~1.5X10~' sec, which is 


longer than the lifetimes of the normal decay modes. 
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Tae I. Values of (2/+1)!1(2/—1) !![(AMc/4)RT@™, 





i 4M =10m, 4M =25m. 
1 1.9X 107 1.2 10* 
2 9.5X 10" 9.5X 10" 
3 1.1 10" 1.8X 10** 


(c) Another mechanism for inhibiting the decay by 
photon emission would be to assign very different spins 
to the strongly coupled K-mesons. A rough estimate of 
the lifetime for a 2'-pole photon transition between 
strongly coupled K-mesons gives 


1R AMc \~@) 
(21-+-1)!!(2l—1)!!( ——R 


a ¢ 1 


Tr~ (2) 
rhe “natural” lifetime (1/a)(R/c)=9.4X10-% sec. To 
effectively forbid the photon decay, the difference in 
spins of the two AK-mesons must be chosen so that the 
l-dependent factors in Eq. (2) increase the lifetime to 
something greater than the 10~” to 10~° sec observed 
lifetimes for the normal decay modes. These factors are 
tabulated in Table I for two choices of AM. We see 
that even if the mass difference between 6+ and 7 is 
as small as the present experimental error in the & 
mass (~10m,), and if both particles do not have spin 
zero, then the difference in spin must be at least two 
units. For the pair K,2* and r*, where as far as we now 
know the mass difference could be as large as say 
25m,, the difference in spin would correspondingly have 
to be at least three units. 

* Supported in part by the Office of Naval Research and the 
U.S. At Energy Commission. 

‘ For a general discussion of recent K-meson results, see Pro- 
ceedings of the Fifth Annual Rochester Conference (Univer- 


sity of Rochester Press, to be published). 
2See Report of the Padua Conference, Nuovo cimento 12, 


TT 


Suppl. 2 (1954 

os # \ : 

* Thompson, Burwell, Cohn, Huggett, and Karzmark, Phys. 
Rev. 95, 661 (1954 


‘See the summary by B. Rossi in reference 1. 

‘A summary of the Gell-Mann and Pais theories appears in 
the Proceedings of the International Physics Conference, Glasgow, 
1954 (to be published , 

* We would like to thank A. Pais and R. Dalitz for pointing out 
to us the possibilities of double photon and pair emission and for 


discussions of the estimate in Eq (1). 
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ECENT measurements'* of electric excitation 
cross section, oe, and energy of first excited 
states, AE, gave different electric quadrupole mo- 
ments,' (Jo, and electric quadrupole transition proba- 


bilities, B( #2), using the Bohr-Mottelson theory’ which 
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TABLE I. Values of the parameters. 











SE (8 ) Qo( aE) Qe(oes) (48) (¥) 
Isotope (kev) 8 R/ ae (10-* cm*) (10-* em?) \ Re Jos Rie 
Hf'* 87 0.610 0.385 22.4 22.1 0.519 0.380 
Hf7s 91 0.591 0.373 21.8 16.8 0.401 0.292 
Hf 92 0.582 0.367 21.6 16.3 0.388 0.283 
w= 101 0.550 0.347 21.1 5.2 0.127 0.091 
wis 112 0.518 0.327 19.9 4.5 0.110 0.078 
ws 124 0.488 0.308 18.8 4.1 0.099 0.071 
Os'** 137 0.464 0.293 18.3 * tae tee 
Pr 330 0.289 0.182 11.7 2.4 0.055 0.039 
pr 3600 0.274 0.173 11.2 1.7 0.038 0.027 
prs 425 0.258 0.162 10.5 14 0.032 0.022 
Pd™ 500 0.388 0.245 6.3 1.3 0.077 0.055 
Pd 425 0.414 0.261 6.9 1.5 0.082 0.059 
Pd 365 0.440 0.278 74 1.6 0.090 0.064 
Cd™ 610 0.336 0.212 5.8 1.1 0.060 0.043 
Cd" 545 0.350 0.221 6.2 1,2 0.062 0.044 


assumes (1) incompressible and uniformly charged 
nucleus, and (2) irrotational collective motion. 

These differences may result from a difference in 
mass distribution as compared to charge distribution.'* 
In fact, as indicated below, the nucleus may contain a 
protonic core of a symmetry different from that of the 
nucleus as a whole. We can estimate the latter from the 
observed AE’s of even-even nuclei by using 


AE= (#?/28)[1(I[+1)], $=3B8, B=(3/8r)AMR’, 
8=423/A5*AE}, ([=2, AE in kev) 


where B is the mass coefficient, R the mean nuclear 
radius, and 8 the deformation parameter. If one uses 
R=1.4X10-"A?t cm, the values of 8 and (AR/R)se 
= (5/4er)§8 obtained from the AZ’s are given in col- 
umns 3 and 4 of Table I, where AR is the elongation 
of the major axis for an assumed spheroid. The central] 
sections of heavy nuclei would have relative geometries 
shown schematically in the outer ellipses of Fig. 1. 
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Fic. 1. Schematic central sections of distorted heavy nuclei 
(outer ellipses) and of distorted proton cores (shaded areas), 
which are obtained from the first excited energies AE and electric 
excitation cross sections oex, respectively. 


The values of Qo(AZ), column 5, were obtained by 
using 


p 2Z 
Oo = -f (3e9—r")dr= (a?—*), 
e 5 


where a and dare the semiaxes of the spheroid, assuming 
that the protons are uniformly distributed throughout 
the whole nucleus. These values are to be compared 
with those in column 6 where Qo(o,.) has been obtained 
from ox. The two sets of values agree for Hf'”* but the 
Qo(oex)’s decrease more rapidly than the Qo(A£Z)’s. 
For even isotopes of Pd and Cd, the two sets of Qy’s 
differ by a factor 4 to 5. 

Qo(oex) is indicative of the nuclear charge distribu- 
tion. From the data of Qo(o.x), values of (AR/R)ex, 
column 8, have been computed by assuming a uniform 
charge distribution throughout the nucleus, and values 
of (AR./R.)x given in column 7 based on a uniform 
charge distribution in a spheroid of mean radius R, 
=1.18X10-" At cm as suggested by recent experi- 
ments.* The corresponding proton cores would have 
central sections shown by the shaded ellipses in Fig. 1. 
The assumption of R,<R results in very large asym- 
metries (AR./R.)ex for the proton cores in the Hf 
nuclei, but for all other nuclei listed, the asymmetries 
of the proton cores would be substantially less than the 
values of (AR/R),x for the nucleus as a whole. In other 
words, the proton core becomes spherically symmetric 
much more rapidly than the nucleus as a whole as the 
proton number 82 is approached. Such a model implies 
that the flow of the nuclear matter is not irrotational 
throughout the nucleus. 

It does not seem possible to retain both irrotational 
flow and uniformity of proton distribution because of 
the discrepancy between the values of (AR/R)az and 
(AR/R) ex. 

Since (AR/R)se« (BAE)~}, it can be brought into 
agreement with (AR/R).x or (AR./R.)ex by an increase 
of B above the value (3/8) AM R?* based on an assumed 
irrotational flow. Also, if it is not necessary that the 
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flow be irrotational throughout the nucleus, a wide 
range of values of B becomes possible, some of which 
are larger than (3/8r)AMR®. It is of interest that 
values of B which make (AR/R)a¢ nearly equal to 
(AR./R.)ex are obtained by assuming an extreme model 
with a spherical proton core of the size estimated above 
surrounded by a fluid neutron shell. In any event, it 
appears that the irrotational character of the flow must 
be abandoned in the B-M theory. 

The assistance of the U. S. Educational Commission 
in Japan in granting a Fulbright Lectureship to one of 
us (C.G.) is gratefully acknowledged. 

*On leave from the Massachusetts Institute of Technology, 
Cambridge, Massachusetts 

* McClelland, Mark, and Goodman, Phys. Rev. 97, 1191 (1955). 

? Mark, McClelland, and Goodman, Phys. Rev. 98, 1245 (1955 

* A. Bohr and B. R. Mottelson, Kgl. Danske Videnskab Selskab 
Mat.-fys. Medd. 27, No. 16 (1953 

‘L. Fitch and J. Rainwater, Phys. Rev. 92, 789 (1953); L. I. 
Schiff, Phys. Rev. 92, 988 (1953) 
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NE of the basic problems in the classification and 
understanding of A-mesons is the relation be- 
tween the various modes of decay (K,2=@*, Kye, Kus, 
Ks, and r). There has been much discussion recently! 
on the K-meson mass and to what extent the masses 
of the various A-mesons (or perhaps | ist different decay 
modes) differ from that of the r meson (965.3 m 
In this connection, we want to report here on a A 
particle which underwent a scattering from hydrogen 
‘ 


in a nuclear emulsion stack and thus enabled us to 


obtain a rather good mass measurement. The mass 
value obtained as the weighted mean of two independent 
methods is 973+12 m, 

The emulsion stack (Ilford G.5, 600g pellicles) was 
exposed to the focused K*, beam? of the Bevatron in 
momentum channel of 411412 Mev/c (proper time of 
flight of ~10-* sec). The incoming track was picked 4 
cm after entering the stack on the basis of the expected 
grain density for K-particles of the appropriate mo 
mentum. On following the track, the scattering event 
(Fig. 1) was found after 5.16 cm of travei in the emul 
sions.? Both of the two outgoing tracks end in the 
emulsion. One is a proton of 2.427+0.034 mm range 
(variable-cell-length scattering measurements give a 
mass of 0.96+0.3 M,). The other is a A-particle of 
32.21+0.54 mm range which emits a secondary on 


coming to rest. The secondary particle is emitted at a 
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TasBie I. Measurements on the secondary of the 


scattered K-particle.* 


Relative grain density® Relative blob density® 
b/be 








s/o 
31-12 1.16+0.08 1.03+0.08 
31-13 1.19+0.09 1.15+0.09 
31-14 1.31+0.09 1.19+0.09 
31-15 1.43+0.09 1.3340.09 
31-16 1.38+0.09 1.23+0.09 
31-17 1.15+0.07 1.18+0.09 
31-18 1.14+0.08 1.16+0.09 
Average 1.25+0.03 1.17+0.03 





lensity measurements were normalized to 
mi son with 280+20 Mev « mesons of 1.007 
+0 n 

t rrection by the cosine of the dip angle 


dip angle of 36° and leaves the stack after traversing 
seven pellicles with a path length of 7.1 mm in the 
stack. Grain density and blob density measurements 
have been made on the track of the secondary relative 
to 280+ 20 Mev x mesons. (See Table I.) The average 
values obtained are g/go=1.2520.03 and 6b/by=1.17 
+0.03. These measurements permit us to exclude a 
r’ meson (r’ —> x*+ 29") almost with certainty as the 
r’ can give a x* meson of energy up to Emax = 53.0 Mev 
corresponding to a g/go=1.63 and a 6/bo=1.37.4> Our 
measured values are 13 and 7 times their respective 
standard deviations from the latter values. The meas- 
urements on the scattering event (see Fig. 1) are sum- 
marized in Table II. The errors for the angular measure- 
ments include observational errors and the effect of 
multiple scattering. Since all dip angles in the scattering 
event are smaller than 5°, errors in the dip angle meas- 
urements and distortion effects hardly influence the 
space angle. The maximum deviation of one prong from 
the plane of the other two is 0.45° which is of the same 
order as the deviation evaluated from the errors in the 





Fic. 1. A photomicrograph of a K-hydrogen scattering event 
Ex=102 Mev. Both outcoming particles come to rest (endings 
are sketched in) in the emulsion. Rg-=32.21 mm, R,=2.427 mm 
Observer: S. Livingston, Photomicrograph: R. P. Michaelis). 





§ 





LETTERS TO 


TaBLe II. Measurements on the scattering event. 








\Particle 


Measure Incident Scattered Recoil 
ment K-particle K-particle (K’ proton (p 
Dip angle +4.78° +0.33 —3.85° +0.27 —1.04° 40.07 
Projected angle 0° 38.9° +0.18 S9.1° +034 
Range . 32.07 +0.54 mm 2.427 +0.034 mm 
Range (cor 
rected for dip 32.21 +0.54 mm 2.427 +0.034 mm 


Space angles 
computed 


0 38.80° +0.2 59.12° 40.35 


measurements. The actual mass determination was 
carried out by two independent methods. 

a. From the scattered K-particle range and conserva- 
tion of transverse momentum.—In this method two sets 
of the quantity 8x-yx are obtained for assumed K- 
particle mass values. (1) The quantity Rx«-/Mx is a 
function of the velocity of the K-particle only. Thus 
from the measured value of Rx we have obtained a set 
of values of 8x-yx as a function of the mass of the 
K-particle. (Curve A, Fig. 2.) (2) The momentum of 
the scattered K-particle (Px«-=289.15+1.85 Mev/c) is 
determined by transverse momentum balance from the 
proton momentum (P,=211.08+0.91 Mev/c) which 
has been obtained from the proton range. Using this 
momentum for the A-particle, another set of values of 
Bx-yx: (= Px-/Mxc) as a function of K-particle mass is 
calculated. (Curve B, Fig. 2.) The intersection of the 
bands formed by curves A and B, together with their re- 
soective errors, gives the A-particle mass as 972+-12 m,. 

In passing from ranges to momenta we have used the 
tables of Barkas and Young® which are based on 
Vigneron’s calculations.’ This method utilizes the range 
and space angles of both outcoming particles and is 





0.590 


0.585 


By: Yq! 
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Fic. 2. A plot of 8x-yx, as a function of K-particle mass. 
Curve A is based on the scattered K-particle range Rx: ~32.21 
mm. Curve B is based on the scattered K-particle momentum 
Px: =289.15 Mev/c which is obtained from the recoil proton 
range. The intersection of curves A and B together with their 
error limits defines the A-particle mass as 9724-12 m.. The mass 
of the r meson M, is shown for comparison. 
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principally sensitive to the errors in the range measure- 
ments. As two range measurements are used, uncer- 
tainties in the range-energy relation and emulsion 
composition tend to cancel out. 

b. From the conservation of energy and momentum in 
the scattering event.—In this method the K-particle mass 
was expressed analytically in terms of the recoil proton 
energy (from proton range) and the two space angles 
enly. The resulting mass is 984+79 m,. The much 
larger error inherent in this method is mainly due to 
the very strong dependence on the error in the angular 
measurement. The agreement between the two mass 
determinations together with the coplanarity check 
and the absence of a recoil or electron at the scattering 
center (Fig. 1) leads us to believe that our interpretation 
of the event as a K-hydrogen scattering is correct. 

We wish to thank Professor E. Segré for many 
helpful discussions, 


* This work was performed under the auspices of the U. S 
Atomic Energy Commission 

! See for instance the summary by B. Rossi of the papers pre 
sented on this topic in the Proceedings of the Fifth Annual 
Rochester Conference on High-Energy Physics (University of 
Rochester Press, Rochester, to be published) 

? Kerth, Stork, Birge, Haddock, and Whitehead, Bull. Am 
Phys. Soc. 30, No. 3, 41 (1955) 

*A comparison between the momentum of the incoming par 
ticle as obtained from the magnetic momentum selection and from 
the kinematics of the scattering event affords an additional check 
on its identity as a A-particle. The incoming particle has a mo 
mentum of 411412 Mev/c as defined by its Hp. After 5.16 cm of 
travel in the emulsion this momentum is reduced to 316424 
Mev/c in agreement with Px =333.7142.1 Mev/e as obtained 
from the kinematics of the collision 

‘R. M. Sternheimer, Phys. Rev. 91, 256 (1953 

*J. R. Fleming and J. J. Lord, Phys. Rev. 92, 511 (1953) 
Also J. R. Fleming, M.S. thesis, University of Washington, 1954 
(unpublished 

*W. H. Barkas and B. M. Young, University of California 
Radiation Laboratory Report UCRL-2579 (revised) (unpub- 
lished) 

7L. Vigneron, J. physiol. (Paris) 14, 145 (1952) 
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EW masses of the isotopes of light nuclei have 

been of interest particularly to those working 
with systematic studies. We wish to report that we 
have experimentally determined that F" is heavy- 
particle-stable and has a mass defect of 6.125+0.030 
Mev or an atomic mass of 21.0057034-0.000025 amu. 
Alpha particles from the reaction O'*(ta)N™ were 
used for the energy calibration. Excited states of F™ 
are indicated at 0.33, 1.11, 1.84, and 2.16 Mev. Masses 
used in the calculations were taken from the review 
article of Ajzenberg and Lauritsen.’ 
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This information was obtained from an experiment 
designed to measure the energy levels of O'* by observ- 
ing alpha particle groups from the reaction F(t,a)O"*. 
Narrow proton groups, presumably from the reaction 
F"(t,p)F"™, were observed that did not correspond to 
any level_possible from any of the common contami- 
nants (O, C, N, etc.) or to any level observed in any 
background run. The groups were obtained by bom- 
barding thin evaporated targets of CaF, or PbF, with 
a 1.82-Mev triton beam from one of our 2.5-Mev 
Van de Graaff accelerators and analyzing the reaction 
products at 90° with a Cal-Tech type 16-inch double- 
focusing magnetic spectrometer. 

If one plots the masses and half-lives of nuclei 
differing from F* by one or more alpha particles against 
the mass number as the abscissa, one gets rough curves 
with which one might empirically predict the char- 
acteristics of F* and other such nuclei. It is of interest 
that the measured mass of F* is consistent with this 
curve. The predicted value of the half-life of F® from 
such considerations is 100 to 200 sec. 

A detailed 


more accurate values of the excited states, and in- 


report of this work, verification, and 


formation on O'* will be published in the future. 
t Work performed under the auspices of the U. S. Atomic 
Energy Commission 
'F. Ajzenberg and T. Lauritsen, Revs. Modern Phys. 27, 157 
(1955) 
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N view of the recent interest in the elastic scattering 

of alpha particles by heavy nuclei,’~5 
sirable to report the results of investigations that have 
been under way here for some time. 

The angular distributions of 48.2-Mev alpha par- 
ticles (from the 60-inch cyclotron at Crocker Labora- 
tory in Berkeley) elastically scattered by Au and Ag 
nuclei have been investigated in considerable detail for 
angles between 7° and 135° in the laboratory system 
(Figs. 1 and 2). 

The 36-inch scattering chamber* was used, and the 
scattered particles detected by a proportional counter 
telescope. The long-time reproducibility of data was 


it seems de- 


excellent, so there was no difficulty in normalizing from 
run to run. The angular resolution is estimated to be 
+0.75 degree. No background difficulties were en- 
countered below 90 degrees. At the wider angles the 
low yields made it difficult to accumulate statistics, 
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Fic. 1. Angular distribution (relative to Coulomb scattering) 
of elastically scattered alpha particles from Au. The curve repre- 
sents the distribution predicted by Blair’s sharp cut-off model. 


but we feel sure that there is no appreciable rise in the 
cross sections. 

The most striking features in these distributions are 
the departure from Coulomb scattering by factors of 
10° to 10* at angles beyond 25°, and the structure 
exhibited in the silver curve between 20° and 60°. 
According to Blair’s model’ these may be attributed 
to the effect of collisions by the incident alpha particle 
with the nucleus. At these energies the incident par- 
ticles interact strongly with the nucleus in spite of the 
Coulomb barrier, and it is reasonable to expect that a 
satisfactory theoretical explanation of these detailed 
distributions may shed light on the form of the inter- 
action potential. As the figures show, the sharp cut-off 
model reproduces the general features for forward 
angles. Attempts are being made to find a satisfactory 
fit to the data by modifying Blair’s theory to include a 
gradual cutoff of the interaction radius, following the 
suggestions of Wall et al.4 In addition, an approach is 
being made using an optical model with a potential 
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Fic. 2. Angular distribution of (relative to Coulomb scatter- 
ing) elastically scattered alpha particles from Ag. The curve ~ ea 
sents the distribution predicted by Blair’s sharp cut-off model. 
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having real and imaginary parts. The complexity of the 
analysis has been mitigated by the cooperation of the 
electronic computing section at the University’s Liver- 
more laboratory. 

Work is continuing in order to extend the distribu- 
tions to wider angles, and other targets will be bom- 
barded in order to determine the possible effects of 
shell structure on the interaction. 

* This work was done under the auspices of the U. S. Atomic 
Energy Commission. 

1G. W. Farwell and H. E. Wegner, Phys. Rev. 95, 1212 (1954). 

J. S. Blair, Phys. Rev. 95, 1218 (1954). 

*K. Izumo, Progr. Theoret. Phys. (Japan) 12, 549 (1954). 

* Wall, Rees, and Ford, Phys. Rev. 97, 726 (1955). 

* Wegner, Eisberg, and Igo, Bull. Am. Phys. Soc. 30, No. 3, 
40 (1955). 

*G. E. Fischer, Phys. Rev. 96, 704 (1954). 





Lifetime of the 279-kev Excited State 
of T1*°* 


H. p—E WAARD 
Institute of Physics, The University of Upsala, U psala, Sweden 
(Received June 16, 1955) 


HALF-LIFE of (1.2+0.3)10-" sec was found 

for the 279-kev level of Tl from measurements 
of delayed coincidences between betas announcing this 
level and gammas de-exciting it. 

For these measurements, an automatically recording 
“fast-slow” coincidence arrangement was used, in the 
fast section of which a unit with helical delay line of 
the type described by Bell ef a/.' had been incorporated. 
Samples of Hg™, mounted on aluminum backings 
which absorb the electrons, were sandwiched between 
two stilbene crystals of equal thickness (0.5 cm) and 
area (1.5 cm’), each attached to a 1P21 photomultiplier. 
The crystal at the absorber side detects the gammas in 
coincidence with betas accepted by the other crystal. 
Pulse-height selectors in both channels transmit pulses 
corresponding to electron energies roughly between 75 
and 150 kev. 

For such low energies, the accuracy of measurements 
of very short lifetimes is often seriously impaired by 
instrumental imperfections. In order to reduce the 
influence of such effects as much as possible, a “self- 
comparison-comparison” method was adopted in which 
the centroid shifts of self-comparison pairs of delayed 


TaBLe I. Comparative results of lifetime measurements by reso- 
nance fluorescence and delayed coincidence methods. 


Level Lifetime ry in 10° sec units 
Nucleus kev) Res. fluor. Del. coinc. 
Pria 145 35 +10° 39 «+ 4” 
Hg 411 0.33% 0.03* 0.154-0.254 


TT 279 10 + # 2.2 +0.6 


© See reference 7. 
* See reference 9. 
* See reference 11 
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coincidence plots obtained with samples of Hg™ were 
compared with those of a suitable reference source. 
The self-comparison pairs are obtained by recording 
first one run and then, after turning the source plus 
absorber assembly around, another run. 

In the present case, thorium B is very suitable as a 
reference source because the energies of its strongest 
coincident radiations are not too much different from 
those of mercury (for Hg™: Eg max=215 kev, E,=279 
kev; for ThB: Eg mx=340 kev, E,=238 kev) and 
because the lifetime of the 238-kev level excited in the 
decay of ThB is known to be very short: Graham and 
Bell? set an upper limit of 2X 10~" sec; Knowles* even 
gives the upper limit as 2X 10~" sec. This means that 
the centroid shift of self-comparison pairs obtained with 
this source is almost exclusively caused by instru- 
mental effects. The experimental half-life of the 279- 
kev level of TP is therefore given as 0.346 times the 
difference of the centroid shifts of self-comparison 
pairs obtained with samples of Hg and ThB. 

In the experiments with mercury, unwanted prompt 
coincidences may occur between x-rays emitted by 
TI nuclei after conversion processes and gammas or 
conversion electrons. They may also be caused by two 
successive Compton scatterings. Such coincidences 
would reduce the centroid shift to a value smaller than 
the lifetime of the investigated level. From measure- 
ments with suitable x-ray or electron absorbers at the 
appropriate side of the sample it was found, however, 
that the total contribution of prompt coincidences 
amounts to only about 8% of the total coincidence 
counting rate. To account for this effect the measured 
half-life was increased by 8%. 

Combining the measured half-life with experimental 
conversion data, e.g., those found by Marty,‘ a lifetime 
T= (2.2+0.6)X 10~-” sec for decay by gamma-emission 
results. There is an appreciable difference between the 
present result for the lifetime and the value r, 
= (5.5+1.8)10~" sec obtained by Barloutaud ef al.* 
from a measurement of the cross section for Coulomb 
excitation. 

If we assume that the 279-kev transition is 30% 
magnetic dipole and 70% electric quadrupole, which 
is in agreement with most measurements,‘* partial 
lifetimes 7,(M1)=(7.2+1.3)K10™ sec and 1,(E2) 
= (3.1+0.6)X10~" sec result for these modes of de- 
cay. A comparison with Weisskopf’s formula shows 
that the M1 transition is retarded by a factor f= 480. 
This value of f is of the same magnitude as that found 
by Graham and Bell? and by de Waard and Gerholm’* 
for a number of M1 transitions which according to the 
shell-model should be L-forbidden (Al= 2). In this way, 
the shell model assignments d; and s; for the 279-kev 
level and the ground state are confirmed. The E2 
transition on the other hand is sped up by a factor 
F=10 compared with Weisskopf’s estimate. This en- 
hancement is a measure of the part played by collective 
phenomena. For a nucleus with only one hole in the 
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closed proton shell (Z7=82), the value of F appears to 4H,‘ nucleus containing a bound A° particle in place of 
be rather large a neutron, according to the mode 
4 noteworthy discrepancy exists with the value 


("eee oe 
T (10+4)10~" sec found by Metzger’ from three Hy Hes+2- +O(=5 


wn 
>) 
6 
is) 
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| i + ¢ ‘ ] r ; ory > 
inaependaen ypes of nuciear resonance scattering ex- . . . 
ite ; ; A very similar event has been observed in our 


peruments. Os © wordigae- as known to the author : < laboratory. It was recorded in a stack of stripped 
aber Table [sh where the lifetime of a level has teed G5 emulsions, each 6004 thick, exposed at high 
— ariemgees _ worts “ — " a = reorsies E aitit ide by means ol! free balloons during the Sardinian 
scattering and directly by the delayed Comemence Expedition, 1953. A photomicrograph of the event is 
technique, Only in the present case is there Such 4 Arges own in Fig. 1. 


diff rence 


From a star, A, of type 6+09, is emitted a slow un- 


Attempts to find a theoretical explanation for this stable particle B which comes to rest after 50u and 
pe rind eae aiers been unsuccessful. All con- 06 rise to a two-prong star C. The prong D is a short 
ms tor the valdity Of the formu | — . os black track of range 8.3u. The other prong E is due toa 
~— ae’ ross section to the ietime of Phe negative x meson which stops after 37.61 mm and pro- 
wie covgiientante ew - duces a sigma star. The two prongs are colinear within 
=e eh eas ser — the errors of measurements. Using the range-energy 
ee 2 see lncnareagt “~~ _ relations calculated by Baroni et al.,? the kinetic energies 
pine conriie ee See Se ' and momenta of the He,‘ nucleus and of the x meson 
, r, Rayleigh) scattering 18 are 2.4 Mev, 134 Mev/c and 52.1 Mev, 131 Mev/c, 
, ero. J — “' — acinnscar agent Ra ; showing momentum balance between the two tracks 
me , ent R a pei . the errors of measurement. These values com- 

eC cit pa y f l a Cigii Sta eCTilly, 1 


pare very well with the corresponding ones in the 


7 ‘ ( \ ear eT i - ; ~ -? 
: vise: atng, Bristol event: 2.5 Mev, 137 Mev/c and 53.0 Mev, 133 
The i r l ebted » Professor Kai , m “1 “ . ‘a 
Mev/c, thus strongly supporting the interpretation of 
Siegb fi ve eres s work. Cordial 7 ; 


the process as a disintegration of an excited H,* 

Using the values 8.5 Mev and 28.3 Mev, respectively, 
for the binding energies of the H;’ and He,‘, and 36.9 
Mev for the O-value in the disintegration of the A! 
particle, we obtain for the binding energy of the A° 
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Mesonic Decay of a H,‘ Nucleus . 
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ROM the cosn ray iaboratory 0 e | versity 

of Bristol' an event has recently been reported - 

which could be interpreted as the mesonic decay of a Fic. 1. Photomicrograph of the event. 
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particle in the H;* nucleus: 
B.E.(A°) = 36.9+ 28.3—8.5—2.4—52.1=2.2 Mev. 


This value is to be considered preliminary due to the 
uncertainty in the application of range-energy relations 
for x mesons at high energies. 

The authors are indebted to Professor J. Holtsmark 
and Professor R. Tangen for providing laboratory 
facilities and to the Royal Norwegian Council for 
Scientific and Industria! Research for financial support. 


Experiment, 1954.” Preliminary re- 
Bristol, Dublin, Genova, Milano, 


1“G-Stack Collaboration 
port from the Universities of 
and Padova (unpublished 

2G. Baroni ef al., Bureau of Standard 
published 
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Phenomenological Evidence for Polarization 
of 310-Mev Protons by Elastic 
Scattering in G5 Emulsion* 


Jerome |. FRIEDMAN 


r Nuclear Studies, The University of Chica 


y 
( ti fiitnot 


Received May 31, 1955 


HE first measurements’ of polarization of high- 
energy protons by nuclear scattering caused some 
polarizations were 
At that 


a phenomeno- 


disc ussion as to whether these high 
due to elastic or quasi-free nucleon 
time, it was suggested by Fermi that 
logical test for elasticity could be ap 


scattering. 


lied to polarization 

The 
nuclear emulsion shows 
the data 
ion, data are now being col 


measurements in nuclear emulsio analysis of 
elastically scattered protons in 
them to be high! 


presented here. In addit 


at polarized according to 
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Fic. 1. The asymmetry of 64° polarized protons elastically 
scattered in G5 emulsion. R and L are the number of scatter 
ings to the right and left, @ is the azimuthal angle of scattering, 

ss!) is the average of cos@! over-all events. The factor 


Is present because the ata consist of scatterings over 
if @. Alse e= PPO 
beam and P(@) is the px 





where P.» is the polarization of the 


arization caused elastic 


incon 


scattering in G5 emulsion 


Ing 
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lected to measure the polarization due to inelastic 
scattering. 

A 64% polarized beam of 310-Mev protons from 
the University of Chicago synchrocyclotron was scat- 
tered in 6004 G5 nuclear emulsion. The initial polari- 
zation measured as previously described.’ The 
emulsion was scanned along the track for elastic scat- 
15°. These appear as kinks 
in the tracks with no other observable prongs. Recoil 
nuclei are n 


was 


terings between 1° and 
it observable. The efficiency for finding 
2° was nearly 100% The faster 
technique of area scanning was attempted, but was not 


scatterings down to 


found useful because of its low efficiency in detecting 

this type of event. 
Inelastic scatterings in which one or more neutrons 

come off, in addition to the incident proton, also appear 


as kinks in t 


tracted from the observed elastic scatterings. Events 


1e tracks. These had to be rejec ted or sub- 


were rejected in which there was an energy loss, as 
measured by grain counting, greater than that consist- 
30 Mev. 


ighly, what percentage of the re- 


ent with the statistics, namely + 
lo determine, ro 
maining scatterings were inelastic, another method was 


used. An examination was made of all two-prong stars 


which had one track within 30 Mev of the beam energy 
and 15° of the beam direction. Proton-proton scatter 
ings were excluded from this group. From the energy 
of the second prong of each such star, one can esti 


mate, roughly, from evaporation theory, the number 
the The 
this number from the total number of 
the 


by 


of inelastic scatterings included in data. 
subtraction of 
elastic scatterings changes the average value of 
polarization in the angular interval from 3° to 15° 
less than 0.03 


Scatterings in which the recoil nucleus is left intact, 
but in an excited state, could not be distinguished from 
However, 
this effect is expected to be relatively small at small 


true elastic scatterings in this experiment 


angles 
Between 1° and 15°, 471 elastic scatterings were 
found; 284 of them were between 3° and 15°, where 


nuclear scattering predominates. More than 80% of 
the cross section for elastic scattering in G5 emulsion 
is due to silver and bromine. These, however, are fairly 
similar in terms of diffraction scattering, because their 
nuclear radii differ only by about 10% 

In Fig. 1, the asymmetry «¢ is shown as a function of 
the 
angular intervals as indicated. The average polarization 
is 0.44+0.13 
Errors are compounded from statistical error and from 


} 


scattering angle. The events are grouped into 


in the angular region between 3° and 15° 


an uncertainty in the subtraction of inelastic events 
which makes less than a 0.01 contribution to the total 
error. 

This experiment gives phenomenological evidence for 
a high polarization due to elastic scattering, a result 


in good agreement with previous measurements.’~* 
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Little can be said about the detailed shape of the « 
vs 6 curve because of the large statistical errors. 


* Research supported by a joint program of the Office of Naval 
Research and the U. S. Atomic Energy Commission. 

! Oxley, Cartwright, and Rouvina, Phys. Rev. 93, 806 (1954 

* Chamberlain, Segré, Tripp, Wiegand, and Ypsilantis, Phys 
Rev. 93, 1430 (1954 

* Marshall, Marshall, and de Carvalho, Phys 
(1954 

‘J. M. Dickson and D. C. Salter, Nature 173, 946 (1954 

‘de Carvalho, Marshall, and Marshall, Phys. Rev. 96, 1081 
(1954 

* Chamberlain, Segré, Tripp, Wiegand, and Ypsilantis, Phys 


Rev. 95, 1105 (1954 


Rev. 93, 1431 





New Elements Einsteinium and Fermium, 
Atomic Numbers 99 and 100 


4. Gutorso, S. G. Toompson, G. H. Hiccrs, anno G. T. SEABORG, 
Radiation Laboratory and Department of Chemistry, 
University of California, Berkeley, California 
M. H. Sruprer, P. R. Frevps, S. M. Frrev, H. Dtamonp, 
J. F. Mecu, G. L. Pyze, J. R. Hutzenca, A. Hirscu 
ana W. M. MANNING, Argonne National 
Laboratory, Lemont, [llinoi 
AND 
C. I. Browne, H. L. Suiru, anp R. W. Spence, / lam 


cientific Laboratory, Los Alan Vew Mextc 
Received June 20, 1955 
HIS communication is a description of the results 
of experiments performed in December, 1952 and 
the following months at the University of California 
Radiation Laboratory (UCRL), Argonne National 
Laboratory (ANL), and Los Alamos Scientific Labora- 
tory (LASL), t tl 


represen e€ discovery of the 
elements with the atomic numbers 99 and 100. 


which 


1e source of the material which was used for the 
I} f the material i N 1 for tl 

first chemical identification of these elements was the 
provided 


Alamos Scientific Laboratory which 


uranium which had been subjected to a very high in- 


Los 


stantaneous neutron flux in the “Mike” thermonuclear 
Initial 
the presence in this material of the new 
ANL and LASL 


pointing to 


explosion (November, 1952). investigations at 
ANL showed 
isotope Pu™,' and investigations at 
showed the presence of Pu™® and Am™ 
the f neutron excess isotopes in greater 
abundance than expected. 

This led the UCRL group to look for isotopes of 


material from the same 


presence ol 


transcalifornium elements in 
source. Samples were subjected to chemical procedures 
to separate the actinide from the lanthanide fraction,’ 
tracer Cf* (36-hour, 6.75-Mev alpha particle‘) was 
added and a separation of the tripositive actinides was 
effected the Dowex-50 


and elution at 87°C with 


using cation-exchange resin 


ammonium citrate solution.® 


These experiments showed the elution in a transcali- 


fornium position of a 6.6-Mev alpha activity and hence 
proved conclusively that a new (transcalifornium) ele- 


had been found. Before the atomic number 


ment 
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Fic. 1. Elution of element 99 relative to 
californium (citrate eluant). 


identification for the newly discovered element was 
completed (i.e., the correct choice between atomic 
numbers 99 and 100 had been made) a tentative assign- 
ment to “100°” was made and this information was 
communicated to the ANL and LASL Laboratories. 
Immediately following this, further ion-exchange elu- 
tion separations were carried out at both UCRL and 
ANL resulting in essentially simultaneous identification 
of the 6.6-Mev alpha activity as belonging to the 
element with atomic number 99 (i.e., elution in the eka- 
holmium position). The results of these definitive elu- 
tion experiments are shown in Fig. 1. 

Further measurements on material from the same 
source by the LASL group led to the observation of a 
7.1-Mev alpha activity (at an intensity of about 4 
percent of that of the 6.6-Mev alpha activity) without 
chemical identification beyond proving that it was due 
to a transplutonium element. This 7.1-Mev alpha ac- 
tivity was first shown by the UCRL group in ion- 
exchange elution experiments of the type described 
above to be an isotope of element 100 (i.e., elution in 
the eka-erbium position just ahead of the 6.6-Mev 
element 99 alpha activity) and was shown to have a 
half-life of about a day sustained by a longer-lived 
element 99 parent. This establishment of the isotope 
responsible for the 7.1-Mev alpha activity as having the 
atomic number 100 was confirmed in a similar experi- 
ment by the ANL group somewhat later. The elution 
data for the experiments that established this atomic 
number are shown in Fig. 2. The californium, berkelium, 
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Fic. 2. Elution of element 100 relative to other actinide 
elements (citrate eluant). 


and curium radioactivities will be discussed in a forth- 
coming publication. 

Isotopic assignments which were made as the result 
of this early work were largely confirmed by the later 
work on the intense neutron irradiation®* of Pu™. 
Thus it can be said that the mass number for the 
6.6-Mev 99 alpha activity is 253, corresponding to the 

8 
—> 99° (~20-day, 6.6-Mev 
~20 day 
alpha particle), the Cf originating from the beta 
decay of U** and daughters. Also, the mass number for 
the 7.1-Mev 100 alpha activity is 255 corresponding to 
8B 


decay sequence Cf 


— 100° (~16-hour, 7.1- 
~30 day 
Mev alpha particle), the 99° originating from the 
beta decay of U*** and daughters. 

We suggest for the element with the atomic number 
99 the name einsteinium (symbol E) after Albert 
Einstein, and for the element with atomic number 100 
the name fermium (symbol Fm), after Enrico Fermi. 

The primary acknowledgment is to the personnel of 
LASL for the design and construction of the thermo- 
nuclear (Mike) weapon, which gave rise to the extreme 
neutron flux required to produce the very heavy nu- 
clides. We wish to thank H. F. Plank for his very able 
direction of the sampling operation. In addition the 
ANL group wishes to acknowledge helpful discussions 
with A. Turkevich and its indebtedness to D. F. 
Peppard and his group (George Mason, John Maier, and 
Richard Wallace), who isolated a heavy element frac- 
tion. The LASL group wishes to acknowledge its 
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gratitide to R. A. Penneman and personnel of his group 
for their cooperation and the use of their pulse analyzer. 
The UCRL group wishes to acknowledge the coopera- 
tion of K. Street, Jr., W. W. T. Crane, L. R. Zumwalt, 
L. B. Werner, N. E. Ballou, and I. J. Russell in pro- 
viding samples, and to thank N. B. Garden, Rosemary 
Barrett, and R. A. Glass for active assistance. 
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Multiple Meson Production in Emulsions 
Exposed to the Bevatron Beam*t 


WitutaM R. Jonson 


Radiation Laboratory, Department of Physics, 
University of California, Berkeley, California 
(Received May 31, 1955) 


EASUREMENTS have been made on the shower- 
particle production in nuclear stars formed in 
600-micron Ilford G.5 stripped emulsions. Production 


TABLE I. Observed and calculated shower-particle 
multiplicity percentages—Fermi model. 


Energy i Extension of Fermi's Experimental 
Bev Me calculations* »bservations 
3.2 0 20 42 

1 47 28 
2 29 25 
3 4 4 
4 ees 1 
Av ft, 1.17 0.94+40.09 
4.8 0 16 25 
| 41.5 38 
2 35 20 
3 7.5 17 
4 ee 0 
Av i, 1.34 1340.11 
5.7 0 14 17 
1 38 31 
2 38 30 
3 10 18 
4 “+e 3 
Av it, 1.44 1.62+0.11 


* In the computation of the percentages for each value of n, the tabulated 
number represents the shower tracks that would actually be observed, not 
the number of pions created. The numbers in column 3 for #,. 2 include 
the following production schemes: pp + —. an + 4+, pp + —0, an + +0, and 
pn+—0O. (The +, —, and 0 refer to the charges of the created mesons.) 
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has been investigated at three beam energies: 3.2, 4.8, 
and 5.7 Bev. At each energy 114 events that had beam 


protons for primaries were found by area scanning. 
\ shower particle is defined as one whose track has a 


grain density less than 1.4 times minimum.! This upper 
limit of grain density includes tracks of created pions 
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beam contains 50% protons and 50% pions, a linear 
increase in production with energy available is assumed, 
and the production figure at 6 Bev from this experi- 
ment is used, the value found for 7, is 2.4. 

Theoretical and observed values of meson production 
are given in Table I. The statistical model which Fermi? 
employed to calculate meson production at Cosmotron 
energies has been used to compute expected meson 
production at the energies of this experiment. In 
tabulating expected probabilities the assumption is 
made that there is a like number of p—n and p— colli- 
sions. The model shows fair agreement for average 
production, but the rate of increase is not as large as 
the observed rate. This could be accounted for in part 
by the restriction, n,<3, in the calculations. The 
observations at 5.7 Bev include five stars with n,>3. 
Ex 
multiplicity to 1.46+0.12, which compares favorably 
with the computed 1.44. 

Acknowledgment is made and thanks are due to 
Dr. Warren Chupp, Dr. Gerson Goldhaber, and Dr. 
Sulamith Goldhaber for the use of emulsions from their 


stacks for this study and for several informative 


lusion of these events would reduce the observed 


j , ; 
discussions. 


* This letter is a summary of some of the results contained in 
a thesis submitted in partial fulfillment of the requirements for 
the M.S. degree at the U. S. Naval Postgraduate School, Uni- 
ersity of California Radiation Laboratory Report UCRL-2979 
inpublished 
t This work was carried out under the auspices of the U. S. 
Atomic Energy Commission 
Camerini, Davies, Fowler, Franzinetti, Muirhead, 
s, and Yekutielli, Phil. Mag. 42, 1241 (1951). 
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Breakup of Deuterons on H, T, He’, 
and He‘t 


R. L. Henxet, J. | 
Los Alamos Scientific Laboratory, University of California, 
L {lamos, New Mexico 


(Received June 6, 1955) 


Perry, Jr., AND R. K. Smita 


HE T(d,n)Het reaction has been the most useful 
source of monoenergetic neutrons for energies 
greater than 12 Mev. All measurements of the reaction 
indicate that monoenergetic neutrons are produced for 
deuteron bombarding energies below 3.5 Mev. In the 
deuteron range 2.5 to 5 Mev the 0° yield of neutrons 
from T(d,n)He*, as measured by a neutron spec- 
trometer,' shows a slow monotonic rise with energy. 
However, recent data taken with a neutron long counter* 
and a U™* fission counter, show a copious yield of low- 
energy neutrons, which increases rapidly as the deu- 
teron energy is raised above 3.7 Mev. 
Since the neutrons from the T(d,n)He* reaction show 
no corresponding dip above this energy, one hesitates 
to interpret the low-energy neutrons in terms of an 
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The theoretical 

| together with yields of 
observed neutrons presumed to occur because of breakup. The 
standard neutron source cross sections represent, in part, un 
published Los Alam« elescope data taken by Smith, 
Perry, and Hen 'D (d,n)He*} and Bame, Henkel, and Smith 
[T (dn) Het } 
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excited state of He*. Rather, the explanation seems to 
lie in the breakup of the incident deuteron. At a labora- 
tory energy of 3.71 Mev the center-of-mass deuteron 
energy is equal to its binding energy, 2.225 Mev. Above 
this energy the deuteron may disintegrate. 

As a test of this hypot! esis several cases of possible 
deuteron breakup were investigated. The disintegration 
Table 


I,* together with an indication of whether low-energy* 


thresholds in the laboratory system are given ir 


neutrons were found. The results 
and 2. 


with a 


are given in Figs. 1 
The cross sections shown therein were measured 
long counter® placed in the 0° direction at either 
one or two meters from the target, and calibrated with 
a RaBe neutron source. Since no attempt was made to 
measure the energy distribution or angular distribution 
of the neutrons, the absolute values of the cross section 


may be in considerable error. 
TaBe I. Disintegration thresholds in the laboratory system. 


Laboratory Low-energy 
Reaction threshold energy neutron yield 





D(pap)H 





E Yes 
Did.np)D E, No* 
Tid.np)T Ey= Yes 
He*(d.np)He?® E4=3.71 Yes 
Het(d.»p) Het Eg=3.34 Yes 
* No low-energy neutrons have been observed for deuteron energies up 
to 7 Mev 
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The dd interaction showed no low-energy neutrons. 
However, a cross section of 5 to 10 mb/steradian for 
low-energy neutron production could have been missed 
in the high yield of D(d,)He’® neutrons. Deuteron 
breakup is to be expected in the bombardment of 
heavier elements,’ but is not apparent in the data of 
Bonner and Cook® in the case of Li’. 

It may be expected’ that the S state of the deuteron 
would play an important role in the deuteron breakup 
reactions near threshold, because of the S resonance 
near zero energy. The unobserved yield in the dd case 
might then be explained as the operation of an isotopic 
spin selection rule* which would forbid a transition to 
such a state in the dd reaction but not in the pd, di, and 
dHe’ reactions. 
the dd case where both deuterons disintegrate simul 
taneously (laboratory threshold 8.9 Mev). Although 


his selection rule would not apply in 


one would expect this rule to operate against breakup 
in the dHe* reaction, low-energy neutrons are actually 
observed, but with an apparent threshold about 0.4 
Mev above the theoretical threshold for breakup (Fig. 
2). This fact 
the stripping reaction He*(d,p) He’, involving the ground 


suggests that the mechanism here may be 


state of He®. This state’ is unstable by about 1 Mev to 
breakup into He‘ and a neutron, and has a width of 
about 1 Mev. The small energy displacement of the 
dHe’ yield above that of the dt and pd reactions may be 
due to the additional Coulomb field which is involved. 

It should be noted that the breakup neutrons arise 


from a three-body reaction and hence have a continuum 


. pee nr ee — 





} T I ee 
Oo} «** « 
| a 
| < 
OT 2* 
A a 
A - 
© ~ 
| i , ad 
. -— 
z / 4 Pag 
4 ss fp 
6 | / j _ 
4 SS $ 
a FA od rd 
w t j ‘ 4 
r p o a J 
8 a . 
o | 4 
= { ” 4 
; He 
aE « 
o 
°o | F 7 J 
if j A 
> y bd 
& 10} ¥ 
= Sf 
5 | f 
Gost | / 
+ / 
} f j 
P / 
/ ” 
mo y / 
I y 
FSS Fe Ss EE Ee ed ee oe) ee Pee 
5 10 5 


CM. ENERGY ABOVE THRESHOLD (MEV) 


Fic. 2. Laboratory zero-degree cross sections for neutron 
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production versus center-of-mass energy above theoretical deu 
teron breakup threshold 
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of energies extending between well-defined limits that 
can be readily calculated from the collision kinematics. 
These low-energy neutrons destroy the purity of the 
neutrons from the T(d,n)He* reaction. At some high 
energy (certainly above 8.9 Mev) a similar contamina- 
tion of the D(d,n)He’ reaction is probable. Thus at 
high energies it will be necessary to use an associated- 
particle coincidence technique” in order to perform 
neutron experiments which are sensitive to low-energy 
neutrons. Unfortunately, such experiments will be 
complicated and the useful neutron yield will be low 
when associated-particle coincidence counting is 
required. 

t Work performed under the auspices of the U. S. Atomic 
Energy Commission. 

1 The proton-recoil neutron spectrometer used in this experi- 
ment was a modification of the coincidence-telescope spectrometer 
described by F. L. Ribe and J. D. Seagrave, Phys. Rev. 94, 934 
(1954) 

* A. O. Hanson and J. L. McKibben, Phys. Rev. 72, 673 (1947). 

*In Table I and in the text where complete reactions are cited, 
the bombarding particle is that symbol which occurs first inside 
the panreten As an abbreviation in the text and figures the 
breakup reactions are indicated by two symbols, the first being 
the incident particle and the second the target nucleus. 

‘That the extraneous neutrons have low energy has been di- 
rectly measured in the two cases fd and dt (miscellaneous un 
published work by the authors). That neutrons from dHe* and 
dHe* must have low energy is assumed from their appearance only 
above a threshold, an argument which also applies to the pd and 
di cases 

* F. A. Aschenbrenner, Phys. Rev. 98, 657 (1955) 

*T. W. Bonner and C. F. Cook, Phys. Rev. 96, 122 (1954). 

’ RK. G. Thomas (private communication) 

* N. Austern (private communication 

* Bashkin, Mooring, and Petree, Phys. Rev. 82, 378 (1951) 

” Barschall, Rosen, Taschek, and Williams, Revs. Modern 
Phys. 24, 1 (1952) 





Experimental Checks of the Statistical 
Theory of Nuclear Reactions* 


Lovis Rosen anp Leona STEWART 
Los Alamos Scientific Laboratory, University of California, 
Les Alamos, New Mexico 


Received June 6, 1955 


HE basic features of the statistical model,'? 
briefly stated, are (1) validity of the compound 
nucleus assumptions that (a) a nuclear reaction involves 
the immediate formation of a compound state with 
rapid statistical sharing of energy among all the 
nucleons and (b) disintegration of the compound state 
is independent of its mode of formation; (2) reduced 
widths to various levels of the residual nucleus are all 
the same (this gives rise to a Maxwellian-type energy 
distribution for emitted particles); (3) interference 
terms average out; (4) level density of the residual 
nucleus is proportional to 2j+1, where j is the level 
spin. 
It has long been recognized that the spatial and 
spectral distributions of the products of inelastic inter- 
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Fic. 1. Experimental arrangement for measuring the spectral 
and spatial distributions of neutrons from neutron induced re- 
actions. The collimator defines a beam of neutrons only slightl 
larger than the scatterer. The nuclear plates are arranged with 
their axes all passing through the center of the scatterer and mak- 
ing angles of 20° — 150° with respect to the incident beam direction. 


actions provide a sensitive test of the validity of the 
compound nucleus concept in general and the statistical 
model in particular. Furthermore, advantages of avoid- 
ing the complications of Coulomb effects argue strongly 
for experiments in which both the incident and emitted 
particles are uncharged. 

The energy spectra of most of the neutrons resulting 
from nonelastic interactions of 14-Mev neutrons with 
medium weight and heavy nuclei’ are in accord with 
assumptions (1) and (2). However, since these experi- 
ments are integral experiments they provide little in- 
formation with regard to assumptions (3) and (4). To 
test these assumptions, one can investigate the angular 
distribution of the nonelastic neutrons. 

An experiment was therefore designed to measure 
the distribution in energy and angle of the neutrons 
resulting from the incidence of 14-Mev neutrons on 
various elements. The experimental arrangement is 
indicated in Fig. 1. Thus far, data have been obtained 
only on bismuth and even these are preliminary. 
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Fic. 3. Angular distribution of neutrons of energy 0.5-4.0 Mev. 


Figure 2 shows the kind of information one obtains 
at each detector position. The high-energy group is 
due to elastic scattering. Figure 3 shows the angular 
distribution of the low-energy (0.5-4.0-Mev) neutrons. 
It is seen that there is not only symmetry about 90° 
[in accord with feature (3)], but also isotropy [in 
agreement with feature (4) ].‘ 

In contrast, the angular distribution of the high- 
energy (4.0-12.0-Mev) nonelastic neutrons (Fig. 4) is 
strongly peaked in the forward direction, indicative of 
nucleon-nucleon interactions. An attractive way of 
looking at this phenomenon is to invoke the model of 
Thomas® which divides the nucleus into two regions, 
an inner strong-interaction region and an outer region 
where the interactions are relatively weak. It is pre- 
sumably this outer region which is responsible for the 
noncompound nucleus processes as indicated by the 
data. The important point, however, is that only ~0.2 
barn out of a total inelastic collision cross section of 
2.5 barns® is associated with neutrons which have 
spectral and spatial distributions at variance with the 
above listed assumptions. (Part of the 4-12-Mev neu- 
trons have an isotropic distribution and may represent 
the tail of the Maxwellian which described the low- 
energy neutrons.) 

In evaluating the validity of the statistical model, 
one should bear in mind the following additional] points: 
(1) It would appear that energy distributions of low- 
energy inelastic neutrons and protons may not lead to 
a reliable estimate of level densities or nuclear “tem- 
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peratures” because, when energetically possible, the 
decay of the compound nucleus presumably takes place 
by the emission of more than one particle. Calculations’ 
show that (w,2”) reactions have a fnarked effect on the 
apparent nuclear “temperatures” deduced from neu- 
tron energy distributions. (2) In experiments involving 
charged particles,* it would appear that the forward- 
peaked angular distributions which are observed prob- 
ably account for only a small fraction of the total 
inelastic cross section. (3) Emission of low-energy 
protons from heavy nuclei is not necessarily inconsistent 
with the compound nucleus concept. Such protons may 
arise when an (X,2) reaction is energetically forbidden, 
while an (X,np) reaction is not. 


* Work performed under the auspices of the U. S, Atomic 
Energy Commission. 

1 J. M. Blatt and V. F. Weisskopf, Theoretical Nuclear Physics 
(John Wiley and Sons, Inc., New York, 1952), p. 340. 

*R. G. Thomas, Phys. Rev. 97, 224 (1955). 

+E. R. Graves and L. Rosen, Phys. Rev. 89, 343 (1953). 

*L. Wolfenstein, Phys. Rev. 82, 690 (1951); W. Hauser and 
H. Feshbach, Phys. Rev. 87, 366 (1952). 

*R. G. Thomas, Phys. Rev. (to be published) ; see also Austern, 
Butler, and McManus, Phys. Rev. 92, 350 (1953). 

* E. R. Graves and R. W. Davis, Phys. Rev. 97, 1205 (1955). 

7L. Rosen and L. Stewart, Los Alamos Report LA-1560, 1953 
(unpublished). (It is shown that the nuclear temperature re- 
sulting from emission of the first neutron may be as much as 35% 
higher than the apparent nuclear temperature as derived from 
all the neutrons.) 

*P. C. Gugelot, Phys. Rev. 93, 425 (1954); B. L. Cohen, Phys. 
Rev. 98, 49 (1955); Schrank, Gugelot, and Dayton, Phys. Rev. 
96, 1156 (1954); and R. M. Ejisberg and G. J. Igo, Phys. Rev. 
93, 1039 (1954). 





Shell Effect on Photonuclear Reactions* 


J. Gotpemperc, Departamento de Fisica, Faculdade de Filosofia, 
Ciéncias e Letras, Universidade de Silo Paulo, Sie Paulo, Brasil 


AND 


J. Lerre Lopves, Faculdade Nacional de Filosofia, Universidade de 
Brasil and Centro Brasileiro de Pesquisas Fisicas, 
Rio de Janeiro, Brazil 


(Received May 6, 1955) 


PREVIOUS analysis of some experimental data 

on photonuclear reactions led the authors' to 
point out that the mean-square displacement of nu- 
cleons in the nuclear ground state presents evidence in 
favor of an alpha-particle structure of nuclei. Although 
the theoretical basis for this conclusion is not free of 
criticism—since correlations were neglected in the for- 
mula for the harmonic mean energy’ of photon ab- 
sorption, which we used—this evidence might be 
investigated experimentally in a more direct way at 
higher energies. 

On the other hand, the shell structure of nuclei has 
been revealed, in the energy region of the photonuclear 
effect, by Nathans and Halpern.’ Features of different 
nuclear models are expected to be presented by nuclear 
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One of the authors (J.L.L.) wishes to express his 
appreciation to his colleague Professor M. D. S. Santos 
for the hospitality extended him last January at the 
Betatron Laboratory of the University of Sao Paulo. 

* Supported in part by the Conselho Nacional de Pesquisas. 

1 J. Goldemberg and J. Leite Lopes, Nuovo cimento 12, 817 
(1954). 

J. S. Levinger and H. A. Bethe, Phys. Rev. 78, 115 (1950). 

*R. Nathan and J. Halpern, Phys. Rev. 93, 437 (1954). 





Evidence Against the Existence of 
23-Hour V°*t 


Raymonp K. SHetrne AND JosepH R. WILKINSON, Department of 
Chemistry, Florida State University, Tallahassee, Florida 
AND 
Bruce J. Dropesky AND THEroporE T. Suu, Les Alamos 
Scientific Laboratory, University of California, 
Los Alamos, New Mexico 
(Received December 6, 1954; revised manuscript 
received June 17, 1955) 


A 23-HOUR activity assigned to V® has been re- 
ported! to have been produced by the (y,p) re- 
action on Cr* and? by the (#,p) reaction on Cr®, 

Three additional bombardments have been employed 
to produce this activity for decay scheme studies. In 
the first attempt, the enriched isotope Cr was bom- 
barded with fast neutrons produced by 21-Mev protons 
on beryllium; in the second attempt, enriched Ti® was 
bombarded with 50-Mev alpha particles. The third 
attempt employed a fast-neutron bombardment of 
“spec. pure’ normal chromium (9.59 Cr) in the 
fast-neutron flux of the Los Alamos Water Boiler. In 
none of these cases was any 23-hour vanadium activity 
produced. In view of the extremely favorable condi- 
tions for producing this activity, particularly in the 
alpha-particle bombardment of Ti®, it seems highly 
probable that there is no 23-hour vanadium activity. 
The experimental details follow. 

Enriched Cr® (Cr®: 0.5%, Cr®: 5.7%, Cr™: 92.1%, 
Cr**: 1.7%) was bombarded for one hour by the spec- 
trum of neutrons resulting from the bombardment of a 
thick beryllium target with 21-Mev protons at the 
Oak Ridge National Laboratory. The vanadium was 
chemically separated from the Cr and counted in a 
standard Geiger-Miiller counter eighteen hours after 
the completion of the bombardment. Within counting 
statistics, no activity was observed in this sample. 

“Spec. pure” normal chromium was irradiated for 
about 13.4 hours in the fast neutron flux of the Los 
Alamos Water Boiler. Vanadium was chemically sepa- 
rated from the chromium and the vanadium sample 
counted in a beta proportional counter. This sample 
had a maximum beta activity of approximately 3 cpm 
which might be attributed to 23-hour V™. No measur- 
able gamma activity was present. Assuming 5 Mev to 
be a reasonable value for the effective threshold for 
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the Cr*(n,p)V™ reaction and using what is considered 


- to be the approximate value of the flux of neutrons 


greater than 5 Mev, i.e., 3.610" n/cm* sec, an ap- 
proximate limit of the average cross section for this 
reaction was calculated to be approximately 3.4 10~° 
millibarn. 

Enriched Ti (Ti*: 2.51%, Ti : 1.62%, Ti: 12.23%, 
Ti®: 3.33%, and Ti*®: 80.31%) was bombarded in the 
external beam of the 60-inch cyclotron of the University 
of California for 5 hours with 48.5-Mev alpha particles. 
Vanadium was chemically separated from the titanium 
and counting of the sample was begun 26 hours after 
the completion of the bombardment. 

Gamma spectra as a function of time were taken on 
the vanadium separated from the Ti*® bombardment 
and showed peaks at 0.12, 0.52, 1.00, and 1.32 Mev. 
The peaks at 1.00 Mev and 1.32 Mev agree very closely 
with the reported values of 0.99 Mev and 1.32 Mev 
of 16-day V**. The half-life of the 1.00-Mev and 1.32- 
Mev gamma rays is 16.2 days, which seems to indicate 
that the gamma rays are definitely those of V“. The 
peak at 0.52 Mev is very probably due to the positron 
of V**. The peak at 0.12 Mev agrees with the reported 
value of 0.12 Mev for V®. 

The production of a substantial amount of V" 
activity by the alpha-particle bombardment of enriched 
Ti® and the failure to produce any 23-hour V® activity 


? 
3-hour V* 


would seem to indicate that the 2 does not 
exist, or if it does exist, the cross section for the pro 
duction of V®™ by alpha-particle bombardment is 
extremely small, 

We wish to thank Bernard Rossi of the Radiation 
Laboratory of the University of California and Farno 
Green and John Martin of the Oak Ridge National 
Laboratory for the necessary bombardments and the 
Stable Isotopes Division of the Oak Ridge National 
Laboratory for the loan of the enriched isotopes. 

t This work was supported by the U. S. Atomic Energy Com 
mission 

‘L. Hsiao and R. B. Duffield, as reported in Hollander, Perl- 
man, and Seaborg, Revs. Modern Phys. 25, 469 (1953 

? RK. K. Sheline and J. R. Wilkinson, Phys. Rev, 94, 729 (1954), 





«—wu Decay with an Associated 
Electron Pair* 
W. F. Fry, J. Scuneps, G. A. Swow,f anp M. S. Swami 
Department of Physics, University of Wisconsin, 
; Madison, Wisconsin 
(Received June 15, 1955) 


N interesting r—y decay has been found in a 
pellicle stack which was exposed to the Berkeley 
bevatron. A projection-drawing of the event is shown 
in Fig. 1. Two minimum-ionizing tracks are observed to 
originate from the r—y decay: point. The multiple 
scattering and grain density along these two tracks 
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clearly indicate that they were produced by electrons. 
The energy of each of these electrons was found to be 
0.6+0.3 Mev from the multiple scattering. The opening 
angle between the pair of electrons is about 25°. 

The range of the u meson from the r-meson decay is 
520+10 microns, which is somewhat less than the 
normal range’ (596 microns). A decay electron track 
(not shown on the figure) is observed from the stopped 
wu meson. The large amount of multiple scattering along 
the incident meson track suggests that it stopped before 


Fic. 1.Ag® 


-y decay with an associated electron pair is shown 
in the above projection drawing 


it decayed. Furthermore, the ~ meson track is in the 
same general direction as the x meson track; therefore 
the short range of the w meson cannot be explained by 
assuming that the x meson decayed in flight. 

Several x—y decays have previously been observed 
by one of the authors? and by others* in which the u 
meson track was unusually short. These events were 
explained‘ by assuming that a soft photon accompanied 
the r—y decay due to the charge acceleration at the 
time of the decay. 

It seems reasonable to interpret the event described 
in this note in the same way, except that we must 
further assume the direct production of an electron 
pair during the x—y decay. Although the probability 
for such a process must be very small (~10~*), the 
energetics of this event are in agreement with this 
interpretation. If the masses* of the x and w mesons are 
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taken to be 272.5 m, and 206 m,, respectively, the 
energies of the » meson and the neutrino are 4.1 and 
29.8 Mev, respectively, if the x meson decays from rest. 
In the event here described, the energy of the w meson 
was found from its range to be 3.7+0.15 Mev. If the 
momentum of the neutrino is assumed to be equal to 
the vector sum of the ~ meson and the electron pair 
momenta, the energy of the neutrino is found to be 
27.8+0.4 Mev. The total kinetic energy release, plus 
the rest energy of the two electrons, is then 27.8+0.6 
+0.6+1.0+3.7=33.740.9 Mev which is in excellent 
agreement with the normal decay energy of 33.9 Mev. 

The authors are very grateful to Professor E. J. 
Lofgren and Mr. Roy Kerth for their wholehearted 
cooperation and help in the exposures. 
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plied by the Wisconsin Alumni Research Foundation. 
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ECENTLY it has been sugested by several 

authors'* that the neutrons in a nucleus may 
have a larger spatial extension than the protons. In 
support of this suggestion we have analyzed inelastic 
cross sections for 134-Mev protons® and for 140-Mev 
neutrons’ in terms of the optical model, using both a 
square well* and a tapered density distribution.’ In 
the case of the former one can calculate the square-well 
radius R, and in the latter the parameter a, which is 
related to the radius. The values derived from the 
proton measurement we have called R, and a, re- 


Taste I. Values of the parameters. Both the R’s 
and a’s are in units of 10~’ cm. 


Flement Rs Rs Gs a, 
Pb 7.802005 8454040 0.78 +001 085 +0.05 
Cd 6354005 7454045 0.78540.01 0.940+0.06 
‘u 5.502005 5654035 0383 +001 0.87 +0.07 
Al 46 +02 4.254045 
Cc 3.8 +04 3.90408 
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spectively, and those from the neutron measurement 
R, and a,. 

The principle of the argument which follows is that 
the neutron-proton total cross section at these energies 
is larger than the proton-proton cross section. Thus the 
proton inelastic cross sections depend mainly on the 
radius of the neutron distribution, and the neutron 
cross sections upon the radius of the proton distribution. 
This argument only holds at energies below about 400 
Mev; at 1 Bev the mp and pp cross sections are equal 
and there should be (and is*) no difference in the radii 
determined from neutron or proton inelastic cross 
sections. 

In the case of the protons, the expression valid for 
neutrons has been corrected for Coulomb repulsion 
by the factor (1—W/E£), where E is the incident proton 
energy and W = Ze*/R;; this can be justified on a classical 
impact parameter argument.*® 

For heavy nuclei the absorption coefficient is not 
very different from +R?, and the radius so determined is 
not strongly dependent on the absorption coefficient in 
nuclear matter, K. For light nuclei this is not so, and 
it is difficult to obtain reliable values for the nuclear 
radii. 

The absorption coefficient K depends on a mean cross 
section defined by 


AGn=ZangInpt (A—Z)aanTnn 
for incoming neutrons, and 
AG p= Lay ppt (A—Z)angnp 


for incoming protons. o,, and oy,(=onn) are the free 
neutron-proton, proton-proton cross sections, respec- 
tively, and the a’s are factors which account for the 
reduction of the free nucleon-nucleon cross sections due 
to the exclusion principle. 

It is seen from Table I that for the heavy elements 
lead and cadmium R, is significantly smaller than R,, 
and a, than a,. Since a direct comparison between 
similar cross sections is being made, the values of the 
a’s used are not very critica!. The values used for lead 
WETE Opp=Ann= 0.81; Anp=Ap,= 0.67. Decreasing them 
reduces the difference between R, and R,, or between 
a, and ay, but this difference is still significant even if 
they are reduced by 10%. 

If the assumptions of the optical model are correct, 
the values of R, and R, (or a, and a,) deduced from the 
two sets of cross sections should be equal. We suggest 
that the discrepancy can be explained by assuming 
that the radius of the neutron distribution is greater 
than that of the proton distribution. If ¢,, were zero, 
R, would be the radius of the neutron distribution and 
R, that of the proton distribution. Since ay, is not 
zero, the difference between the radii of the two dis- 
tributions necessary to account for the discrepancy 
will be slightly larger than the difference between R, 
and R, (or a, and a,). 

Since inelastic scattering is an mcoherent process, the 
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result will not be appreciably influenced by details of 
the Coulomb phase shifts. Also, since only differences 
are being discussed, the result is not critically de- 
pendent on the range of nuclear forces. 

More detailed calculations are in progress, and will 
be reported later. 
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UCLEAR emulsions exposed to a K~ beam of the 
Berkeley bevatron are being scanned at the 
University of California at Los Angeles. A polyethylene 
target was bombarded by 5.7-Bev protons and the 
magnetically analyzed beam containing particles with 
momenta of the order of 360 Mev/c was admitted to 
the stack. 

These plates are being scanned near the edges where 
the beam entered for all particles whose ionization is 
about 2.3 times minimum and whose angle is within 
+5° of the direction of the incoming beam. Such par- 
ticles are then traced to their endings. The mean range 
of K~ mesons entering the stack is ~3.7 cm. To date 
four endings of K~ mesons have been found. The flux 
of x~ mesons relative to K~ mesons is ~6X 10°. 

In star 3A two particles are emitted. Particle (1) has 
a range of 700u and is singly charged. It is most likely 
a proton of 11 Mev. Particle (2) passes out of the stack 
after traversing a distance of 28 mm. Measurements of 
the variation of grain density with residual range indi- 
cate that this particle is a proton whose energy is 
120+ 20 Mev. 





Fic. 1. Photomicrograph of oK~ event No. 11-6. The numbers of 
the particles refer to those given in Table I. 
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a proton which stops in the stack and has an energy of 
65 Mev. 
The data for the four stars listed in the foregoing is 
summarized in Table I. 
Preliminary mass measurements of the four K 
0) mesons, based on a g vs R method, yield a value for 
each which is consistent with a mass of 1000+ 80 m,. 
The capture stars observed in this investigation do ’ 
not differ significantly from many oK~ events observed 
in the cosmic radiation.'* On the other hand, they do 
not appear to have the characteristic features of the j 
oK~ events reported by Hornbostel and Salant* at 
Brookhaven. Using a bombarding energy of 2.8 Bev 
and a similar scanning procedure, they found that 11 
out of 13 ¢K 
e ends both. The hyperons decayed after coming to rest or 


stars yielded L-mesons, or hyperons, or 
in flight after a few millimeters of range. None of the 
oK~ stars observed by us emitted L-mesons. While the 
possibility that the two fast particles emitted in stars 
3A and 11-6 could be hyperons cannot be ruled out, 


n> 1 
ectively they together had a moderation time of ~8X10-™ 
narticle second in the emulsion without decaying. 
e We wish to thank Dr. W. H. Barkas for arranging the 
t proton exposure and Dr. L. Rosen and Dr. G. Frye for the 
if this loan of the pros essed emulsions. 
*S sored by the Office of Ordnance Research, U. S. Army 
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